Wave Motion



Cambridge Texts in Applied Mathematics

Maximum and Minimum Principles
M.J. Sewell
Solitons: an Introduction
P.G. Drazin and R.S. Johnson
Kinematics of Mixing
J.M. Ottino
Introduction to Numerical Linear Algebra and Optimisation
P.G. Ciarlet
Integral Equations: from Spectral Theory to Applications
D. Porter and D.S.G. Stirling
Perturbation Methods
E.J. Hinch
Thermomechanics of Plasticity and Fracture
G.A. Maugin
Boundary Integral and Singularity Methods for Linearized Viscous Flow
C. Pozrikidis
Nonlinear Wave Processes in Acoustics
K. Naugolnykh and L. Ostrovsky
Nonlinear Systems
P.G. Drazin
Stability, Instability and Chaos
P. Glendinning
Analysis of the Navier-Stokes Equations
C. Doering and J.D. Gibbon
Viscous Flow
H. and J. Ockendon
Scaling, Self-Similarity and Intermediate Asymptotics
G.I. Barenblatt
First Course in Numerical Differential Equations
A. Iserles
Complex Variables: Introduction and Applications
M. Ablowitz and A. Fokas
Mathematical Modeling
A. Fowler
Thinking about Ordinary Differential Equations
R. O’'Malley
A Modern Introduction to the Mathematical Theory of Water Waves
R.S. Johnson
Rarefied Gas Dynamics
C. Cercignani
Symmetry Methods for Differential Equations
P.E. Hydon
High Speed Flow
C.J. Chapman
Wave Motion
J. Billingham and A. King
An Introduction to Magnetohydrodynamics
P.A. Davidson
Linear Elastic Waves
J.G. Harris
Vorticity and Incompressible Flow
A. Majda and A. Bertozzi
Infinite Dimensional Dynamical Systems
J. Robinson



Wave Motion

J. BILLINGHAM
University of Birmingham

A. C. KING
University of Birmingham



PUBLISHED BY THE PRESS SYNDICATE OF THE UNIVERSITY OF CAMBRIDGE
The Pitt Building, Trumpington Street, Cambridge, United Kingdom

CAMBRIDGE UNIVERSITY PRESS
The Edinburgh Building, Cambridge, CB2 2RU, UK
40 West 20th Street, New York, NY 10011-4211, USA
10 Stamford Road, Oakleigh, VIC 3166, Australia
Ruiz de Alarcon 13, 28014 Madrid, Spain
Dock House, The Waterfront, Cape Town 8001, South Africa

http://www.cambridge.org
© Cambridge University Press 2000

This book is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without
the written permission of Cambridge University Press.

First published 2000
Printed in the United Kingdom at the University Press, Cambridge
Typeface Times 10/12pt ~ System IXTgX [UPH]
A catalogue record of this book is available from the British Library

ISBN 0 521 63257 9 hardback
ISBN 0 521 63450 4 paperback



Contents

Introduction page 1
Part one: Linear Waves 5
1 Basic Ideas 7
Exercises 15
2 Waves on a Stretched String 17
2.1 Derivation of the Governing Equation 17
2.2 Standing Waves on Strings of Finite Length 20
2.3  D’Alembert’s Solution for Strings of Infinite Length 26
2.4  Reflection and Transmission of Waves by Discontinuities in
Density 29
24.1 A Single Discontinuity 29
2.4.2 Two Discontinuities: Impedance Matching 31
Exercises 33
3 Sound Waves 36
3.1  Derivation of the Governing Equation 36
3.2  Plane Waves 40
3.3  Acoustic Energy Transmission 42
3.4  Plane Waves In Tubes 45
3.5  Acoustic Waveguides 50
3.5.1 Reflection of a Plane Acoustic Wave by a Rigid Wall 50
3.5.2 A Planar Waveguide 51
3.5.3 A Circular Waveguide 53
3.6 Acoustic Sources 57
3.6.1 The Acoustic Source 58
3.6.2 Energy Radiated by Sources and Plane Waves 62
3.7  Radiation from Sources in a Plane Wall 64
Exercises 70



Vi

41
42

43
44
4.5
4.6
4.7

4.8

49

5.1

5.2

5.3

5.4

5.5

Contents

Linear Water Waves

Derivation of the Governing Equations

Linear Gravity Waves

42.1 Progressive Gravity Waves

4.2.2 Standing Gravity Waves

42.3 The Wavemaker

4.2.4 The Extraction of Energy from Water Waves
The Effect of Surface Tension: Capillary—Gravity Waves
Edge Waves

Ship Waves

The Solution of Initial Value Problems

Shallow Water Waves: Linear Theory

4.7.1 The Reflection of Sea Swell by a Step

4.7.2 Wave Amplification at a Gently Sloping Beach
Wave Refraction

4.8.1 The Kinematics of Slowly Varying Waves

4.8.2 Wave Refraction at a Gently Sloping Beach
The Effect of Viscosity

Exercises

Waves in Elastic Solids

Derivation of the Governing Equation

Waves in an Infinite Elastic Body

5.2.1 One-Dimensional Dilatation Waves

5.2.2 One-Dimensional Rotational Waves

5.2.3 Plane Waves with General Orientation
Two-Dimensional Waves in Semi-infinite Elastic Bodies
5.3.1 Normally Loaded Surface

5.3.2 Stress-Free Surface

Waves in Finite Elastic Bodies

5.4.1 Flexural Waves in Plates

5.4.2 Waves in Elastic Rods

5.4.3 Torsional Waves

5.4.4 Longitudinal Waves

The Excitation and Propagation of Elastic Wavefronts”

5.5.1 Wavefronts Caused by an Internal Line Force in an

Unbounded Elastic Body

5.5.2 Wavefronts Caused by a Point Force on the Free
Surface of a Semi-infinite Elastic Body

Exercises

74

74

78

78

85

87

91

94

97

99
104
109
112
114
117
118
121
123
124
130
130
132
133
134
134
135
135
137
143
144
148
150
155
156

157

161
168



6.1
6.2
6.3

6.4
6.5
6.6
6.7

6.8

6.9

7.2

Contents

Electromagnetic Waves

Electric and Magnetic Forces and Fields
Electrostatics: Gauss’s Law

Magnetostatics: Ampere’s Law and the Displacement
Current

Electromagnetic Induction: Faraday’s Law
Plane Electromagnetic Waves

Conductors and Insulators

Reflection and Transmission at Interfaces
6.7.1 Boundary Conditions at Interfaces
6.7.2 Reflection by a Perfect Conductor

6.7.3 Reflection and Refraction by Insulators
Waveguides

6.8.1 Metal Waveguides

6.8.2 Weakly Guiding Optical Fibres
Radiation

6.9.1 Scalar and Vector Potentials

6.9.2 The Electric Dipole

6.9.3 The Far Field of a Localised Current Distribution
6.9.4 The Centre Fed Linear Antenna
Exercises

Part two: Nonlinear Waves

The Formation and Propagation of Shock Waves
Traffic Waves

7.1.1 Derivation of the Governing Equation
7.1.2  Small Amplitude Disturbances of a Uniform State
7.1.3 The Nonlinear Initial Value Problem

7.1.4 The Speed of the Shock

Compressible Gas Dynamics

7.2.1 Some Essential Thermodynamics

7.2.2 Equations of Motion

7.2.3 Construction of the Characteristic Curves
7.2.4 The Rankine-Hugoniot Relations

7.2.5 Detonations”

Exercises

Nonlinear Water Waves

Nonlinear Shallow Water Waves

8.1.1 The Dam Break Problem

8.1.2 A Shallow Water Bore

vii
173

173
177

179
180
182
186
189
189
191
194
199
199
202
208
208
210
212
213
216

219
221
221
221
224
227
237
239
239
243
245
249
256
266
269
269
270
275



viii
8.2

8.3

8.4

9.1
9.2
9.3
9.4

9.5

10

10.1
10.2

10.3

11
11.1

11.2

Contents

The Effect of Nonlinearity on Deep Water Gravity Waves:
Stokes’ Expansion

The Korteweg—de Vries Equation for Shallow Water
Waves: the Interaction of Nonlinear Steepening and Linear
Dispersion

8.3.1 Derivation of the Korteweg—de Vries Equation

8.3.2 Travelling Wave Solutions of the KdV Equation
Nonlinear Capillary Waves

Exercises

Chemical and Electrochemical Waves

The Law of Mass Action

Molecular Diffusion

Reaction—Diffusion Systems

Autocatalytic Chemical Waves with Unequal Diffusion
Coefficients*

9.4.1 Existence of Travelling Wave Solutions

9.4.2 Asymptotic Solution for ¢ < 1

The Transmission of Nerve Impulses: the Fitzhugh—Nagumo
Equations

9.5.1 The Fitzhugh—-Nagumo Model

9.5.2 The Existence of a Threshold

9.5.3 Travelling Waves

Exercises

Part three: Advanced Topics

Burgers’ Equation: Competition between Wave Steepening
and Wave Spreading

Burgers’ Equation for Traffic Flow

The Effect of Dissipation on Weak Shock Waves in an Ideal
Gas

Simple Solutions of Burgers’ Equation

10.3.1 Travelling Waves

10.3.2 Asymptotic Solutions for v < 1

Exercises

Diffraction and Scattering

Diffraction of Acoustic Waves by a Semi-infinite Barrier
11.1.1 Preliminary Estimates of the Potential

11.1.2 Pre-transform Considerations

11.1.3 The Fourier Transform Solution

The Diffraction of Waves by an Aperture

280

285
287
290
298
306
308
309
312
315

323
323
326

331
336
338
339
345

351

353
353

358
365
365
366
371
374
375
376
379
381
387



Contents

11.2.1 Scalar Diffraction: Acoustic Waves
11.2.2 Vector Diffraction: Electromagnetic Waves
11.3  Scattering of Linear, Deep Water Waves by a Surface
Piercing Cylinder
Exercises
12 Solitons and the Inverse Scattering Transform
12.1 The Korteweg—de Vries Equation
12.1.1 The Scattering Problem
12.1.2 The Inverse Scattering Problem
12.1.3 Scattering Data for KdV Potentials
12.1.4 Examples: Solutions of the KAV Equation
12.2  The Nonlinear Schrodinger Equation
12.2.1 Derivation of the Nonlinear Schrodinger Equation
for Plane Electromagnetic Waves
12.2.2 Solitary Wave Solutions of the Nonlinear Schrodinger
Equation
12.2.3 The Inverse Scattering Transform for the Nonlinear
Schrodinger Equation
Exercises
Appendix 1  Useful Mathematical Formulas and Physical Data
Al.l Cartesian Coordinates
A1.2 Cylindrical Polar Coordinates
A1.3 Spherical Polar Coordinates
Al.4 Some Vector Calculus Identities and Useful Results for
Smooth Vector Fields
A1.5 Physical constants
Bibliography
Index

X
387
390

395
399
401
402
402
406
412
414
420

420

427

431
444
447
447
447
448

449
450
451
455






Introduction

Whenever we see or hear anything, we do so because of the existence of
waves. Electromagnetic waves cover a spectrum from low frequency radio
waves, through visible light to X- and gamma rays. Sound propagates
as a wave through the air. When someone sings or plays a musical
instrument, the standing waves in their vocal chords, guitar strings or
drumskins produce a pressure change, or sound wave, which is audible.
Although these examples alone would be sufficient to motivate their
study, wave phenomena occur in many other physical systems. Waves
can propagate both on the surface of solid bodies (for example, as
earthquakes) and through the bulk of a solid (for example, in seismic oil
prospecting). The surface of the sea is perhaps the most obvious example
of a wave bearing medium. Water waves vary in size from the small
ripples caused by raindrops, through shock waves such as the Severn
bore, to enormous ocean waves that can capsize large ships. Waves in
different media can interact, often with devastating effects, for example
when an underwater earthquake causes a tsunami, a huge wall of water
that can destroy coastal settlements, or when the waves generated by the
wind blowing on a bridge produce a catastrophic resonance.

Wave phenomena emerge in unexpected contexts. The flow of traffic
along a road can support a variety of wave-like disturbances as anybody
who has sat in slowly moving traffic will know. The beat of your heart
is regulated by spiral waves of chemical activity that swirl across its
surface. You control the movement of your body through the action of
electrochemical waves in your nervous system. Finally, quantum physics
has revealed that, on a small enough scale, everything around us can
only be described in terms of waves.

A question that we might reasonably ask at this point is ‘what is a
wave? Well, the first place you might look is a dictionary, where waves
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are usually defined as ‘disturbances propagating in water at a finite speed’.
However, this is not satisfactory since standing waves do not propagate
and wave propagation is possible in media other than water. Another
feature that makes definitions difficult is the interaction of the wave with
the medium through which it is passing. A wave on the surface of a pond
passes by and leaves the medium unchanged. In contrast, a chemical
wave usually leaves the reacting species involved in a different chemical
state after it has passed by. For these reasons we believe that there is no
single definition of waves, and choose to view them as a generic set of
phenomena with many similarities.

To cover all of these topics would be an enormous task. We have writ-
ten this textbook with the needs of advanced undergraduates in applied
mathematics in mind, and have restricted the range of material covered
accordingly. We hope that the book will also be of use to physics and
engineering students. It is worth noting that this is not a book about
numerical methods for wave propagation. This reflects both the need to
keep the book to a manageable size and the interests of the authors. The
emphasis is on analytical and asymptotic methods for the investigation
of systems of equations with wave-like solutions. Much of the material
is concerned with various aspects of fluid mechanics, but we also cover
basic elastic, electromagnetic, traffic, chemical and electrochemical waves.
We assume that the reader has taken basic courses in fluid mechanics,
elasticity (for chapter 5), partial differential equations, vector calculus,
phase plane methods (for chapter 9) and asymptotic methods. Through-
out we have tried to emphasise the mathematical similarities between the
disparate areas that we deal with, in terms of both the structure of the
governing equations and the techniques available for their solution. At
the end of each chapter there are exercises, designed to both reinforce
and augment the material presented in the chapter. Bona fide teachers
and instructors may obtain full worked solutions to many of these by
emailing solutions@cambridge.org.

The book is divided into three parts. Linear waves are dealt with in part
one. All of the analytical techniques of nineteenth century mathematics
can be brought to bear on linear wave equations. The techniques of
separation of variables, Fourier series and Fourier transforms are used
to reveal the properties of linear waves on stretched strings (chapter 2),
linear sound waves (chapter 3), linear water waves (chapter 4), linear
waves in solids (chapter 5) and electromagnetic waves (chapter 6).

In part two we cross the threshold into the twentieth century and
study nonlinear waves. We begin in chapter 7 by examining hyperbolic
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systems governed by the propagation of information on characteristics.
As examples we use traffic flow and nonlinear gas dynamics. We then
move on to study nonlinear water waves (chapter 8), an extension of the
material presented in chapter 4, and then chemical and electrochemical
waves (chapter 9).

The third and final part of the book covers more advanced topics. In
chapter 10 we consider various physical systems that can be modelled
using Burgers’ equation. These include a more sophisticated model for
the flow of traffic, and weakly nonlinear compressible gas dynamics.
Chapter 11 is concerned with the analysis of scattering and diffraction of
both scalar and vector waves, through apertures and past obstacles. In
chapter 12 we describe the use of the inverse scattering transform to solve
the Korteweg—de Vries equation (KdV) and the nonlinear Schrodinger
equation (NLS). The KdV equation governs, amongst other things, the
propagation of long waves on shallow water, whilst the NLS equa-
tion governs the propagation of dispersive wavepackets in a nonlinear
medium, for example pulses of light in optical fibres. This allows us
to illustrate some of the remarkable properties of solitons. These are
localised waves that can retain their identity after nonlinear interactions.

Throughout the first two parts of the book, more advanced topics that
do not fit naturally into part three, and which could be omitted at first
reading, have been marked with an asterisk.

In writing this book we have benefited from the advice and en-
couragement of many colleagues. Particular gratitude is due to David
Crightont for the invitation to write a book in this series. He also
taught a stimulating course on waves to both authors as undergradu-
ates. The various chapters of this book have been read and commented
upon prior to publication by John Blake, Stephen Decent, Eammon
Gaffney, Yulii Shikhmurzaev, Athanasios Yannacopoulos and Ray Jones
(all at Birmingham), Tony Rawlins (Brunel), Peter Smith (Keele), Nigel
Scott and Jean-Marc Vanden-Broeck (East Anglia), Howell Peregrine
(Bristol), Sam Falle (Leeds), David Parker (Edinburgh) and Colin Pask
and Rowland Sammut (New South Wales). Any remaining mistakes
are, of course, our own. We also acknowledge and thank the copyright
owners of the many photographs and drawings throughout the text:
Lawrence Coates, Ken Elliott and Graham Westbrook (Birmingham),
Neville Fletcher (ANU), Howell Peregrine and Eddie Wilson (Bristol),
Tim Rees (Transport Research Laboratory Ltd), Malcolm Bloor (Leeds),

T R.LP
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Geraint Thomas (Aberystwyth), Bernard Richardson (Cardiff), Mar-
tin Boeckmann (Magdeburg), Germany Aerospace Centre, Berlin, BAE
Systems Research, UK, the National Physical Laboratory, MIT Press,
Hirzel-Verlag and Cambridge University Press. We would both like to
thank the University of Birmingham for allowing us to take a semester
of study leave during which most of the book was written. JB would like
to thank the staff of University College, ADFA, University of New South
Wales, and of the University of Adelaide for their hospitality during his
study leave.

ACK and JB, Birmingham 2000



Part one

Linear Waves






_1_

Basic Ideas

In this chapter, we introduce some of the generic ideas and notation
that underpin the analysis of waves in the physical, chemical and bio-
logical systems that we will study in subsequent chapters. We consider
some typical, linear partial differential equations with wave-like solutions,
and discuss some of their qualitative and quantitative features. We also
present the method of stationary phase, which gives us a straightforward
way of determining how the waves in a linear system behave a long time
after they are generated.

A partial differential equation is linear if all of the dependent vari-
ables appear linearly. Consider, for example, the one-dimensional wave
equation,

?¢  10%¢

oo (L)

This governs, amongst other things, the propagation of small amplitude
waves on a stretched string, as we shall see in chapter 2. Here ¢ is the
amplitude of the displacement of the string, x position along the string
and ¢ time. This is a linear equation, since ¢(x,t) only appears linearly
(there are no nonlinear terms, such as ¢> or ¢pd¢/dx).

The most important feature of solutions of linear equations is that
there is a principle of superposition. If ¢ = ¢ and ¢ = ¢, are solutions
of a linear equation, then a;¢; + ax¢, is also a solution for arbitrary
constants a; and a,. In addition, if ¢(x,t;K) is a solution for any value
of the constant K then

/_i o(x,t;K)dK

is also a solution. This feature allows us to build up the solution of a



8 Basic Ideas

1 N

X x,tct

Fig. 1.1. A right-propagating travelling wave.

given boundary value problem in terms of sums or integrals of simple
solutions, and is extremely important in the theory of linear waves.
We demonstrate in chapter 2 that the general solution of (1.1) is

d(x,t) = f(x — ct) + g(x + ct),

for arbitrary functions f and g. Let’s consider a solution with g = 0
so that ¢ = f(x — ct). What does a solution like this represent? When
t =0, ¢ = f(x), so f(x) is the initial value of ¢. Consider the point
X = Xg, at which ¢ = ¢¢ = f(xo) when t = 0. Some time ¢ later, for what
values of x is ¢ equal to ¢(? This must be at the point x = x; at which
f(x1—ct) = ¢po = f(x0), and hence x; = xo+ct. In other words, the point
at which ¢ = ¢y has moved a distance ct in the positive x-direction.
Since, this argument holds for all points x, we conclude that the initial
form of ¢ has simply been translated to the right through a distance
ct, and hence that the initial form of ¢ propagates to the right without
change of form at wave speed ¢, as shown in figure 1.1. The solution
is a travelling or progressive wave. Similarly, the solution ¢ = g(x + ct)
is a travelling wave that propagates in the negative x-direction at wave
speed c¢. The general solution of the one-dimensional wave equation is
simply the sum of a right- and a left-propagating wave, each with wave
speed c. Note that, as we shall see in parts two and three, travelling wave
solutions of nonlinear partial differential equations can also exist.

In order to study more general linear partial differential equations
with wave-like solutions, we now define some terminology associated
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with periodic, or more specifically harmonic, waves. In general, we can
look for solutions of any linear partial differential equation in the form

¢ = Re[d exp{i(kx — wt)}] = Re(A4) cos(kx — wt) — Im(A4) sin(kx — wt).
This is often simply written as
¢ = Aexpli(kx — wt)}, (1.2)

with the understanding that we mean the real part of this expression, since
this notation often makes calculations much easier. This is a periodic
progressive or travelling wave that propagates in the positive x-direction
for ko > 0. We call k the wavenumber and @ the angular frequency. For
this expression to satisfy the one-dimensional wave equation we require
that k = w/c. We can also define the frequency, f = w/2n, and the
wavelength, 1 = 2n/k = 2nc/w = ¢/f. The frequency, measured in s!,
or equivalently hertz (Hz), is the number of complete oscillations that
the wave makes during one second at a fixed position. The wavelength
is the distance between successive maxima or minima of the waveform.
The maxima are the wave crests, and the minima the wave troughs. The
magnitude of ¢ at these points is the amplitude, |4], as shown in figure 1.2.

Note that by adding two harmonic waves, identical in amplitude, but
propagating in opposite directions, we can construct a standing wave
solution. For example

¢ = Acos(kx — wt) + A cos(kx + wt) = 24 coskx cos wt.

In such a standing wave, the solution has an envelope that is fixed in
space, here coskx, which is modulated by a time dependent motion,
here cos wt. We will construct similar standing wave solutions when we
consider the vibration of an elastic string with finite length in chapter 2,
a column of air in chapter 3 and a body of water in chapter 4.

Many physical systems that exhibit wave motion can be modelled
using linear equations other than the wave equation. These also have
harmonic wave solutions of the form given by (1.2), but with the angular
frequency a known function of the wavenumber, so that

o = w(k). (1.3)

For the one-dimensional wave equation w = ck, and the wave crests
move at speed ¢, independent of the wavenumber, k. However, in most
systems, w is not proportional to k, and the wave crests move with
velocity c¢p(k) = w(k)/k. This is known as the phase velocity, and is
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1Al | amplitude

=2 /k
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Fig. 1.2. The various quantities associated with a harmonic wave.

usually a function of the wavenumber. In other words, the wave crests
move at different velocities for different wavenumbers, and hence also
wavelengths. In solutions that are a combination of harmonic waves of
different wavelengths, this eventually leads to a separation or dispersion
of the various components. Such a system is said to be dispersive and
(1.3) is the dispersion relation. As a particular example, we consider the
linearised Korteweg—de Vries, or KdV, equation,

ou u
ot ox3’
This equation arises as a model for the propagation of long waves on

shallow water, as we shall see in chapter 8. If we seek a harmonic wave
solution of the form u = A exp{i(kx — wt)}, we find that we require

o = ak + k>, (1.5)

+at B (1.4)
0x

so w = w(k), and (1.5) is the dispersion relation for the linearised KdV
equation. Note that the phase velocity is ¢, = «+fk?, so that short waves
travel faster than long waves. Remember, the smaller the wavenumber,
k, the longer the wavelength.



Basic Ideas 11

Well-known linear equations for which this type of analysis is relevant
include the linearised Klein—Gordon equation, which arises in relativistic
quantum mechanics, and also describes the motion of a stretched string
attached to an elastic backing sheet. It is given by

Pu ,0Mu
— —a = =0, 1.6
o e Th (1.6)

and the dispersion relation is
o = +\/a2k? + 2. (1.7)

In this case, waves can propagate in both the positive and negative
x-directions with speeds dependent upon wavelength.

We can now generalise the idea of a harmonic wave solution by
considering solutions that consist of two harmonic waves with the same
amplitude but slightly different wavenumbers. Let’s look for a solution
of the linearised Klein—-Gordon equation, (1.6), in the form

u = Asin(kx — w(k)t) + Asin((k + 5k)x — ok + k)t),

where for each part of this superposition of waves to be a solution, w
must satisfy the dispersion relation, (1.7). After expanding the frequency
as

w(k 4 6k) = w(k) + dka' (k) 4+ O((5k)),

for 0k < k, we find that
u=2Acos {%5k(x — a)’(k)t)} sin {kx — w(k)t} + O(5k). (1.8)

The form of this type of solution is interesting. The factor cos {%5k(x—
o'(k)t)} modulates the amplitude of the basic wave, given by sin {kx—
w(k)t}, over a long period, of O((6k)~!), with changes in the amplitude
propagating at velocity ’(k). This is called the group velocity. A typical
solution of this form is shown in figure 1.3.

The group velocity has a fundamental significance in the theory of
linear, dispersive waves. It is the velocity at which energy is transported
by waves. To illustrate this we again use the linearised Klein—-Gordon
equation, (1.6), and form the energy equation associated with it. Mul-
tiplying through by u, = du/0t, and integrating between two arbitrary
fixed points, x; and x;, gives

X2 X2
/ (uuye + BPupu) dx = / R TRTIN

X1 X1
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Fig. 1.3. The superposition of two time harmonic waves with wavenumbers
differing by dk < k.

Integrating the right hand side by parts and rearranging leads to

o (1 ’
— = (uf + o2l + BPu?) dx = o [uu ] .
ot Jy, 2 ' o
Now if u, =0 at x = x; and x = x,, for example if the equation models
the motion of a stretched string, with displacement u, attached to an
elastic backing sheet fixed at these points, then the quantity
X2 1
E = / 3 (uf + oPui + B*u?) dx, (1.9)
X1

is conserved during the motion, since dE/dt = 0. In fact, E is the energy,
with Ju? representing the total kinetic energy, $u2 the elastic potential
energy of the string, and %uz the strain energy. We will consider the case
o =1, f =0, when there is no backing sheet, in chapter 2.

Let’s now return to the solution consisting of two harmonic waves of
nearly equal wavenumbers and focus our attention on the single envelope
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between the points

T T
- ok ok
which move with the group velocity. By differentiating (1.9) we obtain

xi(t) = + o' k), x2(t) = — + o' (k)t,

dE x2(1) 5 5
= =/ (Ut + vt + Bun) dx
x1(t)

1 2, 2.2 2, 27%(0)
+§w/(k) [u[ + o“uy + Bu ]xl(t)'
Since u(x,t) is a solution of (1.6), we can perform this integration and
obtain
1 xa(t)
{Ea)’(k) (uf + oPul + BPu?) + oczuxu,] ) (1.10)

x1(t)

dE
dt
At leading order, we found earlier that

u~ 2Acos {éék(x — w’(k)t)} sin {kx — w(k)t} .

If we substitute this into (1.10), we find that dE/dt = 0 at leading
order. The implication is that, if we travel at the group velocity, the
amount of energy contained under this part of the envelope of the wave
is unchanged, and we deduce that energy is transported at the group
velocity. Another way of viewing this is that wave motion is a mechanism
for energy communication. This can take place over large distances and,
in many cases, without producing any permanent change in the state of
the medium through which it passes. We will return to this idea in several
places throughout the book and give a detailed physical justification.

As a further generalisation, we can look for solutions of linear partial
differential equations in wavepacket form,

o(x,1) = / A(k)expli{kx — w(k)t}]dk, (1.11)
—o0
which is an integral over all possible wavenumbers. When t = 0
o0
$(x,0) = / A(k)e™dk, (1.12)

and we can see that A(k) is the Fourier transform of the initial conditions,
with

Alk) = % /_ x\‘ $(x,00e"dx. (1.13)

For a general, localised initial disturbance, this means that all wavelengths
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contribute to the solution. The representation of the solution as an
integral over all possible values of k, (1.11), is an inevitable consequence
of this physical fact.

It is often useful to know how this solution develops after a long time.
If we consider a point moving with constant velocity v, so that x/t = v,
we can write

¢ = /_ x“ A(k) explitikv — w(k)}1dk. (1.14)

For t > 1, we can estimate this integral, whose integrand oscillates
rapidly, using the method of stationary phase. The basic idea is that for
an integral of the form

1)) = / x f(s)e8)ds (1.15)

with 1 > 1, the integrand oscillates rapidly, and the positive and neg-
ative parts of the integrand cancel out, except in the neighbourhood
of points of stationary phase, where g'(s) = 0. The whole integrand can
be approximated by taking Taylor series expansions of f and g in the
neighbourhood of each of these points. Assuming that there is only one
such point, at s = s,

o0
1(2) ~ f(s0)e"&t) / 2 =0 g for 1> 1.
—0

We also assume that this is not a degenerate case where g”(sp) = 0. By

making the substitution
1 "
z = (s—s0) EMg (so)ls

X /2 re0 i
1) ~ f(so)eug(so) (#) / eiz senle (S'))}dz, for 4> 1.
218" (s0)l —

this becomes

Using the change of variable z = e=™/4Z, this integral can be evaluated
using standard complex variable methods as

ve} ve}
/ ety = Zeii”/“/ 24z = eimM\/E,

0 0

and hence

1/2
1(2) ~ f(s0)e&t0) (27”> QT for 1> 1. (1.16)
218" (so)l
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In (1.14), the points of stationary phase, k = ko, satisfy v = dw/dk. If
there is a single point of stationary phase,

¢ ~ A(ko)e o=k} <_2” )1/2 o—iTsen(o’ (ko))
t]a"(ko)| '
which, to an observer moving at the group velocity, represents a single
wave with amplitude decreasing like t~'/? and a phase shift of /4. For
a more detailed description of the method of stationary phase, see King,
Billingham and Otto (2003).

Again we can show that the energy associated with any given wave-
length, or equivalently, wavenumber, travels at velocity ¢, = dw/dk, the
group velocity. For dispersive systems, the group velocity and the phase
velocity are not equal. For example, in the linearised KdV equation, the
phase velocity, ¢, = w/k = o + Bk, is not equal to the group velocity,
¢y = dw/dk = o + 3Bk

The mathematical theory of wavelike solutions to linear partial dif-
ferential equations can be developed further than we have done here.
However this is a textbook primarily concerned with waves in real physi-
cal, chemical and biological systems to which we now turn our attention.

Exercises

1.1 Find the dispersion relation for the propagation of plane har-
monic waves in the systems
2
(a) 1 g 2=0
(the free space Schrodinger equation, which arises in quan-
tum mechanics),
0(15 5@5 P 55 ¢
ﬁ&x3 TS
(the lmearlsed fifth order KdV equation).

(b)

In each case, determine both the phase and group velocities. For
each equation, determine ¢(x, ) if ¢(x,0) = J(x). Use the method
of stationary phase to find an approximation to this solution for
t > 1 with v = x/t = O(1), v constant.

1.2 Consider the equation

Yxxtr = —&%Wxx,

where g and a are positive constants. This equation arises as
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1.3

Basic Ideas

a model for internal waves in a fluid. Calculate the dispersion
relation, and hence determine the solution when

| 0 for|x|>1,
¥(x.0) = { 1 for |x| <1,
Pi(x,0) = 0.

Show that E = fol Imn? 4+ $Bnkdx is a conserved quantity if »
satisfies the linearised plate bending equation,
0? ot
mé_t;] + Ba—xz =0,
subject to the boundary conditions 7, =5, =0 at x=0, .
In fact, E is the bending energy of the plate. By considering
two waves of nearly equal wavenumber, show that the bending

energy propagates at the group velocity.



_2_

Waves on a Stretched String

Waves on stretched strings determine some of the fundamental prop-
erties of stringed musical instruments. They are also an excellent way
of introducing the basic ideas and techniques of the theory of non-
dispersive, linear waves. After deriving the governing, one-dimensional
wave equation, we analyse waves on strings of finite and infinite length
— typical standing and progressive waves. We also consider the reflection
and transmission of waves at a step change in the density of the string.
This is the most basic example of a class of phenomena that includes
reflection, scattering and diffraction.

2.1 Derivation of the Governing Equation

Consider a thin, elastic string stretched between two fixed points at x =0
and x = L, as shown in figure 2.1. In equilibrium, the string, which we
treat as a line, lies at y = 0, has line density p in units of mass per
length and tension T. We consider displacements in the y-direction small
enough that changes in line density and tension are negligible, and hence
that changes in length are negligible. Since a small element of length
along the string is given by

v\ 2
ds = dx 1+<—y> s
0x

we require that (0y/dx)> < 1. In other words, we assume that the slope of
the string, and hence v, is small. To find the partial differential equation
that governs the motion of the string, we use Newton’s second law in the
vertical direction on a small element, as shown in figure 2.2. Since the

17
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the vibrating string

equilibrium position
Fig. 2.1. A vibrating, stretched string.

element has mass p dx and acceleration 9%y /dt?,

. - . 02
T sin(y + o) — T'siny = p 5xa—t§, (2.1)
where v = y(x) is the angle that the string makes with the horizontal,
and p + oy = p(x + Jdx). Since, for oy K 1,
sin(y + o) = siny cos o + cos P sin oy = siny + cosy oy,

(2.1) shows that

62
T cosy oy ~ péxa—t;}.

If we now take the limit dy — 0, we arrive at

oy %y
Tcoswa = pﬁ. (2.2)

We also know that
0

tany = 2, (2.3)

0x

by definition. Our main simplifying assumption, that (0y/dx)> < 1, shows
that tanyp < 1, and hence y < 1. Therefore

ay op 0%y
VR M T
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+9d

>

X X +0x

Fig. 2.2. The vertical force balance on a small element of a stretched string.

Using these results in (2.2) gives, at leading order,

Py
o~ P

If we now define ¢ = /T /p we obtain
%y 1%

o aar 24)

This is the one-dimensional wave equation with wave speed ¢. We can now
investigate its properties in the context of vibrations on elastic strings,
firstly for finite strings, and secondly for strings sufficiently long that we
can make the idealisation that they are of infinite extent.

Before doing this, it is worth considering how energy is stored by the
motion of the string. The storage of energy and its speed of propagation
are themes that will recur frequently in the following chapters. The
kinetic energy in the small amplitude vibrations of a stretched string is
straightforward to calculate. Since the kinetic energy of a small element
of length Jx is, at leading order, %p(@y/@t)2 0x, the total energy is

(1 [y :

The limits of the integral depend, of course, on the length of the string.
In particular, if the string is infinitely long, the disturbance must either
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be confined to a finite length of the string or decay sufficiently rapidly
as x — oo that the integral in (2.5) exists. If this is not the case, we can
still consider changes in kinetic energy, or, for periodic waves, the kinetic
energy in a single wavelength.

Energy is also stored as potential energy due to the stretching of the
string. For a small element, this energy, 0V, is equal to the work done
in stretching the string from its undisturbed length, dx, to its stretched
length, ds, so that

SV =T(Os—0x) =T 1+5—yz—5 ~1Ta—yza
= s o= X ox (2 \ax) "

since (0y/0x)*> < 1. Summing these contributions over the length of the

string gives
1 dy 2

The same considerations concerning the range of integration apply as for
the kinetic energy. The total energy stored is simply E = K + V. Note
that both potential and kinetic energies are quadratic in small quantities.
As we shall see in the chapters to come, this is typical of linear waves,
for which the governing equations are linear in small quantities.

As a typical example, for the D string of a violin, the tension is
usually about 55N in a steel string of density 7000 kg m—3, with a length
of about 35cm and diameter 0.5mm. This gives a line density, p ~
1.4 x 103 kgm™', and hence a wave speed ¢ ~ 200ms~'.

2.2 Standing Waves on Strings of Finite Length

If the string is fixed at x = 0 and x = L, the solution, y(x,t), of (2.4)
must satisfy the boundary conditions

y(0,t) = y(L,t) =0 fort>0. (2.7)
We can proceed by looking for separable solutions of the form
y(x, 1) = X(x)T ().

Substituting into (2.4) we obtain

X'T = izXT//’
C
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where a prime denotes the derivative with respect to the independent
variable. Rearranging this gives

X// 1 T//

— = ——— = —k, the separation constant.

X &7T P
Remember, if a function of x is equal to a function of ¢ for all values of
x and t, as is the case here, each function must be a constant, denoted

here by —«k. The ordinary differential equation for X is
X"+xkX =0.
If x© < 0, this has solution

X = Aexp(y/—kx) + Bexp(—+/—Kx).

The boundary conditions (2.7) show that X(0) = X(L) = 0, and hence
that A = B = 0. We do not therefore obtain any useful solution if k < 0.
If k¥ > 0, the solution is

X = Asin(\/kx) 4+ B cos(/kx).

The boundary condition X(0) = 0 shows that B = 0, whilst X(L) =0
means that Asin(,/kL) = 0. In this case we can find a sequence of
non-zero solutions by choosing k so that sin(\/EL) = 0 which gives

2.2
K= % forn=1,23,....
The function T'(t) therefore satisfies the equation
2,22
,  NTmC

and hence

—— 't — 't
T = F sin <n%> + Gcos <%> .

We have now constructed a sequence of solutions

yu(x,t) = sin (nLLX) {F sin (nnTct) + Gcos (nnTct> }, (2.8)

for arbitrary constants F = AF and G = AG and n a positive integer.
Each of these takes the form of a standing wave, with envelope sin(nmx/L)
and angular frequency nnc/L. The envelope for n = 1,2,3 is shown in
figure 2.3. The solution y;(x,t) is called the fundamental mode of the
string, and is what produces most of the sound when you play a stringed
instrument such as a violin or guitar. The solution y,(x,t) is called the
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— fundamental
— — - first harmonic
— — second harmonic

Fig. 2.3. The envelope of the fundamental, and first and second harmonics.

first harmonic, and has yz(%L, t) = 0. This sounds an octave higher than
the fundamental. A stringed instrument can be forced to vibrate in this
way by lightly touching it halfway along the string to make it stationary
there. Similar comments apply for the higher harmonics, n = 3,4,...,
which generate all the notes of the musical scale. The procedure that we
have just been through, of looking for separable solutions that turn out
to exist as a sequence of discrete eigensolutions or modes (y,(x,t) for the
finite string) with eigenfrequencies w, (= nnc/L), is applicable to most
other linear, wave bearing systems, provided that they are finite in at
least one direction (see sections 3.5, 5.4 and 6.8 which are concerned with
wave propagation in waveguides).

Now that we know that a sequence of standing wave modes exists,
can we determine which of these are excited by any particular initial dis-
turbance? Since the one-dimensional wave equation is linear, the general
solution is the linear combination

o0
y(x,t) = Z sin (%) {F,, sin <%‘t> + G, cos (%) } , (2.9)
n=1

for constants F, and G,. If we now consider the initial value problem
defined by (2.4) and (2.7) along with initial conditions

0
§(.0) = yo(x), Z(x,0) = vo(x) (2.10)

we can use (2.10) to determine F, and G,. The initial conditions (2.10)
state that when t = O the shape of the string is given by yo(x) and the
velocity by vg(x). Since (2.4) contains a second derivative with respect
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to t, we should not be surprised that we need two initial conditions to
determine the solution. The general solution (2.9) shows that

0 °9) ’
=;Gnsin (?) vo(x)zgni;Fnsin (%) 2.11)

These are just the Fourier series representations of y¢ and vy.
We can determine F, and G, by exploiting the orthogonality of the
basis functions, given by

L nmX mnx 11, whenm=n
) _ 3 ,
/0 sm( L )sm( L )d { 0 when m#n. } (2.12)

We simply multiply (2.11) by sin(mnx/L), integrate term by term from 0
to L and use (2.12) to obtain

2 L . (/mnx 2 [k . /mnux
F’":% | vo(x)sm( 3 )dx, G"’ZZ/O Yo(x) sin (T) dx.

(2.13)
As an example, consider the solution when
%x for0<x<h,
Yo = —x) forh<x<L
L h -

and vg(x) = 0. This represents a string plucked at the point x = h. Note
that the initial conditions must be consistent with the boundary condi-
tions, so that yy(0) = yo(L) = vo(0) = vo(L) = 0. We can immediately see
from (2.13) that F,, = 0 and after integrating by parts we find that

G — 2a L2 sin mmnh
" (L — h) m®n? L )’

This leads to

2aL2 - . (nmh nmet\ . /nmx
y(x, t) = n2 12 < ) cos (T) sin <T) .

Note that when h = L only the terms with n odd appear in the solution.
In this case the initial condition is symmetric about x = %L, which means
that only symmetric modes can be excited by the initial displacement.
The amplitudes of the various modes in an experimental investigation of
a plucked violin string are shown in figure 2.4, and are found to be in
excellent agreement with our linear theory.

Finally, let’s consider the energy stored in a string of finite length. For
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each wave mode y,(x,t), given by (2.8), we simply substitute into (2.5)
and (2.6) with range of integration 0 < x < L, and find that

2722 5 2

K, = p"4’z {F,,cos ("%”) — G,sin (””T“)} , (2.14)
2.2.2 ) t

y, = %{Fﬂsm (”’2 )—i—G,,cos(mzc >} , (2.15)

making use of T = pc?. Using some simple trigonometry, we can also
write this as

nmct 2 nmct
Kn=p4L R2 2<T+Kn)a Vn=p4L R2 2<T+Kn)a
(2.16)

G
R, =n\/F?+ G2, K, =tan"! (F—> . (2.17)

n

where

We can now see that, as time passes, the energy stored in each wave mode
is transferred back and forth between kinetic and potential energy, one
form of energy reaching a maximum when the other is zero. Moreover,
the time averages of each form of energy over a period of the motion are

(2.18)

since

ne [l cos? (Tt it 1
= — — K = —,
2L J,, L " 2

This equipartition of energy occurs for all time harmonic, linear oscillators
and wave systems, as we shall see over the next few chapters. From (2.18),
the total energy stored in each wave mode is

R2. (2.19)

When we come to consider the most general vibration of the string, we
must substitute (2.9) into (2.5) and (2.6). At first sight, it looks like quite
a tall order to calculate these integrals, since in each we need to square
an infinite sum. However, the orthogonality of the standing wave modes,
given by (2.12), means that most terms in the square of each infinite sum
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integrate to zero over the length of the string. The only terms that remain
are those that give the energy stored in each of the individual standing
wave modes, with

K = ZKn, V= ZV,,, E = ZE (2.20)

n=1 n=1

This shows that the wave modes each vibrate with their own individual
amounts of energy, and there is no exchange of energy between them.

2.3 D’Alembert’s Solution for Strings of Infinite Length

If a stretched string is very long, we can assume that it is effectively
infinite and look for solutions of the initial value problem

%y 1 62y
—_— = _— > .
F e for —oo < x <00, t >0, (2.21)
subject to
y(x,0) = yo(x), (x 0) = vo(x). (2.22)

We are again specifying the initial dlsplacement and velocity of the string,
but now for —oo0 < x < co. In order to solve this initial value problem,
we introduce the variables

E=x+ct, n=x—ct

If we treat y as a function of these new variables, the chain rule tells us
that
2 2 2 2 2 2 2 2
Ty 09,0 0y Ty _a(0y 0y 0
oxr  0¢2 0&on  on?’ o2 0¢&2 0&dn  on?

Equation (2.21) therefore becomes

%y
=0. 2.23
a%an (2.23)
In this form, we can integrate the equation with respect to ¢ and obtain
ay
2 _F
o (),

where F is an arbitrary function of . Now we can integrate again and
find that

n
y = / Fls)ds 4+ g(&),
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where g is an arbitrary function of &. If we now define

n
s = [ Fiyas
we obtain y = f(n) + g(&), and hence
y(x,t) = f(x — ct) + g(x + ct), (2.24)

for arbitrary functions f and g. This is the solution that we discussed
in chapter 1, where we showed that it represents the sum of left- and
right-travelling waves with wave speed c. Note that the displacement of
the string is perpendicular to the direction of propagation of the waves.
Such waves are said to be transverse.

The energy stored in a simple right- or left-travelling wave is easy to
calculate. If y = f(x — ct), we can substitute this into (2.5) and (2.6), and
find that

1 0
K=V= Epc2 /_ ) (f'(x — )} dx, (2.25)

where we assume that f is localised or decays sufficiently rapidly as
x — oo that the integral exists. As with standing waves on a finite string,
we have equipartition of energy. This is also true for left-travelling waves,
but is not usually true for the general solution, y = f(x — ct) + g(x + ct).

We must now choose f and g to satisfy the initial conditions (2.22).
Firstly,

y(x,0) = f(x) + g(x) = yo(x). (2.26)
Secondly, after noting that the chain rule gives us
ay

i —cf'(x —ct) + cg'(x + c1),

where the prime denotes differentiation with respect to the single inde-
pendent variable, x — ¢t or x + ct, we find that

= (x,0) = —¢f'(x) + cg'(x) = vo().

This can be integrated to give

—cf (x) + cg(x) = / " p(s)ds. (2.27)

a

where a is an arbitrary constant. Equations (2.26) and (2.27) show that

1 X X
1) = 33000 = 50 [ olshds, )= 33000+ 50 [ et
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and hence that

X—+ct

y(x,t) == {yo(x —ct) + yo(x + ct)} + — / vo(s)ds. (2.28)
x—ct
This is known as D’Alembert’s solution of the one-dimensional wave
equation.
We consider two examples. Firstly,

vo(x) =0, yo(x) = H(x+a)— H(x —a), (2.29)

where H(x) is the Heaviside function, defined by

1 for x>0,
H(x)_{ 0 forx<0. } (230)

The initial conditions (2.29) represent an initially stationary string with an
initial displacement given by the top hat function. The top hat function is
equal to 1 for —a < x < a and zero otherwise. Clearly this type of initial
condition is rather unsatisfactory from a physical point of view, since
y(x,0) is discontinuous. However, the solution is perfectly well-defined,
and very instructive.

Substituting from (2.29) into (2.28), we find that

y(x,t) = —{Hx+ct+a) H(x+ct —a)}
+§ {H(x—ct+a)—H(x—ct—a)}. (2.31)

The first term is a left-travelling top hat, whilst the second term is a right-
travelling top hat. These waves overlap for 0 < t < a/c, and propagate
separately for t > a/c, as illustrated in figure 2.5.

Secondly, consider the initial conditions

yo(x) = asinkx, wvy(x)=0. (2.32)

The string is again initially stationary, but in this case is everywhere
displaced sinusoidally. Substitution of (2.32) into (2.28) gives

y(x,t) = 1 {sm k(x + ct) + sink(x — ct)} = asinkxcoskct. (2.33)

This is just a standing wave, and shows how such a wave can be generated
from a pair of left- and right-travelling waves of equal amplitude, as we
discussed in chapter 1.



2.4 Reflection and Transmission of Waves 29

Av
! t<al
1 /2
]
' :
! 1
1
—a-ct  —a+ct a—ct a+ct = x
y
t>alc
1 /2
—a—ct a—ct —a+ct a+ct ¥

Fig. 2.5. The solution for an initial top hat displacement of a stationary, infinite
string.

2.4 Reflection and Transmission of Waves by Discontinuities in Density

In this section we consider two situations that lead to the reflection of
some of the energy of a wave incident on a point of discontinuity. The
results that we derive here are applicable in a wide range of physical
situations that can be modelled with linear wave equations.

2.4.1 A Single Discontinuity

Consider a string with density p;, wave speed ¢; = /T /p; for x < 0
and density p,, wave speed ¢; = /T /p; for x > 0. If a wave fi(x — cq1)
is incident from the left, part of it will be reflected and part transmitted
by the density discontinuity at x = 0. We seek a solution of the form

(2.34)

y(x,t):{ filx —cit) + fr(x +¢qt)  for x <0, }

fr(x—cat) for x > 0.
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The reflected wave travels to the left, and is given by fr(x + ¢;t), whilst
the transmitted wave travels to the right, and is given by fr(x — cat).
In order to determine fr and fr we need to consider two conditions at
x = 0. The string does not break, so y must be continuous at x =0, and
hence

fi(=cit) + fr(cit) = fr(—cat). (2.35)

In addition, since the tension in the string is constant, the slope, dy/dx,
must also be continuous, and hence

fi(=cit) + frleit) = fr(—cat).
This expression can be integrated once with respect to t to give
1 1 1
——fi(=cit) + —fr(c1t) = ——fr(—cat). (2.36)
C1 C1 (6]

Note that we have assumed that each of the waves is sufficiently localised
that they are simultaneously zero at some time, so that the constant of
integration is zero. Solving (2.35) and (2.36) gives

2 a
fri—at) = ——2—fi(~eit).
¢+
and hence
2¢ c
=) = 22 (Lr— ). (237)
¢+ &)
and similarly
frix +it) = Z—Lfi(—(x + ci1)). (2.38)
¢+

The important point to note is that, relative to the incident wave, the
transmitted wave has amplitude 2¢;/(c; + ¢2) and the reflected wave
has amplitude (¢; — ¢1)/(c1 + ¢2). If ¢; = ¢, there is no discontinuity
in density, and hence no reflection, as expected. When ¢; > ¢;, so that
p2 > pi, the transmitted wave has a small amplitude, whilst the reflected
wave has the same amplitude as the incident wave at leading order,
but interestingly, with the opposite sense. If y is positive in the incident
wave it will be negative in the reflected wave. This case corresponds
to an almost immobile string for x > 0, when we would expect almost
complete reflection of the incident wave. When ¢, > ¢y, so that p; > p»,
the reflected wave again has the same amplitude as the incident wave at
leading order, and in this case, the same sense. The transmitted wave has
an amplitude twice that of the incident wave. In this case the string for
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x > 0 is much lighter than the string that carries the incident wave, so
only a little energy is needed to excite a large transmitted wave.

The phenomenon of reflection and transmission of waves from points
where the properties of the system change is a topic that we will return to
for most of the linear systems that we study in part one of the book. We
discuss more complicated variations on this theme in chapter 11. Note
also that we can interpret the standing waves that we constructed in
section 2.2 in terms of complete reflection of a wave at the points x =0
and x = L, where the string is fixed. Each standing wave can be written
as the sum of a left- and a right-travelling wave, and we can think of
this as a single wave bouncing back and forth between x =0 and x = L
(see also subsection 3.5.2).

2.4.2 Two Discontinuities: Impedance Matching

Let’s now consider a situation where three strings with different densities
are joined together, so that

Cq for x < 0,
c=< ¢ forO<x<L,
c3 for x > L.

If a wave is incident from the left, there will, in general, be a reflected
wave in x < 0, reflected and transmitted waves in 0 < x < L, and a
transmitted wave in x > L. We will restrict our attention to the case of
an incident harmonic wave of angular frequency w, and try to determine
for what values of ¢, and L there is no wave reflected into x < 0. In this
case all of the energy incident from the left is transmitted to the right,
and we say that the two semi-infinite strings are impedance matched. The
impedance of a material is simply a measure of how difficult it is to move
it. For the stretched string, it is defined as

Z(x0) =
Vertical force exerted on the string in x > xo by the string in x < X
Vertical velocity of the string at x = xg

>

and hence
B Tady/0x

Z=—57 "

For right-propagating solutions of the form y = f(x — ct), this gives
Z =T/c= /pT. Since T remains constant at leading order, Z oc _ /p.



32 Waves on a Stretched String

Equivalent definitions can be given for other linear systems, for example
electrical circuits.
For our system of three stretched strings, we can write the solution in

the form
. X
exp | iw (t—c—>} for x <0,
1

y= Tzexp{iw<t—ci }+R2exp iw(t—i—?)}forOSXSL,
2 2

Ts exp {ia) (t—?)} for x > L.
3

(2.39)

From the analysis of the previous subsection, both y and dy/dx must
be continuous at x =0 and x = L. Applying these continuity conditions
leads to the four equations

T+ R =1,
2
T, — Ry = o
Tze—iwL/(’g + RzeiwL/Cg =1 T3€_iwl‘/c3

Tze—iwL/Cg _ RzeiruL/(’g — (’_2 T3e—ia)L/('3
3

(2.40)

It is straightforward to eliminate T, R, and T3, and, after taking the
real part of the resulting expression, arrive at

2oL —e)\ (¢
cos( i ) - (“ ‘2> <“ +c2>. (2.41)
C2 3+ C L —C

The easiest way of choosing ¢, and L to satisfy this equation is to take
¢; = Jeices, and hence, since the tension in each string is the same,
p2 = /p1p3. Equation (2.41) then becomes

<2wL>
Ccos =—1,
&)

which can be satisfied by taking

where 1, is the wavelength of the disturbance in the middle string. In other
words, we can impedance match the two semi-infinite strings by making
the density of the middle string the geometric mean of the densities of
the other two strings, and its length one quarter of a wavelength.

The joining of two dissimilar media by impedance matching, using
a quarter wavelength of a medium where the linear wave speed is the
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geometrical mean of those in the dissimilar media, occurs in many dif-
ferent physical situations: anti-reflection coatings on military submarines
to try to evade detection by radar, coatings on camera lenses to ensure
that all of the incident light is transmitted, the reflectionless joining of
transmission lines for electrical power, the transmission of a signal from
an antenna to a television, the use of a transducing jelly to transmit
ultrasound into the human body during medical imaging. For a related,
but slightly different, example see exercise 3.2.

2.1

22

23

Exercises

Consider the finite string that we studied in section 2.2. When
t = 0 the displacement and velocity of the string are given by

(@) y(x,0) = x(L —x),
dy/ot(x,0) =0,

(b) y(x,0)=0,
dy/ot(x,0) =1, for |x —d| < q,
0y/ot(x,0)=0,for0<x<d—aandd+a<x< L.

In each case determine the displacement of the string for t > 0
and the amount of energy stored in the string. Note that case
(b) corresponds to a string struck by a hammer with width 2a
and unit velocity at the point x = d.
The air resistance per unit length experienced by a vibrating
string is equal to px times the local velocity, dy/dt. By including
this force in the derivation of the wave equation, show that y
satisfies

62_y + K@_y = czaz—y.

or? ot 0x?
For the string described in the previous exercise, write down the
solution in cases (a) and (b) when the effect of air resistance
is included. You can assume that k < 2n¢/L. What happens to
the string and the energy stored in it as t — o0? Hint: Begin
by looking for separable solutions, and then adapt the methods
used when x = 0.
Consider the infinite string that we studied in section 2.3. When
t = 0 the displacement and velocity of the string are

(a) y(x,0) =sinx, for —n < x < 7,

y(x,0) =0, for x > =n, and x < —m,
dy/dt(x,0) =0,
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Waves on a Stretched String

(b) y(x,0) =0,
dy/dt(x,0) =0, for |x| > a,
dy/dt(x,0) =1, for |x| < a.
In each case, use d’Alembert’s solution to find the displacement
for t > 0. Sketch the solutions at various times and describe
what is happening to the string.

The solution that you constructed in exercise 2.1(b) should
be identical to the solution you found in exercise 2.3(b), after
a suitable change of coordinates and before any disturbance
reaches the fixed ends of the string. Prove that this is true by
showing that the solution that you have just constructed can be
written as a Fourier series identical to the one that you found in
exercise 2.1(b).

An infinitely long stretched string has density p for x < 0 and
4p for x > 0. When t = 0 the string is stationary and has
displacement

(x.0) = 1 for —2<x<—1,
YERI=1 0 otherwise.

Determine and sketch the displacement of the string for ¢ > 0.
An infinitely long stretched string with tension T, mass per unit
length p and displacement y (x,t) has a point mass, M, attached
to it at x = 0. By considering Newton’s second law applied to
the mass, assuming that gravity is negligible, show that

2y - oy [ay\~
Mﬁ(o,t)_T{<a> —<5> } (2.42)

where (8y/6x)+ is the slope of the string to the right of the mass
at x =0 and (dy/0x) " is the slope to the left.
When t = 0 a wave with displacement y (x,0) given by

0 for x > —1,
y(x,t) =< sin(nx), for —2<x<—1, (2.43)
0 for x < —2

is travelling in the positive sense. The incident, reflected and
transmitted waves are fy(x —ct), fr (x+ ct) and fr(x — ct) re-
spectively, where ¢ = /T /p. By using continuity of displacement
at x =0, and (2.42), show that

4 {e" fr(—ct)} = ae™ fi(—ct), (2.44)
dt
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where oo = 2T /Mc. By solving (2.44), show that

fr(—ct) = %e‘” /0 " e f (—u) du, (2.45)

and write down a similar expression for fg (ct). Using (2.43) for
the incident wave, show that fr (x — ct) is zero for x > ¢t — 1,

2
o I:ﬂea(l—o—x—ct)/('

w?+c2n? Lo
+% cos {7 (x —ct)} + sin {m (x — ct)}] ,
forct—2<x<ct—1, and
ocn ’
afc) jou(l+x—ct)/c
o? + ¢2n? <1+e )e ’
for x < ct—2, and find a similar expression for fr (x + ct). Show
that the displacement of the mass at x = 0 tends monotonically
to zero as t — oo. Sketch the solution for ¢t > 2/c¢. Show that

the solution reduces to simple propagation of the incident wave
when M = 0 (o = o0). What happens as M — o0?
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Sound Waves

Sound and sources of sound are part of our everyday experience. Sound
waves are essential for speech, generally bring pleasure when listening
to music, but can also be a nuisance, for example if you live near an
airport (see figure 3.1), or have noisy neighbours. Depending upon the
circumstances, we may want to maximise or minimise the audibility of
sound waves, but in either case we must firstly understand them and be
able to model their propagation. In this chapter, after deriving the three-
dimensional wave equation, which governs the propagation of sound, or
acoustic waves, we will study the transmission of sound in tubes and
horns. We also consider the reflection and guiding of acoustic waves,
together with their generation by localised sources.

3.1 Derivation of the Governing Equation

Sound waves are small amplitude disturbances of a body of compressible
gas. In order to study them, we must consider the equations that express
the conservation of mass and momentum in an inviscid gas. These are

9
q_p +V - (pu) =0, (3.1)
ot

F 1

M wVu=——vp, (32)

ot P

where p is the gas density, p is the gas pressure, u is the gas velocity and
t is time. We will neglect gravitational and viscous forces, and determine
in section 3.2 when this is a valid approximation. For the moment we
will assume that p = p(p) instead of p = p(p, T'), where T is the absolute
temperature, an assumption that we will justify in section 7.2.

36
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Fig. 3.1. A large aircraft and the sound field associated with it during landing.

Consider a small disturbance of a uniform, stationary body of gas,
which we write as

p=po+p, p=potp, u=u (3.3)

The uniform state has p = py, p = po = p(po), and u = 0. The quantities
D, p and @i are small amplitude disturbances of this state. Equations (3.1)
and (3.2) become

ap N
LV (oo + P} =0, (34)
m . |

Since we are considering small amplitude disturbances, we can neglect
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products of small quantities in these equations and obtain at leading
order

ap
=0, 3.6
i +poV - i (3.6)
ou 1
= =——Vp 7
p pon (3.7)

We know that po+p = p(po + Pp) and, since |p| < po, we can use a Taylor
series expansion to obtain

N Ldp
po +p =~ p(po) + pd—p(po)-

Since pg = p(po) we find that, at leading order,
_dp

p
Equation (3.6) then becomes
Ldp, 0p o .
% dp ()) ot =-V-i
If we differentiate this with respect to t and use (3.7) to eliminate 0ui/0dt,
we obtain
1 dp *p 0 N ot 1 .
po dp 0)6t2 =V w=Y (E> L
If we now define
d —1/2
= {%Lm} . (39)
p
we find that
1 0%’p
25 —_
Vp = TR (3.10)

In other words, small pressure fluctuations in a gas satisfy the three-
dimensional wave equation with wave speed ¢ given by (3.9).
So what is the value of ¢ in atmospheric air? For ideal gases

p=RTp/m, (3.11)

where R ~ 8.3J K~! is the universal gas constant, m is the molecular mass
and T is the absolute temperature, measured in kelvins (K). If we assume
that T is a constant (the flow is isothermal), then p/p is a constant, which

must be equal to py/po. Hence dp/dp = po/po and ¢ = \/po/po. In air at
room temperature this gives ¢ ~ 290ms~!. This is a calculation that Sir
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Isaac Newton made in the seventeenth century, and it is flawed. In fact,
measurements show that ¢ ~ 340ms~!. As Laplace pointed out in the
nineteenth century, pressure fluctuations in a sound wave are so rapid
that the temperature of the gas does not remain constant. In fact, the
compression and expansion of the gas are such that there is no heat loss
(the flow is adiabatic). We shall return to this in section 7.2, where we
show that for an adiabatic gas, p/p’ is constant, where y is the ratio of
the specific heats of the gas. In air, y & 1.4. Since dp/dp = ypo/po, this
means that ¢ = \/ypo/po ~ 340ms~!, the observed value.

We also want to know the equation satisfied by the velocity fluctuation,
ii. Since the background state of the gas is spatially uniform, we can write

(3.7) as
on p
—=-V({=). 3.12
at v <Po> G2
If we now let
_b_9
po Ot

for some function ¢,

ol AN o v

and hence ii — V¢ = f(x) for some function f. If we assume that &t = 0
when t = ty,
i = V($(t) — d(to))-
If we now define ¢ = ¢ — (1),
i = V. (3.13)
The function ¢ is called the acoustic velocity potential. Note that
Vxi=VxVp=0,

and hence that acoustic disturbances of a stationary gas are irrotational.
In addition, we have
d¢

p=—po—-. 3.14

p=—po, (3.14)
Substituting these definitions of the velocity and pressure disturbances in
terms of the velocity potential into the governing equations then gives

1 0%

2 — — —
V¢_&aﬂ’ (3.15)
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so the velocity potential also satisfies the three-dimensional wave equation
with wave speed c. Once ¢ is known, @i and p can be calculated. In
summary

1 0% )
2 _ & = _
Vop = aapr U= Vo, p= P,

3.2 Plane Waves

Perhaps the simplest type of solution of the three-dimensional wave
equation is one that varies in a single spatial direction, say the x-
direction. The solution then only needs to satisfy the one-dimensional
wave equation, and hence is of the form

¢ = f(x — ct). (3.16)

This is a permanent form travelling wave solution that propagates in the
positive x-direction. It is known as a plane wave, since the value of ¢,
and hence p and i, is constant in planes perpendicular to the direction
of propagation. From the definition of ¢, we can see that the velocity
fluctuation is confined to the x-direction, and is given by

o= f'(x—ct), (3.17)
whilst the pressure fluctuation is

P = pocf'(x — ct), (3.18)
and hence
D = pocil. (3.19)

This is our first example of a longitudinal wave, in which the disturbance
of the background medium is in the direction in which the wave prop-
agates. Waves on a stretched string are transverse, since the direction
of the displacement of the string is perpendicular to the direction of
propagation of the wave. Note that a more general form in which to
write a three-dimensional plane wave solution is f(k - x — wt), where k is
the wavenumber vector. The wave propagates in the direction of k with
wave speed ¢ = w/|k| and wavenumber [k|.

We are now in a position to determine the range of validity of the
assumptions that we made when we derived the three-dimensional wave
equation, using a plane, harmonic wave as an example. We neglected
(i) convective accelerations, (ii) viscosity and (iii) gravity. Consider the
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x-momentum equation for a plane wave in the x-direction, assuming that
gravity acts in the x-direction,

(1)

L R N
Po Phox = Tox oz PE-
(1) (2) (3)

Nonlinear convective accelerations

In order to neglect term (1) relative to the pressure gradient we
need poii’ < |p| = |pocii|, and hence |ii] < c. In other words, the
velocity fluctuations must have a magnitude much less than the
speed of sound. This is often expressed in terms of M = ugy/c,
where uy is the typical amplitude of the fluid velocity fluctuations.
M is called the Mach number, and we require it to be small for
linear acoustics to be a good approximation.
Viscosity

In order to neglect term (2) relative to the pressure gradient we
need |ud?ii/0X%| < |0p/0dx|. If the wavelength of the plane wave
is 4, we need pulii|//*> < poclii|/2, and hence 1 > u/poc. In air,
u/poc ~ 3 x 107" m, and hence we require that the wavelength
is not too short, A > 3 x 10~ m. This is not very restrictive in
most situations. Since the frequency, f, of the wave is given by
f =c/A we need f < 10° Hz. Audible sounds lie roughly in the
range 20Hz < f < 2 x 10* Hz.
Gravity

An analysis of when the effect of gravity can be neglected is
slightly more difficult, since the background pressure and density
are not spatially uniform. At leading order

(511;0 = —pog,

where gravity acts in the negative x-direction. By considering a
small perturbation of the static state, p = po(x)+ P, p = po(x) + P,
and u = {i, we can show that the pressure perturbation, p, satisfies
the modified wave equation

where

—12
¢(x) = {g—l’j(mu»} .
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By comparing the term due to gravity with the term V2j we can
see that the gravitational term is negligible if the wavelength, 4,
satisfies 1 < g, where 4, = ¢*/g ~ 11km in the atmosphere at
ground level. The associated frequency is f; = g/c ~ 0.03 Hz, well
below the audible range.

3.3 Acoustic Energy Transmission

Sound waves, along with most other types of wave, transmit energy from
one place to another. Whenever you speak to someone, the energy that
you convert into sound waves is transmitted to their ear, where it moves
bones (the hammer, anvil and stirrup) and the sound is heard. It is,
therefore, of interest to know at what velocity the energy is transmitted,
and also how much is stored in a given wave. For any element of the gas
we will show that

d . . . .
’ (kinetic energy + potential energy of compression)

= rate at which pressure forces do work.

We begin by taking the scalar product of the velocity, u, with the equation
for conservation of momentum (3.2), as

u-(p%-l—pu-Vu) =—u-Vp,

and hence

du

ou- at—l—pu-{%V(u-u)—ux(qu)}z—u-Vp,

using the identity u X (V xu) = %V(u ‘u)—u-Vu. Since u-u x(Vxu)=0,
we have

P35 <§|U| > +pu-V <§|“| ) =—u-Vp,
and hence

a ]. 2 1 2 ap . 1 2 1 2 . _ . .
2 (572 )= P9 Gou) = SV (o) ==V -(up) Y
But conservation of mass, given by (3.1), shows that dp/dt + V.(pu) =0,

and hence that
1 Dp

0
\% u——; <6_t+u Vp) =D
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Here D/Dt = 0/0t +u -V is the convective derivative. It measures the
rate of change of a property of a given fluid element as it is convected
by the flow, rather than the rate of change at a fixed point. This shows

that
o (1 PDP_ . LI
at< ||> oDl v {<p+2plul up.

If we now integrate this equation over a fixed volume, V, with surface S,
and use the divergence theorem on the right hand side, we obtain

d/ Splu |2dV+/prdV——/ p+ Lo )u-nds, (320)
dt 2 p S 2

where n is the outward unit normal to the surface S. Equation (3.20) can
be expressed as

rate of change of (kinetic energy + potential energy of compression)

= work done by pressure on S + flux of kinetic energy into V.

The only term that requires further explanation is the one labelled
‘potential energy of compression’. Consider a given mass, M, of gas,
which increases its volume by a small amount AV. In doing so, its
density changes by a small amount Ap. But the mass of the gas is
constant, and hence

M =pV =(p+Ap)(V +AV) ~ pV + VAp + pAV.

This shows that, at leading order, AV = —VAp/p. The work done in
changing the volume of the gas is —pAV = pVAp/p. Hence the rate at
which the potential energy stored in a given volume of gas changes is

given by
pDp
—dV.
/ p Dt

We can now consider what (3.20) tells us when we make the acoustic
approximation that p = pg + p, p = po + p, u = ii with p, p and i small.
At leading order, we find that

Dp
PoZP gy — / poll - ndS.
y po Dt
This is just an expression of conservation of mass. We only obtain infor-
mation concerning the energy associated with the pressure fluctuations
at next order. We find that, retaining terms quadratic in small quantities,

d (1 ., paop .., _ A
E/Vzpom dv+/V S av= /Spu nds.  (321)
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Note firstly that the term that represents the flux of kinetic energy on
the right hand side of (3.20) does not appear, since it is cubic in small
quantities, and secondly that the term pii - n in (3.21) indicates that we
are interested only in the work done by the pressure fluctuation, p, not
in the work done by the uniform background pressure, po. Since p = ¢2p,
by definition, we can write

Pop_pop_0 (15
poat_p() ot ot 2 po '

This means that we can write (3.21) as

i/(K+U)dV=—/1.nds, (3.22)
dt Jy s

where

[
K= §P0|U|2 (3.23)

is the kinetic energy per unit volume,

C2'b2 132
=S = (3.24)

is the compressive potential energy per unit volume due to the pressure
fluctuation, and

I = pii (3.25)

is the rate of working of the pressure fluctuation at S. This is also equal
to the flux of energy per unit area, and is known as the acoustic intensity.
The acoustic intensity has units of Wm™ and is equal to the rate at
which the pressure fluctuations work on a unit area of the fluid.

The greater the acoustic intensity in a sound wave, the louder it sounds
to the human ear. However, the ear and brain sense equal differences
in loudness for equal differences in log|I|. The loudness of a sound
wave is defined as 120 + 10log;,|I| and is measured in decibels. The
minimum audible level in the 500 to 8000 Hz range is 0dB, which is
equivalent to 107> W m™2. The typical acoustic power output of the
human voice is about 10> W in conversation. The loudness of any
sound depends on the distance of the listener from the source of the
sound, and decreases logarithmically with distance. Note the difference
in units between acoustic intensity, loudness and acoustic power output.

Finally, consider the energy content and transmission rate in a plane
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wave. From (3.16) to (3.18) we have equipartition of energy, with
1
K =U = -pof"”.
2
Hence the total energy at any point in the wave is
K +U = pof” = poi’,
whilst the acoustic intensity in the x-direction is
I = pit = pocii®.

Hence

Rate of transport of energy per unit area pocii®

Total energy per unit volume  poii?

£

so the energy propagates at the wave speed, c. We shall see that this is
not true for all types of linear wave when we study water waves.

3.4 Plane Waves In Tubes

Consider a straight tube with a constant cross-sectional area, with the
x-axis parallel to its wall. A tightly fitting, flat piston at x = xo(t) will
generate a motion of the gas in the tube. If the velocity of the piston
is small relative to the speed of sound, it will generate small amplitude
sound waves, and the motion of the gas can be described using the
three-dimensional wave equation. Continuity of normal velocity at the
surface of the piston gives the boundary condition

_0¢ _ dxo B
u_\——ax— T at x = xo(1).

If we assume that the face of the piston remains close to x = 0 and
undergoes motions with a small amplitude, we can linearise this boundary
condition as
d¢  dxo
ax  dt’
The remaining boundary condition is given by continuity of normal
velocity as

at x =0. (3.26)

% =0 at the tube walls. (3.27)

We also need a radiation condition, which arises because we are consid-
ering a situation where waves are generated by the motion of the piston,
and do not expect any incoming waves from infinity. We can therefore
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look for a plane wave solution of the form ¢ = f(x — ct), since this
has no spatial variation perpendicular to the walls of the tube, and thus
satisfies (3.27), and represents a right-travelling wave, thereby satisfying
the radiation condition. The solution that satisfies (3.26) is

¢=—cxo(1-2). (3.28)

The piston therefore generates a plane acoustic wave that propagates
down the tube without change of form.

We can now consider some properties of such a plane wave. The
volume flux of gas at any point in the wave is Q = Aii, where A is the
constant cross-sectional area of the tube and, since p = pycii,

0=Yp, (3.29)
where
vy A
poc

is called the characteristic admittance of the tube. The impedance of the
tube is 1/Y. The energy flux down the tube is

1A =piA = pQ = Y p*.

The characteristic admittance is a property of the tube and the gas, but
not of the particular wave, and is therefore a useful way of describing
the system.

What happens when a plane wave is transmitted down a tube and meets
a junction with a different tube, possibly containing a different gas? Let’s
assume that the junction is at x = 0, and that a wave propagates in the
positive x-direction and is incident upon the junction. We expect that
there will be a plane wave transmitted into the second tube, and a plane
wave reflected into the first tube, propagating in the negative x-direction,
as shown in figure 3.2. We can express this mathematically by looking
for a solution as a sum of the three plane waves, incident, reflected and
transmitted, in the form

I~7={ filx —c1t) + fr(x +c¢it), for x <O, }

fr(x — eat), for x > 0. (3.30)

This analysis is completely equivalent to that for the reflection of a wave
on a string by a change in density, which we studied in section 2.4. In
order to determine the amplitude of the reflected and transmitted waves
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Transmitted
wave
=
Incident wave
=
Ye, Y,c,
<
Reflected wave :
1
1 x=0

Fig. 3.2. Incident, reflected and transmitted plane waves at a junction between
two tubes.

relative to that of the incident wave we note that the pressure must be
continuous at the junction, x = 0, so that

ful—=c1t) + fr(ert) = fr(—cat),

and that the flux of gas must also be continuous at x = 0, so that
Yifi(—cit) = Yifr(eit) = Yafr(—cat).

Note that the reflected wave transports gas in the negative x-direction,
hence the minus sign. Solving these two equations leads to

-
Y + Y Y + Y

In terms of the actual reflected and transmitted waves,

frlcit) = ———fi(—cit), fr(—ct) = —f1(—cit).

frR(x+ct) = Yfl( X —cqt),

Y+

fr(x —cat) = Y1+Y2fl< (X—C2I)>

The reflected and transmitted waves therefore have the same shape as
the incident wave, but with modified amplitudes. We also note that we
expect that the flux of energy due to the incident wave is split between
the reflected and transmitted waves. A little algebra does indeed show
that Y]flz = Y]fé + Yzf%
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Note that, as for the interaction of an incident wave with a density
discontinuity in a string,

(i) when Y; = Y, there is no reflected wave, as you should expect,

(i) when Y; > Y; (a small tube carries the wave into a large tube)
the transmitted wave is small,

(iii) when Y; > Y, (a large tube carries the wave into a small tube)
the transmitted wave has twice the amplitude of the reflected
wave. This is perhaps the most surprising result, but of course the
transmitted wave only carries a small amount of energy in this
case.

We can also consider plane, standing waves in tubes of finite length.
These can be generated in organ pipes and flutes. Consider a straight
tube of length L with one end open and one end closed. At the closed
end the axial velocity of the gas must be zero, whilst at the other end,
which is open to the atmosphere, the fluctuation in the pressure must
be zero. One way of seeing this is to consider the above analysis, which
shows that at x =0, p — 0 as Y,/Y; — co. We seek a solution of the
one-dimensional wave equation with boundary conditions

ﬁ=@=0 at x =0, (3.31)
0x
and
0
p= :—¢=0 at x = L. (3.32)
ot
If we look for separable solutions we obtain
¢ = ¢, = Acos (%) COS wyt, (3.33)
c
with
eyl =12 (3.34)
op = |n—5 | n=12... .

We can therefore express the solution as a sum of Fourier components,
which represent the fundamental and the various harmonics, just as we
did for a finite vibrating string in chapter 2. We conclude that plane
waves in straight walled tubes behave very much like stretched strings,
with similar musical properties.

What about musical instruments that are not straight uniform tubes?
Consider a tube with cross-sectional area A(x). We restrict our attention
to the case where the wavelength of the disturbance in the tube is much
longer than a typical radius of the tube, and where A(x) varies on a length
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scale much longer than this wavelength. In a narrow, slowly varying tube
like this, for example a clarinet or oboe, we can assume that locally the
disturbance is a plane wave.

If we consider a small section of the tube with length Ax, the rate of
change of mass is the flow in minus the flow out,

© (pAAX) = (pAu)s — (pA)conn,

ot
and hence in the limit Ax — 0,
0 0
—(Ap) = ——(Apu).
p t( p) ax( pu)
If we now linearise this we obtain
ap 0
A— = — Afl). .
2 poax( i) (3.35)

This is the analogue of (3.6) when variation only occurs in the x-direction,
but with a changing cross-sectional area. Similarly, the linearised equation
for conservation of momentum is
il op
POE = T (3.36)
which is the analogue of (3.7). Combining these two equations gives us
the modified wave equation

10’ 10 op
23 = dox (Aa_> (3:37)

As an example, consider the exponential horn, A(x) = A4exp(ax). In
this case, (3.37) becomes

10’p  0°p ) p

2o 0x2 ox’

We can look for plane, harmonic wave solutions of the form

(3.38)

p = alx) exp(iot),

remembering that this notation implies that we take the real part of the
solution. Substituting this form into (3.38) gives

&a +ocda + wza =0

dx? dx = 2 7

and hence
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for waves propagating in the positive x-direction. If @ > %occ the waves
propagate with speed
(w)=w o’ 19c2 o
c = — — = ,
0 2 4

and amplitude proportional to exp (—3ox) = A~/ In other words,
the amplitude decays (we say the wave is attenuated) as x increases. If
o< %occ there is no propagation, just attenuation, since

o exp |— la—l— laz—wz v X
@LCexP 1™ 2 T2 '

These are known as evanescent waves. The cut-off frequency, v = %occ, is
the critical frequency below which no plane wave propagation is possible.
We will meet a similar phenomenon in a different context in the next
section.

3.5 Acoustic Waveguides

We have just seen how plane acoustic waves can propagate along tubes.
Is there any other type of acoustic wave that that can propagate along
a tube? In order to answer this question, we begin by considering the
effect of a flat, rigid wall on an incident plane wave.

3.5.1 Reflection of a Plane Acoustic Wave by a Rigid Wall

Consider a plane wave, with amplitude 4; and frequency wj, incident on
a rigid, plane wall at x = 0. If we take the y-axis to lie perpendicular to
the direction of propagation of the wave, the wavenumber vector, which
points in the direction of propagation of the wave, is

k= (—ﬂ cos 0y, 0, @ sin 01) .
¢ ¢
The potential of the incident wave is
¢1 = Arexp {i(wit —kj - x)} = Ajexp {iwl (t —sin 612 + cos ng) } R

where 0y is the angle of incidence, as shown in figure 3.3.
We expect there to be another plane acoustic wave reflected from the
rigid wall, and can satisfy the boundary condition that

0x
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Rigid wall

Fig. 3.3. Incident and reflected plane, acoustic waves at a rigid wall.

by seeking a solution of the form

¢ = d1+ PR,
where

dr = Axexp {ion (1 —sin 0 —cosb ) |

is the potential of the reflected wave and 0y is the angle of reflection.
Now (3.39) becomes

Aj cos 0; exp{iwl (t —sin 0%)} — Ag cos O exp{in (t —sin 0R§>} =0.

This can only hold for all z and ¢ if the functional forms of the incident
and reflected waves are identical, and hence w; = wgr, A1 = Ar and
01 = Or. In other words, the wave is reflected without change of frequency
or amplitude, and the angle of incidence equals the angle of reflection.

3.5.2 A Planar Waveguide

Consider a region bounded by two rigid, parallel, plane walls at x =0
and x = d. What types of acoustic wave can propagate in this planar
waveguide, assuming that there is no variation in the y-direction? We
can answer the question using what we have just found out about
the reflection of plane waves. We already know that a plane wave
can propagate along the waveguide with wavenumber vector in the
z-direction. We can also imagine a plane wave propagating in a different
direction, being continually reflected from the walls, bouncing back and
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x=d Rigid wall

x=0 Rigid wall L

Fig. 3.4. Plane waves zig-zagging along a planar waveguide.

forth along the guide, with angle of incidence and reflection, 6y, as shown
in figure 3.4. This can still be represented as the sum of two plane waves,

¢=Aexp{iw (t—sin@lg +COS@1§)}
+Aexp{iw (t—sin@lg —cos@lg)}.

However, we also need to satisfy

and hence

. wd ) wd
exp lCOSng = exp —lCOSng .

This implies that
d d
cos 01% = —cos 91% + 2nm,

for n=20,1,2,..., and hence

nme
costy = —.
Y
Since cosf; < 1, there is a discrete set of nnya.x angles 0; at which a
zig-zagging plane wave can propagate down the waveguide, where np,x
is the largest positive integer such that np,x < wd/nc. Each of these is

called one of the modes, or wave modes, of the waveguide.
We can write the acoustic potential for the nth mode as

b = 24 cOS %xei‘wf—knf), forn=0,1,2,... (3.40)
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where

®?  n’r?
2 -
is the wavenumber in the z-direction. Note that the solution with n =0
represents a plane wave propagating in the z-direction with speed c.
For 0 < n < nyax the wave has the character of a standing wave in
the x-direction whilst propagating in the z-direction with wavenumber
k, < w/c. For n > npax, even though this solution cannot be described
physically in terms of the sum of two plane waves, (3.40) remains valid,
with k,, purely imaginary. The solution decays exponentially as z — o0, so
these are evanescent wave modes. Alternatively, for fixed wavenumber,
k, a wave can only propagate along the waveguide at frequencies greater
than the cut-off frequency,

ky = (3.41)

and there is a sequence of eigenfrequencies, or resonant frequencies, at
which the gas can be excited, given by

22
wnzcwkz-l-%.

In the direction of propagation, the wave crests of the nth mode move
at the phase speed, ¢, = w,/k > c. Since the mode is composed of two
plane waves propagating with angle of incidence 0y, the distance between
the wavecrests is increased from the free space wavelength, 4, to 1/ sin 0y.
The frequency is unchanged, and hence the phase speed increases to
¢/sinf;. The energy in each mode is propagating by bouncing back
and forth between the rigid walls. The distance between ‘bounces’ is
L; = d/cos0;, as shown in figure 3.4, which the energy traverses in
atime T = L;/c = d/ccosf;. However, in this time, the distance the
energy has propagated in the z-direction is L, = dtanf;. The velocity
at which energy propagates along the waveguide, the group velocity, is
given by ¢g = Lo/T = c¢sin0; and is less than the free space wave speed,
¢. Moreover, cgcp, = ¢%, which we could also have deduced from the
formula, ¢g = dw,/dk.

3.5.3 A Circular Waveguide

A stethoscope consists of a pair of circular tubes through each of which
the acoustic waves generated by the patient are propagated to an ear of
the doctor. We can crudely model this by considering a rigid, circular
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\ 4

Fig. 3.5. The cylindrical polar coordinate system for the circular waveguide.

cylinder whose interior is given, in cylindrical polar coordinates, by
0<r<a —o0<z<o, 0<0 <2 as shown in figure 3.5. In this
case, we are unable immediately to write down the solution based on our
knowledge of the physics of the problem. However, as we shall see, the
solution has all of the qualitative features of the simpler planar solution,
(3.40).
In terms of cylindrical polar coordinates, the three-dimensional wave
equation is
L% 1o ¢ 137 10%

V=t - b=t = ——— 3.42
=ty T TR 2w (3.42)
Since there can be no normal velocity at the solid walls of the tube, we

have

o9

— =0 atr=a. 343

or (343)
Although non-axisymmetric solutions exist, we will restrict our attention
to axisymmetric solutions and look for separable solutions of the form
¢(r,z,t) = R(r)Z(z)T(t). If we substitute this into (3.42) and rearrange,
we obtain the first separation,

R 1R Z" 17" w2
T T g 3.44
R + r R + Z AT c? (344)

This choice of separation constant, —w?/c?, makes sense when we note
that T” + w?T = 0, and hence

T = exp(fiwmt).
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We can now rearrange (3.44) to obtain the second separation

R’ 1R w?: Z ?
R 3.45
R + r R c? Z c? + (345)

Our choice of separation constant gives Z” 4+ k?Z = 0, and hence

Z = exp(+ikz).
This shows that k is the wavenumber for waves propagating in the
z-direction. Finally, (3.45) shows that

1 2
R'+ R + (“’—2 —kz) R=0. (3.46)
r C

When w? < k2¢? it can be shown that there is no bounded solution that
satisfies (3.43). If we now assume that w? > k?>c¢? and let

2 1/2
w
F=(——k*) r

@R 1dR
4 R= 4
dr? 7 dr 0 (347)

which is Bessel’s equation of order zero. The general solution is therefore

equation (3.46) becomes

R = AJy(F) + BY,(7),

for arbitrary constants A and B. However, as 7 — 0, Yy — —oo, so the
only solution that is bounded at 7 =0 is

2 1/2
R = AJ, ((‘:—2 —k2> r) .

The Bessel function of order zero, Jy(r), is illustrated in figure 3.6. We
also need to satisfy the boundary condition that d¢/dr = 0 at r = a.
Therefore we must choose k so that

2 1/2
Jo ((% —k2> a) =0,

2 1/2
<(f—2—k2> a=m, n=0,1,2,...,

and hence
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Fig. 3.6. The Bessel function of order zero, Jo(F).

where m, are the turning points of Jy. Note that my = 0. For a given
angular frequency, o,
w?  m

-3 n=012... (3.48)

ky =
Each value of n corresponds to a different wave mode, represented by a

solution of the form
Ou(r, z,t) = exp{—i(wt — kyz)}Jo(myr/a), (3.49)

for waves propagating in the positive x-direction. Apart from the quanti-
tative differences in the functional form of the spatial variation across the
waveguide, and the value of the eigenfrequencies, the qualitative form of
the solution is as expected from our analysis of the planar waveguide. In
particular, the lowest order mode, with n = 0, is a plane wave propagat-
ing in the z-direction, and is the mode that carries most of the acoustic
energy in a stethoscope. The next order mode, with n = 1, has m; ~ 3.831
and varies radially, as shown in figure 3.7. The energy in the nth order
mode propagates at the group velocity, ¢g = dw, /dk < ¢, whilst the wave
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Fig. 3.7. The radial variation of the first order mode, with n = 1.

crests propagate at the phase velocity, ¢, = w,/k. A simple differentiation
shows that, as with the planar waveguide, cycp, = ¢?.

All of the above analysis is also relevant to electromagnetic waves, in
particular microwaves, which in practice are transmitted in waveguides
as we shall see in section 6.8. The microwaves must have a frequency
above the cut-off frequency if they are to propagate as anything other
than plane waves.

3.6 Acoustic Sources

Most sources of sound do not transmit the same amount of energy in
each direction. We say that there is a directivity to the sound generated,
and this directivity usually depends upon its frequency. As an example,
figure 3.8 show the directivity of the sound generated by a violinist.
Although it is not possible to write down a general solution of the
three-dimensional wave equation, in many situations the solution, and
its associated directivity, can be represented in terms of simple solutions
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Fig. 3.8. The directivity of the sound generated by a violinist (a) in a horizontal
plane at various frequencies, (b) in a longitudinal plane.

called sources. We will now construct these solutions and examine their
properties.

3.6.1 The Acoustic Source

A three-dimensional, spherically symmetric acoustic potential satisfies the
equation

¢ 20¢ 107 ré) 1 0%

—_— —_—— = ——|(Tr = — =5

ot ror  ror? ¢ ot?
and hence r¢ satisfies the one-dimensional wave equation. Spherically
symmetric waves incident from infinity are physically impossible, so the
only meaningful solution is of the form

b= 1f<t—£). (3.50)

r
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This leads to a purely radial velocity field, with magnitude

=G (=0 (=), 651)

where a dot denotes differentiation with respect to the argument of the
function. This velocity field is singular as r — 0. We can also determine
the mass flux across a sphere of radius r as

4nr? pou = 4npof (t— —) +4n pof (t— —)

As r — 0 this mass flux tends to g(t) = 4npof(t). We therefore write

d):_

4np0rq (t B ;) ’ (3.52)

as the standard form for the velocity potential of an acoustic point source.
This is also referred to as a retarded potential, since the behaviour of ¢ at
any point is determined by the behaviour of the mass flux, ¢, a time r/c
earlier. This reflects the finite time required for information to propagate
at the wave speed, ¢. The corresponding pressure fluctuation is
d¢ 1 r

p=— = . 3.53

b Poar 4nrq ( c) (3.33)
The rate of change of the mass flux, ¢(¢), is called the strength of the
source, since it is this that affects the pressure fluctuations.

In a time harmonic source, with ¢ = go exp(iwt),

— . ; _r

—4mtwexp{zw (t C)},

=D 1+i ex {iw(t r)}
drpy \ 1?2 rc p c/ )

For sufficiently small values of r, specifically r < ¢/w = 1/2x, in other

words at distances much less than a wavelength from the source,

q(t)
drpor?’

St

~

This is just the expression for a simple point source in an incompress-
ible fluid. Note that this is completely out of phase with the pressure
fluctuation (if u oc cos wt, p oc sin wt), since

iwq(t)
4nr

D=
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This is known as the near field of the acoustic source. The far field, where
r > c¢/w, is very different in both phase and amplitude, since

iwqo . r
uE 4mpocr %P {lw (t B E)} '
This is in phase with the pressure fluctuation.

As an example, consider a spherical loudspeaker, which we can
model as a spherically pulsating, solid sphere with radius a(t) = ao{1 +
eexp(iot)}. We assume that € < 1, and hence that at leading order we
can apply the boundary condition at the undisturbed position of the
sphere as

o9
or

The appropriate, outgoing, spherically symmetric solution of the three-
dimensional wave equation is

= apeiw exp(iot) at r = ay. (3.54)

1 r
= —_—— t— — s
b=l (1)
and to satisfy the boundary condition, we must have
1 1.
— (t — @) + —f (t — @) = apeiw exp(iomt).
ag c apc c

If we now let T =t — ay/c, we have

d ,
d—{ + aiof = eajiwcexp {iw (r + %)},
and hence that
2:
f= izl‘iw% exp {ia) (r + 62—())} + C exp(—ct/ay),

where C is a constant of integration. Since we are interested in solutions
that are harmonic at all times, we want ¢ to be bounded as 1 — —o0,
and hence set C = 0. This finally gives us the acoustic potential for the
disturbance created by the loudspeaker as

eajioc

¢=—mexp{iw (=)} (3.55)

Now consider the case where ayp < ¢/w. The spherical loudspeaker then
has a radius much smaller than one wavelength of the sound generated,
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and is said to be acoustically compact. Far from the loudspeaker, where
r > aop,

1 5. . r
~ ——eapgiwexpio (t— =) .
d) r 0 P { ( C) }
However, note that the volume of the sphere is

4
V() = gnag{l + eexp(iot)}’,
and hence that the mass flux generated by the pulsation of the sphere is

q(t) = poV = dnpoadioe{1 + eexpliot)}? exp(int) ~ dnpoajive exp(iot).

This means that in the far field of an acoustically compact spherical
loudspeaker,

o~ _4nlporq (t_ E) ’

In other words, the far field is approximately that of a simple acoustic
source with strength given by the rate of mass flux due to the volume
change of the sphere. Although we will not pursue this further here, it
can be shown that this is true for the far field of an arbitrary, acoustically
compact source.

For a one-dimensional source, which generates plane waves, the excess
pressure is proportional to the volume flux, Q(t), as given by (3.29),
and hence is also proportional to the mass flux ¢(t) = poQ(t). For
a three-dimensional source we have shown that the excess pressure is
proportional to the rate of change of mass flux, ¢(t), equation (3.53).
Consider a one-dimensional acoustic source with mass flux per unit area
of the form

q(t) = # (3.56)
NI
We can compare this with a three-dimensional acoustic source with
mass flux ¢(¢). The qualitative form of the excess pressure at some fixed
distance from the source is shown in figure 3.9. In one dimension this
positive pulse of mass flux generates a positive pulse of pressure. In three
dimensions the medium recoils, and a symmetrical negative fluctuation
in the excess pressure is generated. This reflects the extra freedom that
the background medium has in which to move in three dimensions.
What happens in two dimensions? The easiest way of generating a two-
dimensional acoustic source is to consider a three-dimensional source of
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strength §(t)dz at the point (0,0,z) on the z-axis. The excess pressure at
a point in the (x, y)-plane a distance r = /x2 + y2 from the origin is

1 .y Jr? +z2 J
_— — Y| dz.
4\ Jr? + z2 1 ¢

If we now consider a uniform line of three-dimensional sources along

the z-axis, we can write its effect in terms of an integral of elementary
sources, so that

dp =

1 /“ 1 ( ./r2—|—22>
p=— —g |t —— ] dz. (3.57)
4 J_,, \/;»24-—22 c

This line distribution of sources represents an axisymmetric solution,
independent of z, which represents a two-dimensional acoustic source
with mass flux per unit length ¢(t), and generates cylindrical waves. This
expression is clearly far more complicated than those for the equivalent
one- and three-dimensional cases, (3.29) and (3.53). The excess pressure
due to a two-dimensional source with mass flux given by (3.56) is also
illustrated in figure 3.9. The qualitative form lies somewhere between that
for a one-dimensional source and that for a three-dimensional source.
There is some recoil, with an associated negative excess pressure, but not
as much as in three dimensions.

3.6.2 Energy Radiated by Acoustic Sources and Plane Waves

The acoustic intensity vector, I = pii, for an acoustic source is purely
radial, with
_qlt—r/e)qlt—r/e) | Ft—r/c)

I, = . 3.58
' 1672 por3 + 1672 pocr? (3.58)

The first term is dominant in the near field, whilst the second term

determines the leading order behaviour in the far field. Consider a

harmonic wave, with ¢ = qo exp(iwt). We must remember to take the real

part of this before forming any products, since Re(z1z2) # Re(z;)Re(z,).
In this case

I —qiw?sin{o(t —r/c)t cos{m(t —r/c)}  qiw?sin*{w(t —r/c)}
e 1672 por3 1672 pgcr? ’

We can now calculate the average acoustic intensity over one period of
the motion, from t =ty to t = ty + 2r/w, which we write as (I). Since

N
to+2

2 [ info (= Do~ D) amo



3.6 Acoustic Sources 63

2D
1 T

ok 1
02 | .

04 1 04} 1
06 | 1 06 -
08 | {1 08 -
"o 10 0 'o 10 20

Fig. 3.9. A comparison of qualitative form of the excess pressure due to an
acoustic source in one, two and three dimensions.

and
w t0+2“_7’[ .2 r 1
7 . sin {a) (t—z>}dt—§,
»’q5

This means that the total, time averaged acoustic energy flux across a
sphere of radius r is (I, ) = 4nr’(I,), and

2,2
w=qy

<1r>tot = Fpoc (360)

We can compare this with the energy transmitted by a plane wave with
the same mass flux, propagating in a tube of cross-sectional area, A. In
such a wave, p = pycii, and hence the magnitude of the acoustic intensity
vector, which points along the tube, is I = pocii. Since @i = go cos wt/poA,
the time averaged flux of energy through any given cross-section of the
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tube is

2

cqp

It = .
< )tot 2,0()14

Comparing this with the acoustic source gives

oy _ Ao _ 54 as1)
(It 4mer A2
For a given mass flux, the energy radiated by an acoustic source is much
less than that radiated by a plane wave in a tube, provided that the
typical radius of the tube is much less than the wavelength.

3.7 Radiation from Sources in a Plane Wall

As an example of radiation from non-compact sources we consider the
acoustic waves generated in a half space by small amplitude motions of a
bounding solid wall. We can think of this as a simple model for a typical
loudspeaker. Let the bounding wall lie at x = 0, so that the boundary
conditions are

¢

o
along with the radiation condition. Now consider the case where a small,
rectangular element of the wall at the point (0, y, z), with sides of lengths
dy and dz, moves uniformly at speed ug(y, z, t), whilst the rest of the wall
is stationary. If we consider the acoustic disturbance due to the image
of this small element in the bounding wall, as well as the element itself,
then by symmetry we obtain a field with no normal velocity at x = 0,
except at the small moving element. The mass outflow due to the motion
of the small element and its image is 2pgug(y, z, t)dydz. If we consider
a collection of infinitesimal elements of this type, we can superpose all
of these linear, acoustic source solutions to obtain the pressure field in

x>0 as
p(x y,Z t / / 2p0u0(t - R/(’ y Z ) /dZ/, (3.63)

where R = \/x2 4+ (y — V') + (z — 2')%.

We will consider the case where uy = 0 for |y/| > L or |z/| >
L, for some length L. The region that generates the disturbance is
bounded, but not necessarily acoustically compact. In the far field, r =

=up(y,z,t) atx=0, (3.62)
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x24+y2+2z2> L and

’ ’ 1/2 ’ ’
R:r{1—2f—2y—2rz—f+o<%>} —r— 2 _Z o).

For harmonic forcing, uy(y, z,t) = f(y, z) exp(iwt), which gives

S 2p—lw exp{io(t —r/c)}

//f(y Z)eXp{ (yry+7>}dy’dz’,

P(x,y,z,1) = 2p—7friw exp{io(t — r/c)}f(m, n), (3.64)

and hence

where m = wy/rc, n = wz/rc and

. L /L
f(m,n) = /_L /_L fO/, 2" ) expli(my’ + nz')}dy'dz’ (3.65)

is the two-dimensional Fourier transform of the amplitude of the forcing
disturbance at the wall. For a compact source, wL/c < 1, mL < 1 and
nL < 1, and hence

B(X, y,2,1) ~ %iw explio(t — r/c)}1(0,0). (3.66)

L L
70.0) = / ) /_ 0y

is the integral of the amplitude of the motion over the moving part of
the wall. Equation (3.66) therefore expresses the fact that in the far field
this acoustically compact motion produces a sound field equivalent to
that of an acoustic source with strength equal to twice the rate of change
of mass flux due to the motion of the wall.

For non-compact sources, (3.64) contains directional information about
the forcing at the wall. As an example, we consider the far field due to
the uniform motion of a rectangular piston, with uy(y, z,t) = u; exp(iwt)
for |y| < a and |z| < b, ug(y,z,t) = 0 elsewhere. In this case

Note that

sin ma sin nb

F(m,n) —ul/ / expli(my’ + nz')}dy'dz’ = 4u,

Consider the case where wb/c < 1, but wa/c / <4 so that the piston is
long and thin. The far field is given by

n

- .
p~ 2p0i0bULSINME it — ), (3.67)
r m
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Fig. 3.10. The far field due to a long, thin piston.

which is shown in figure 3.10. The radiation is only substantial for
|ma| < =&, or |ywa/rc| < m, apart from minor side lobes. If wa/c > 1, the
radiation will only exist in a small band with y/r < 1. Furthermore if in
addition wb/c > 1, so that the piston is a large rectangle, the radiation
would only be substantial in a small neighbourhood of the x-axis. This
explains why loudspeakers are usually tall and narrow, so that the sound
produced is largest in a horizontal band. Note that, since (3.65) can be
inverted using the Fourier inversion formula, it is possible, at least in
principle, to design a loudspeaker to give any desired far field directional
dependence, f(m,n), by choosing the appropriate form for f(y',z’).

We could consider the equivalent two-dimensional case in the same
manner, building up the solution in terms of elementary two-dimensional
sources, but it is more instructive to construct the solution using Fourier
integral transforms. We seek to solve the two-dimensional wave equation,

P9 Pp 1%

Er Tl (3.68)
in the half plane y > 0, subject to the boundary condition
% =up(x,t) aty =0, (3.69)
ay

along with the radiation condition. In this case, we will restrict our
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attention to time harmonic forcing, so that
ug(x, £) = vo(x)e ",
and look for a solution

P(x,y,1) = D(x, y)e™™".

If we define the Fourier transform of ® as

B(w, y) = / (x, )™ dx,

—0
we find that
*d 2 2\ &
5—)12 + (k — W ) o= 0,
and hence
B(w, y) = A(w)explixy) + B(w)exp(—iky) for |w| <Kk,
T Aw)exp(—yy) + Bw)exp(yy)  for [ >k,
where

k=+k*—w? and y=+w?—k2 k=%.

However, solutions proportional to exp(—ixy — iwt) represent waves in-
coming from infinity, so we must take B(w) = 0 for |w| < k in order
to satisfy the radiation condition. Since exp(yy) — oo as y — oo, we
need B(w) = 0 for |w| > k, and hence for all w. We can then apply the
transformed version of the boundary condition (3.69) and find that

~ _ Po(w)exp(ixy)/ik  for |w| <k,
oy )‘{ —so(w)exp(—7)/y for wl = k. } (3.70)

where

o0
Bo(w) = / vo(x)e" ™ dx
—0o0
is the Fourier transform of the velocity of the boundary. Finally, we can
invert the Fourier transform, and write the solution as

1 —w/c Bo(w N
O(x,y)=—— Bow) )e_””_” dw
2n ) Y
oL B0 weiny gy L / " B00%) iy gy, (3.71)
27i —wje K 2n wofc 7
We can now analyse this solution for r = \/x% + y2 > a, where a is a

typical size of the region where vy is nonzero. We can think of (3.71) as a
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single integral over the real w-axis, whose integrand oscillates rapidly for
r > 1. In order to approximate such integrals, we can use the method
of stationary phase, which we introduced in chapter 1. In the integral
(3.71) there are clearly no stationary phase points for |w| > k, since the
oscillating part of the integrand there is ™. We need only consider the
asymptotically dominant second term in (3.71). The limits of the integral
can be extended to oo since we will show below that is dominated by
the contribution from a single point of stationary phase. In terms of
polar coordinates, the integral that we wish to approximate is

To(w)

D(r,0) ~ T / \/wzi
X €Xp {ir (—w cos 6 + sin 0/k? — wz) } dw, (3.72)

for r > 1. In this case, using the definitions given by (1.15),

f(w) = %%, g(w) = —wcos 0 + sin Ov/k? — w?.
Since
b wsin 0
g'(w) =—cos0 — N/

there is a unique point of stationary phase at w = wy, where

wo = —k cos 0.
Since
"(wp) = b
& = e

our estimate of the acoustic potential is

N . . T
o, 0,t) ~ —i kr Do (—k cos 0) exp (lkr —iwt — lZ> for r > 1.

(3.73)
The first factor in this product shows that the amplitude of the dis-
turbance decays like /2 as r — oo. The second term shows that
the directional dependence is entirely determined by the forcing on the
boundary, and the final factor that the solution is an outgoing cylindrical
wave.
As a simple example, consider a piston of width 2a moving with a
uniform, harmonic velocity Voe™ ™, so that

so(x) = Vo for—a<x<a,
MY 00 for|x| > a
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Fig. 3.11. The directivity function, F(0, H), for a two-dimensional piston, given
by (3.74), for H = 1, 10, 50.

The Fourier transform of this is
B 2Vy .
Po(w) = — sinaw,
w

and hence

: [ 1 ‘ : T
¢ ~—i2Vya kr exp (zkr— twt—zz) F(0,H) forr>1, (3.74)

where H = ak = 2na// is called the Helmholtz number, and

sin(H cos 0)

Hcos ~
is called the directivity function. When the piston is acoustically compact,
H <1 and F ~ 1. In this case, the disturbance is uniformly distributed
in the O-direction. When H > =, the 0-dependence has a multi-lobed
pattern, since F = 0 when cosf = nn/H for n = 1,2,..., as shown
in figure 3.11. This directional dependence is the same as that for the
long, thin piston, given by (3.67), with ma = H cos 6. It is not possible,
however, to obtain the r-dependence directly from (3.67), since p oc b/r,

F(0,H) =
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and we would need to take the ill-defined limit b — oo to obtain the
two-dimensional piston.

It is worth noting here that all of the above analysis will prove to
be relevant when we consider diffraction by apertures in plane screens
in section 11.2. The reader who wishes to learn more about the science
of acoustics should consult Dowling and Ffowcs Williams (1983). An
introduction to the physics of musical instruments is provided by Fletcher
and Rossing (1991).
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Exercises

A semi-infinite tube with constant cross-sectional area A has
characteristic admittance Y; for x < 0 and Y, for x > 0. At
x = 0 there is a thin disc with mass M that fits exactly in the
tube. The plane of the disc is perpendicular to the axis of the
tube and can move freely in the axial direction. Write down the
equation of motion for this disc in terms of the gas pressure on
each of its two sides. A plane harmonic wave with amplitude
A and angular frequency  is incident on the disc from x < 0.
Using linear acoustics, determine the amplitude of the reflected
and transmitted waves. Show that the lower the frequency of the
incident wave, the greater the amplitude of the transmitted wave.
This explains why your neighbours are more likely to complain
about your music if it involves lots of bass notes.

Two semi-infinite cylinders with characteristic admittance Y; are
connected axially to a finite cylinder with characteristic admit-
tance Y, and length L. The acoustic wave speed in each of the
cylinders is ¢. The coordinate x measures distance along the tube,
with the junctions between the tubes lying at x =0 and x = L,
as shown below. A plane wave enters the system from x < 0,

S —
Y,
Y, ? Y,
-
Ag x=0 x=L

where there is also a reflected wave. A transmitted wave leaves
the finite tube and propagates in x > L. The solution can be
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written as

p =Aleiw(t—x/c) +AReiw(t+x/c), for x < 0’

P= ATeiw(‘_"'/C), for x > L.

Write down a suitable form for the solution in 0 < x < L. By
applying continuity of pressure and continuity of volume flux at
each of the junctions, show that

At =
2Y, Y, {2Y1 Y, cos (wL/c) —i (Y12 + Y22) sin (wL/c) } gL/
4Y2Y7 4 (Y7 — Y22)2 sin’ (wL/c)

Ay,

and find a similar expression for Ag. Show that |AT|2 + |AR|2 =
|41)*, and explain why this should be so. Show that |A7|* is

smallest when
% = (n— l) n, forn=12,....
¢ 2

When wL/c = =n/2, determine the real part of the pressure
disturbance in 0 < x < L in the form of a sum of two standing
waves, and sketch each of them. Can you think of an everyday
use for an arrangement of tubes like this?

A rectangular acoustic waveguide has rigid walls at x = 0,a
and y = 0,b, and has infinite extent in the z-direction. By
looking for separable solutions of the wave equation with velocity
potentials of the form ¢ = X (x)Y (y) exp {i (kz — wt)}, show that
the angular frequency, w, and wavenumber, k, must satisfy

n?  m?
w:c\/k2+n2 <E+ﬁ>a

for any n = 1,2,..., m = 1,2,.... Show that the solution with
m=n =0 is a plane wave.

For a mode with n > 0 and m > 0, calculate the potential
and kinetic energy in the volume 0 < x < a, 0 < y < b,
zo < z < zo + 2n/k, in other words, a single wavelength of the
disturbance, averaged over one period of the motion. Calculate
the integral of the z-component of the acoustic intensity over the
cross-section of the waveguide, averaged over one period of the




72

34

3.5

3.6

3.7

Sound Waves

motion. Hence show that energy propagates along the waveguide
at speed, cg, where

== <
By treating a woodwind instrument with all the fingerholes closed
as a conical tube with a small angle and length L, at one end of
which the cross-sectional area is effectively zero, and looking for
solutions of the form r¢ = F(r)e", show that there is a set of
eigenfrequencies
_ nmce

Cl)—T, forn=1,2,....

If instead the larger end is closed, so that the gas velocity is zero
there, show that the eigenfrequencies are solutions of

wL (wL)
— =tan| — ).
c c

Note that one set of frequencies forms a musical scale, whilst the
other does not.

The time varying pressure at the surface, r = ry, of a sphere is
given by the real part of

p(t) = po + Po(t)H(1),

where py a constant and H(t) the Heaviside function. A com-
pressible gas is at rest outside the sphere when ¢t = 0. Determine
the acoustic velocity potential outside the sphere. If j(t) is time
harmonic, with constant angular frequency, w, determine the
mean acoustic intensity over one period of the disturbance.

A sphere with undisturbed radius a¢ is immersed in a gas that is
at rest. The radius of the sphere changes in such a way that the
change of volume per unit volume of the sphere is equal to —K
times the excess pressure at the surface. When ¢t = 0 the sphere
is at rest with radius a = ag + a;, where a; < ag. Determine a(t).
A fluid of undisturbed density p and sound speed ¢ occupies the
half space x > 0. A diaphragm in the (y, z)-plane executes small
amplitude motion in the x-direction with velocity

| esinwt for |y| <aand |z| <a,
0 for |y| > a or |z| > a.

Obtain the leading order approximation to the pressure fluctu-
ation in the far field. Determine W, the time averaged energy
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flux in the far field, assuming that the moving part of the dia-
phragm is acoustically compact. Determine W», the energy flux
that would be produced if the diaphragm in the region |y| < q,
|z| < a formed part of the wall of an otherwise rigid, acousti-
cally compact box, and the fluid occupied the whole of the space
outside. What can you deduce by calculating the ratio W;/W,?
A fluid of undisturbed density p and sound speed ¢ occupies the
half space z > 0. A diaphragm in the plane z = 0 executes small
amplitude motion in the z-direction with velocity

ecoswt forr <a,
u=
0 forr > a,

in terms of cylindrical polar coordinates, (r,6,z). Obtain the
leading order approximation to the pressure fluctuation, p, in the
far field. Determine the leading order approximation to p on the
cone z = Kr with K an O(1) constant. Describe the far field
solution when (i) aw < ¢, (ii) aw > c.

You will need to make use of

2n 1
Jo(x) = % /0 ecosf g, /0 xJo(kx)dx = %Jl(k).

Solve the two-dimensional wave equation,

Zp ¢ 10%

ox2  ayr o2’
in the half plane x > 0 subject to the boundary condition
a9 b
— g bW
L= ge W,
ox ¢
where a and b are positive constants, and a radiation condition
that excludes incoming waves. What is the leading order asymp-
totic solution for x> + y? > 1? What is the directivity function

for this type of source?
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Linear Water Waves

Water waves manifest themselves as disturbances to the free surface of
an incompressible fluid with mean depth h and constant, uniform density
p. Whether the disturbance is generated by the wind, the passage of a
ship or a sub-sea earthquake, gravity and/or surface tension will act as
restoring forces that tend to drive the fluid towards its equilibrium state.
It is the balance between fluid inertia and restoring forces that gives
rise to free surface waves. In British coastal waters, where typical sea
depths range from a few metres to a hundred metres, 40% of observed
waves have amplitudes of 2m or less, and much longer wavelengths, up
to nearly a kilometre in some cases. It would therefore seem worthwhile
to develop a linear theory for such waves, based on the assumption that
their amplitude is much smaller than their wavelength. We will assume
that the flow is laminar, so that there are no breaking waves, no white
water and no turbulence. The system is illustrated in figure 4.1. After
studying basic linear gravity waves, both progressive and standing, we
will move on to consider the generation and propagation of water waves
in a variety of situations. These include the harnessing of wave power
using a simple mechanical device, the generation of waves by a moving
ship and the refraction of waves by changes in bed topography. We will
also briefly consider the effects of surface tension and viscosity.

4.1 Derivation of the Governing Equations

The equations for conservation of mass and momentum for an inviscid,
incompressible fluid are

V-u=0, (4.1)

74
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Fig. 4.1. The position of the free surface and rigid bed.

0 1
—u+u-Vu=——Vp+g, (4.2)
ot P

where g is the acceleration due to gravity. We also make the simplifying
assumption that the flow is irrotational, and hence that the velocity field,
u, can be written as the gradient of a potential function, u = V¢. The
equation for conservation of mass then becomes Laplace’s equation

V2 =0. (43)

Using the identity

ux(qu)=V<%u-u)—u-Vu

we can write the convective acceleration as
1
u-Vu=V §V¢>‘V¢> ,

since the flow is irrotational (V x u = 0). If gravity acts in the negative
y-direction, we can write

g=V(—gy).
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The momentum equation therefore becomes

50+ (376-96) =19~ Vien)
p

so that, with the usual assumptions of smoothness in ¢ = ¢(x, y, z, 1),

V{%(f—i— =V -V + = +gy}=0,

and hence

9

N + Vd) V¢>+ + gy = C(1),

for some function C(t). However, we can take C(t) = 0 by using the
simple transformation

¢»¢+Akmm

which does not affect the velocity field. For this type of flow we obtain
Bernoulli’s equation,

99

Frl V¢ V¢+ +gy=0. (4.4)

Once we have determined ¢, Bernoulli’s equation tells us the pressure
field, p.

We now turn our attention to the surface of the fluid. We assume that
the flow is two-dimensional, so that the surface lies at y = (x,t), where
the coordinate x measures distance along the interface. For the moment
we will neglect surface tension effects so that the pressure at this free
surface is atmospheric, p = pam. We can take p = 0 at the free surface
using the simple transformation p+ -»— pam, which does not change the
basic Euler equations which depend upon Vp. Bernoulli’s equation (4.4)
at the free surface then gives us the boundary condition

a¢
ot

This is also known as the dynamic boundary condition at the free surface.
To obtain the other boundary condition that we need there, we note that
a fluid particle on the surface remains there. Mathematically, this means
that

+ V¢ Vo +gn=0 aty=n(x,t). (4.5)

D d
E{y—n(x,t)} = E{y—n(x,t)} +u-V{y—n(x1)} =0,
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which gives

o¢ _on, 06 0n
dy 0t 0xdx

This is known as the kinematic boundary condition at the free surface.
Finally, the fluid is bounded by a rigid surface at y = —h(x). There
is no normal velocity through this surface, and hence we have the bed
condition,

at y = n(x, ). (4.6)

9 _ 0 atv—_
%—0 at y = —h(x). 4.7)

In order to obtain the boundary value problem for linear water waves,
we assume that the amplitude of the disturbance of the free surface is
much less than its wavelength, and hence that we can discard products
of terms in the governing equations. We will return to the question of
what restrictions are necessary for this approximation to be accurate
later in this chapter. This leads to the boundary value problem for linear,
two-dimensional water waves over a flat, rigid bed (h constant) as

VZp =0 for —oo<x<oo, —h<y<O0, (4.8)

subject to the linearised Bernoulli condition,

a—d)—l—gn:O aty =0, (4.9)
ot
the linearised kinematic condition,
dp Oy
L =21 aty=0 4.10
oy~ r=90 (4.10)
and the bed condition
¢
— = at y = —h. 4.11
3y 0 aty h (4.11)

In addition we need initial conditions on ¢ and #, and appropriate
radiation conditions. More generally, for a given depth of fluid, A, and
fluid density, p, we want to find a relationship between the wavelength
and the speed of propagation for a harmonic wave. As we saw in
chapter 1, this is known as the dispersion relation, and the phenomenon
of waves with different wavelengths propagating at different speeds is
called dispersion. This is in contrast to the non-dispersive systems, for
example the vibrating string and linear sound waves, that we studied in
chapters 2 and 3 (with the exception of waveguide modes), where waves
of all wavelengths propagate at the same speed.
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4.2 Linear Gravity Waves
4.2.1 Progressive Gravity Waves

We begin our analysis of linear water waves by looking for a solution of
the form

¢(X,y, [) = F(X - ('t)Y(y)

This is a permanent form travelling wave that propagates in the positive
x-direction with phase velocity ¢. The function Y (y) determines how the
velocity varies with depth. If we substitute this into Laplace’s equation
(4.3) we obtain

2 2
a(f—i-a(ﬁ F'Y + FY" =0,
0x 0y?

and hence
F// Y//
e —
F Y

This choice of separation constant gives us exponential behaviour in the
y-direction and periodic behaviour in the x-direction, since

F'+Kk’F=0 and Y"—kY =0
leads to
F = Acosk(x — ct) + Bsink(x —ct) and Y = Ce¥ + De ™™
In order to satisfy d¢p/0y = 0 at y = —h we need
k(Ce™ —Dé") =0,
and hence
Y = Dcoshk(y + h),
where D = 2De*". We can therefore write the solution in the form
P(x,y,t) = coshk(y + h) {A cosk(x — ct) + Bsink(x —ct)},  (4.12)

where 4 = 24D and B = 2BD.
We now note that we can combine the free surface conditions, (4.9)
and (4.10), by differentiating (4.9) with respect to time, t, to give

3¢ o

W +g 61‘ =0 aty=0,
and using (4.10) to eliminate dx/0t, which leads to

’¢ ¢

2 +g 6y =0 aty=0. (4.13)
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If we now substitute the solution (4.12) into (4.13) we obtain
(—k*c* coshkh + gk sinh kh) {A cosk(x — ct) + Bsink(x — ct)} = 0.
This must hold for all values of x — ct, so
—k*c? coshkh + gk sinhkh = 0,

and hence
g

= A tanh kh. (4.14)

This is the dispersion relation, which shows that harmonic waves with
different wavenumbers, and hence different wavelengths, propagate at dif-
ferent wave speeds. In terms of the wavelength, 2 = 2x/k, the dispersion
relation is

=+ tanh (2. (4.15)
27t )L

and in terms of the angular frequency,
w? = gk tanh kh. (4.16)

The two possible values of ¢ indicate that waves can propagate in either
horizontal direction, as we would expect.
In shallow water, h < A, tanh(2rh/1) ~ 2rnh/J, and hence

¢t ~gh, forh< . (4.17)

This shows that linear shallow water waves are not dispersive, since the
wave speed, ¢, is independent of the wavelength, 4. In deep water, h > A,
tanh(2nh/A) ~ 1, and hence

A~ % for h>> . (4.18)

This shows that linear deep water waves are dispersive, and the square of
the wave speed increases linearly with the wavelength.

Finally, we need to determine the amplitude of the waves, which we
do by calculating the position of the surface, n(x,t). Without loss of
generality, we will take A = 0 in the solution (4.12), so that

¢(x,y,t) = Bcoshk(y + h) sink(x — ct). (4.19)

This simply amounts to a shift in the definition of the point where x = 0
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S

Fig. 4.2. A typical, linear, progressive gravity wave.

or the time when t = 0. If we substitute the solution (4.19) into the
dynamic free surface condition, (4.9), we obtain

n(x,t) = F% cosh khcos k(x — ct).

If we now choose B so that
_ke
BEL coshkh = a,

we finally obtain the full solution as

n(x,t) = acosk(x —ct), = % tanh kh.

Dy, 1) = —28 _ coshk(y + h)sink(x — cf) (4.20)
%Yl = e cosh fen SOS WY T ) S Lx = €.

A typical, linear, progressive gravity wave is shown in figure 4.2.

Having found this solution, let’s return to the question of what restric-
tions on the flow are necessary for this to be an accurate approximation.
In the kinematic boundary condition we retained the term #n, = O(ack),
but neglected the term ¢y, = O(a’gk/c). For this to be valid we need
a’gk/c < ack, and hence ak < tanhkh. In deep water, tanhkh ~ 1, so we
need ak < 1, or equivalently a// < 1, so that the amplitude of the wave
must be much less than its wavelength. In shallow water, tanhkh ~ kh
and we need a/h < 1, so that the amplitude must be much less than
the depth. If we insist that ¢ < A4 and a < h, the small amplitude
approximation will be appropriate. These restrictions always need to be
borne in mind when applying the small amplitude theory. We consider
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extensions to the theory when the amplitude is not small compared to
the wavelength or depth in chapter 8.

We can now determine how a fluid particle moves under the influence
of this progressive gravity wave. Consider the particle initially at (x,y) =
(Xo, Yp). In a linear theory, such as we have developed above, its motion
away from this initial point is small compared to its initial displacement,
so we can describe its subsequent motion using (x, y) = (X + X (¢), Yo +
Yi(1)), with |X;| < |[Xo| and |Y;| < |Yy|. This means that, at leading
order

dX; 0¢ _ag _

I ox (X0, Yo) = “ooshih coshk(Yy + h)cosk(Xg—ct), (4.21)
dYy, 0¢ ag . .

(X Yy = —=— — .

T ay ( 0» 0) ccoshkh sinh k(Y() + ]’l) sin k(X() Ct), (4 22)
subject to X(0) = Y;(0) = 0. On integrating once and eliminating ¢, we
find that

X4 ag . 2
(cosh k(Yo +h)  kc*coshkh S kXO)

Y ag 2 ag 2

* (sinh k(Yo +h)  ke?coshkh °°SkX°> - (1«:2 coshkh) - (423
Fluid particles therefore move clockwise around a small ellipse with
the same period as the progressive wave that drives the motion. The
ellipse has its axes vertical and horizontal, with lengths proportional
to sinhk(Yy + h)/coshkh and coshk(Yy + h)/coshkh respectively. As
we approach the bed of the fluid, and Yy — —h, the ellipses become
progressively thinner in the vertical direction, since the motion must
adjust to satisfy the condition of no normal velocity there, as shown for a
typical case in figure 4.3. At the bed, the fluid particles slip back and forth
horizontally. Note that, since all of the particle paths are closed loops,
there is no net mass transport by the wave, at least using the leading
order solution for waves of small amplitude (see figure 4.4). There is
actually a small net mass transport due to the correction to the leading
order solution, which we discuss at the end of section 8.2.

How fast does the energy associated with a progressive gravity wave
propagate? We have already seen in section 3.3 that the energy associated
with a linear acoustic wave propagates at the wave speed ¢ = w/k and
that the mean energy is divided equally between compressive potential
energy and kinetic energy. For progressive gravity waves we can define
the kinetic and gravitational potential energies of an elementary area
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Fig. 4.3. Typical motions of fluid particles driven by a progressive gravity wave.

dxdy by direct analogy with particle dynamics. These can be integrated
vertically to give the energies in a strip of width dx, as shown in figure 4.5.
Of particular interest to us are the kinetic and potential energy densities,
or energies per unit horizontal length, which we define as

0
1
Kinetic energy density = /

2
| 3pIVFdy,

g 1
Potential energy density = / pgydy = Epgnz.
0

(Note that the integral for the kinetic energy has its upper limit at the
undisturbed position of the free surface, which is its leading order value
for a wave of small amplitude, whilst the gravitational potential energy
is given by displacements from the undisturbed level, y = 0.) These
quantities can be averaged over a wavelength to give

A0
Mean kinetic energy density = % / / |Vq§|2 dydx =K,
vJo J-n

J
Mean potential energy density = % ndx =7V.
0
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10cem

Fig. 4.4. The paths of neutrally buoyant particles under a progressive gravity
wave.

For the progressive wave solutions derived above, these integrals are
easily calculated, and we find that

1
K=V = -ped,
1P8a
so that the total mean energy density in a single wavelength is
1
H = ~pgad’.
5P8a

The mean energy flux, Ef, through a vertical plane is equal to the time
averaged rate of working of the pressure forces there during one period
of the motion, since the flux of kinetic energy is negligibly small in this
linear theory. Hence

) to+Z (0 6¢
Er=— —dydt
Y " /_hpéx Y

w [T [0 ap\
/Q<mm—wmy—p ¢>5%@dt

“3 ), W
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Fig. 4.5. The basic strip in the wave from which we calculate the kinetic and
gravitational potential energy densities.

Since

to+ % to+ 2
/ ad)altoc/ cosk (x —ct)dt =
t

we have

w [OFF 00¢ a¢
F__pE[ A ax e

We can evaluate this integral, using the fact that the average value of
sin® X over a period is 1, to give

_ pdPkie <h sinh 2kh>
 4sinh’kh 2k ’

The energy that passes through a vertical plane during a time 7 is Ept.
If we define U to be the velocity at which energy flows horizontally,
the energy contained in a horizontal length Ut is UtH, where H is the
energy density. Since Ept = UtH, U = Ep/H. After using the dispersion
relation, k?c? = gk tanh kh, this gives

_2Br 1 (L 2%k )
= gz 2¢ sinh2kh ) — ¢

In other words, the energy in the wave propagates at the group velocity,
¢g = dw/dk = d(kc)/dk. This has important implications, which we will
return to later in this chapter.

Finally, let’s consider a real water wave and work out some numbers
for the physical quantities associated with it. For example, if you are out
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swimming in water of depth 4m, you may see a wave of height 25cm,
and hence amplitude 12.5cm, with a wavelength of 10m and a lateral
extent of 50 m. The elevated area of this wave is

n/2k ) }»
/ acoskxdx = =& = + 0.40m>.
—n/2k k T

The mass of the water in the elevated part of the wave is
pL@ ~ 20 x 10’ kg.
T
The mean energy per wavelength is

1
EpgazL ~ 3.9 x 10°kgms—2,

and the wave speed is

c= ,/%tanhkhz 3.96ms 1.

To put this into some perspective, a Ford Fiesta of length 3 m and weight
1200 kg travelling at the same speed has a kinetic energy per unit length
of 3.1 x 10° kgm s—2, so the wave is heavier and carries more energy than
the car!

4.2.2 Standing Gravity Waves

Another important type of water wave is a standing gravity wave,
as illustrated in figure 4.6. These are solutions of the form ¢ =
X (x)Y (y)T(t). Substituting this into Laplace’s equation, (4.3), gives

X'YT+XY"T =0,

and hence
This gives
X"+k’X =0, and Y’ —kY =0.
The solution that satisfies d¢p/0y =0 at y = —h is
Y = Bcoshk(y + h),

the general solution for X is

X = Ccoskx + Dsinkx,
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Fig. 4.6. A typical standing gravity wave. At any fixed position the free surface
moves up and down like sin wt. The envelope of the wave is a coskx.

and hence

¢(x, y,1) = coshk(y + h) (C coskx + D sinkx) T (). (4.24)

If we now substitute this solution into the combined free surface condi-
tion, (4.13), we obtain

(coshkh T" 4 gk sinhkh T) (C coskx + D sinkx) = 0.
This must hold for all values of x, so that
T" 4+ o’T =0,

where  is given by the dispersion relation (4.16). The general solution
for T is

T = F cos wt + G sin wt.

After suitable shifts of the position of the spatial and temporal origins
this leads to

¢(x,y,t) = Lcoshk(y + h) coskx cos wt. (4.25)

Finally, we can substitute this into the dynamic free surface condition,
(4.9), to obtain

L
n(x,t) = ?w cosh khcos kx sin wt.

If we define a = Lw cosh(kh)/g we arrive at the full solution

n(x,t) = acoskxsinwt, > = gk tanhkh,

d(x, y,t) = coshk(y + h) cos kx sin wt. (4.26)

ag
 cosh kh
The envelope of the standing wave is n = acoskx, its frequency is given
by the dispersion relation, (4.16), and the particle paths are straight lines
(see exercise 4.5).
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Fig. 4.7. (a) Schematic of the wavemaker geometry, (b) with a piston, (c) with a
paddle (note that the small angle through which the paddle is displaced has been
exaggerated).

4.2.3 The Wavemaker

It is easy to make water waves in a laboratory using a wavemaker. This
consists of a long tank, filled with water, which is sealed at one end and
has a piston or paddle at the other end. The walls of the tank are usually
made of perspex, so that the waves generated can be seen. The piston
or paddle is made to oscillate sinusoidally with a small amplitude, and
produces wave trains that travel down the tank. A beach is usually put
at the far end of the tank to absorb the wave energy and stop reflections
and splashing, as shown in figure 4.7(a).

Water initially occupies the region 0 < x < o0, 0 < y < —h and is
at rest. As usual, y = 0 is a free surface and we consider the waves
generated when the wavemaker is switched on at t = 0. The surface of
the piston or paddle is at

1
x=X(y,t)= Es(y)cos ot,

where s is a constant for the piston and s = so(y + h) for the paddle,
as shown in figure 4.7(b) and (c). We must solve Laplace’s equation,
(4.3), subject to the bed condition, (4.7), and the combined free surface
condition, (4.13). At the surface of the paddle or piston there is continuity
of normal velocity. We assume that the amplitude of the oscillation is
small enough that the normal can be treated as horizontal, and that we
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can apply the condition at x = 0 to give
op dX 1 .
i —Eas(y) singt, at x =0. (4.27)

We can solve this boundary value problem using separation of vari-
ables. We begin by looking for a progressive wave solution of the form
given by (4.12) with k > 0. To obtain the time dependence given by the
wavemaker condition, (4.27), we need

¢ = Acoshk(y + h)cosk(x — ct), (4.28)
with k¢ = . The dispersion relation (4.14) shows that k must satisfy
o2 = gk tanhkh. (4.29)

Since the curves f(k) = ¢%/gk and g(k) = tanhkh only intersect once for
k > 0, (4.29) has a unique solution, k = ko. However, (4.27) shows that
we need

—kAsinatcoshk(y + h) = %s(y)a sin g, (4.30)

which cannot be satisfied in general. Clearly, the solution has a more
complicated structure than our first guess of a simple progressive wave.

Let’s see if we can construct a solution that is confined to the neigh-
bourhood of the piston or paddle. We proceed as we did in subsec-
tion 4.2.2, by looking for a solution of the form ¢ = X(x)Y (y)T(t). We
choose T(t) = sinat to give ourselves a chance of satisfying (4.27) so
that

Y =—k*Y, X" =kX, (4.31)
and hence
Y = Acosky + Bsinky, X = Ce* + De™. (4.32)

We have chosen the separation coefficient with the opposite sign to the
standing wave solution of subsection 4.2.2, which leads to exponential
decay in the x-direction, and periodic behaviour in the y-direction. From
the bed condition, (4.7), we need Y = F cosk(y + h). For the solution to
be finite as x — oo, we must take C = 0, so that the velocity potential is

d(x,y,t) = Ae ™ cosk(y + h) sin at. (4.33)
The combined surface condition, (4.13) then shows that

—Ae ™ [6?sinat coskh + gk sinkhsinat] = 0, (4.34)
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Fig. 4.8. Graphs of tan¢ and —1/¢.

so that 62 = —gk tankh. Putting & = kh gives

tané = —0—2h. (4.35)
g¢
Figure 4.8 shows the functions —ah/g¢ and tan¢ for the typical case
6’h/g = 1. We can see that there are infinitely many values of ¢ for
which these curves intersect, and hence that there is a countably infinite
sequence of suitable wavenumbers, k = ky,...,k,,.... The most general
solution that is confined to the neighbourhood of x = 0 is therefore

o8}
¢ = A cosky(y + h)sinot. (4.36)
n=1
However, this solution is not sufficient as it tends to zero for large x,
whereas we expect a wave propagating away from x = 0.
The final step is to combine the unique progressive wave solution,
(4.28), with the confined solution, (4.36), to give the most general solution,

P(x, y, t) = Ag cosh ko(y + h) cos(kox —at) + ZAne_k”x cosk,(y+h)sinat
n=1

(4.37)
where k, for n > 1 are the positive roots of ¢> = —gk tankh and ko is
the unique positive root of > = gk tanhkh. The remaining unsatisfied
boundary condition, (4.27), requires that
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o0
—%as(y) =koAg coshko(y+h)— Zk,,A,, cosk,(y+h) for —h <y <0.
n=1

(4.38)
Although we will not prove it here, the functions cosh ko(y+h), cosk,(y +
h) form a complete, orthogonal set, and any well-behaved function s(y)
can be represented in this form. In particular,

0
/ cosk,(y + h)cosky(y +h)dy =0 for n#m,
—h (4.39)

0
/ coshko(y + h)cosk,(y +h)dy =0 forn=1,2,....
—h

To find Ay, we therefore multiply (4.38) by coshko(y + h) and integrate
between —h and O to obtain

0 0
/ —%as(y) coshko(y + h) dy = Aoko / cosh’ko(y +h)dy.  (4.40)
—h —h

Similarly, to find A,, we multiply by cosk,(y + h) and integrate between
—h and 0 to give

0 1 0
/ Eas(y) cosky(y + h) = Ak, / cos’ ky(y + h) dy. (441)
—h —h
For the piston wavemaker, with s(y) = so,
—asg sinh koh oo sink,h

— , Ay = — forn>1.
ko (koh + % sinh 2koh) kn (knh + 5 sin 2k, h)
(4.42)

Ay =

The free surface elevation, #, can now be found from (4.9).

As x increases, the exponentially decaying part of the solution (4.38)
decreases rapidly, with the dominant term of O(e ). Since k;x > mx/2h,
we can neglect the exponentially decaying part of the solution when
nx/2h > 1. For practical purposes x = 2h will be sufficient for the
standing waves to have become very small and we can calculate # from
the travelling wave component only as

B o Ao cosh koh

~
~

sin(kx — at). (4.43)
We can now compare the amplitude of this wave, a = aAcoshkyh/g,
with the amplitude of the piston’s oscillation, sy and find that

a _ 2 sinh? koh
S0 o 2k()h + sinh 2k0h.

In deep water a/sy ~ 1 whilst in shallow water a/sy ~ %koh < 1.

(4.44)
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It is also of some interest to calculate the hydrodynamic loading on the
piston. As the linearised Bernoulli condition is p = —pd¢/dt, ignoring the
hydrostatic pressure, —pgy, the total hydrodynamic force on the piston is

06¢
Fi=- /—ha_t

Substituting for ¢ from (4.37) gives

dy.
x=0

—patsysinh® kohsin ot i pa2sg sin’ kyhcos at

Fy= . - . .
" 12 (koh + L sinh 2koh) 12 (kuh + L sin 2k,h)

(4.45)
k=1

This can be expressed in terms of the velocity, X,, and acceleration, Xp,
of the piston as

2pasinh®koh - 2p sin’ kyh .
Fh = 2 l . xp Z ) l . xp
k3 (koh + L sinh 2koh) £ k2 (knh + § sin 2kyh)
= DpXp + Mp¥,. (4.46)

We can now consider all of the forces and accelerations on the piston,
which has mass m. If the driving force is F},, by Newton’s second law

msp = Fp — (Dpkp + Mp%,), (4.47)

since the hydrodynamic force opposes the motion of the piston. This can
be written as

(m + Myp)%, + Dpkp = Fp. (4.48)

The quantity M|, is called the added mass of the piston, and D, is the
added damping. The added mass represents the work done by the piston
in moving the fluid ahead of it. The added damping represents the work
done in producing the waves that radiate into the fluid.

4.2.4 The Extraction of Energy from Water Waves

As we have seen earlier in this chapter, water waves carry energy with
them as they propagate. The commercial extraction of this hydrodynamic
energy by converting it into a more useful form, such as electrical energy,
is an attractive proposition, since there are none of the problems associ-
ated with pollution that arise when fossil fuels are burnt or after nuclear
fission. The construction of a device that can achieve the conversion of
wave power into electrical power is a considerable engineering challenge.
We will now consider a simple device that resembles the wavemaker
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Fig. 49. A device for absorbing the energy in water waves.

of the previous section, and see how it can most efficiently be used to
generate wave power.

Let’s suppose that we have a tank of water with a piston at one end.
Waves are incident upon the piston, which is connected to the device
that extracts the energy by a linkage that is equivalent to a spring and a
damper. For motion with a sufficiently small amplitude, any device can be
represented in this way, with the spring representing the total stiffness and
the damper the sum of all frictional effects. The piston moves in response
to the incident wave, and some of the incident energy is reflected back
down the tank, as illustrated in figure 4.9. It is convenient in our analysis
of this system to use the complex exponential form of the solutions for
linear water waves, as this readily allows us to deal with any phase shifts
between the incident wave, the reflected wave, and the displacement of
the piston. The appropriate form of the velocity potential is, as before,

¢ = Ar coshko(y + h)e "7 + Ag coshko(y 4 h)e~"**=7"

o0
+ > Aycosky(y + h)e o,

n=1

where A; is the amplitude of the incident wave, which propagates from
right to left, Ar is the amplitude of the reflected wave, which propagates
from left to right, and the coefficients A4,, which are now complex,
determine the standing wave that will be needed to satisfy the boundary
condition at the piston. If the displacement of the piston is

1 .
Xp = —55¢", (4.49)
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we can use the orthogonality of cosh and cos as before, and show that

_ioS

T sinh koh, (4.50)

%i(AR — Ay)(sinh 2koh + 2koh)

| .
—ZA,,(sin 2k, h + 2k,,h)% sink,h, forn=1,2,.... (4.51)

If we know the properties of the incident wave, A and kg, the dispersion
relation then determines o, and (4.50) and (4.51) determine Agr and 4,
as functions of S. The value of S can then be found from the equation
of motion of the piston. The hydrodynamic force on the piston is

209G b ke,
ko

which, compared to the equivalent equation for the wavemaker, (4.46),
has an extra term due to the incident wave. The equation of motion of
the piston is

Fy = —Dpkp — My¥, —

mXp + DXy + kxp = Fy,

where m is the mass of the piston, D is the friction factor due to the
damper and « the stiffness of the spring, and hence

_2ipO'A1
ko

If we now substitute from (4.49) for x,, we can determine S. If S is real,
the motion of the piston is in phase with the incoming waves, whilst if S
is imaginary it is completely out of phase with the incoming waves.

We can now determine how we should design the piston to make an
efficient device for extracting wave power. Within the context of this
simple theory, we want as much of the incident energy as possible to be
absorbed by the piston, and hence we should try to minimise the reflected
wave. If we put Ar = 0, (4.50) shows that

A — —208 sinh koh
'™ ko(sinh koh + 2koh)’

Now substituting (4.49) into (4.52) gives

(m + Mp)%p + (D + Dp)xp + kxp = sinhkohe ™" (4.52)

(4.53)

—a*(m + M) — ia(D + Dp) + k = —2igD,,
and hence, equating real and imaginary parts,
k =a*(m+ M,), D =D,

This choice of spring stiffness and damping gives a perfectly tuned system.
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In practice, the random and probably nonlinear nature of the state of
the sea means that only a less than perfect tuning can be achieved.

4.3 The Effect of Surface Tension: Capillary—Gravity Waves

All molecules in a fluid experience a force due to the presence of the
surrounding fluid molecules. In equilibrium, within the bulk of the fluid
these intermolecular forces balance and the total force is zero. However
at the surface there is an imbalance in intermolecular forces, which leads
to a non-zero force exerted on each molecule by the bulk fluid. This force
can, for example, support a needle placed carefully onto the surface of a
body of water, and allow an insect to walk across a pond. It is known as
surface tension. When a fluid is in contact with the walls of a container
there is a change in the level of the fluid at the walls caused by surface
tension effects. If gravity acts on such a fluid so that the surface has an
equilibrium position (called a capillary surface), we can use the physical
quantities, the fluid density, p, gravity, g, and surface tension, ¢, to form
a quantity with dimensions of length, (¢/pg)!/?, often called the capillary
length. For water, ¢ is easily measured, and is about 0.07 N'm~!, which
gives a capillary length of approximately a couple of millimetres. The
equilibrium surface varies on this length scale, as is readily observed at
the edge of a stationary cup of water.

Consider a small element of the free surface, as shown in figure 4.10.
A simple force balance gives

PrOS = Patm0s + 20 sin(060/2),

where o is the surface tension. Since s ~ Ro0 as 66 — 0, this shows
that

o
Df — Patm = Ea

where R is the radius of curvature. For two-dimensional deformations
1 0*n/ox>

R {14 (an/oxp)*

For linear waves we can neglect the quadratic term in the denominator,
and hence
%y
Df — Patm = —0O 2 (4.54)
X



4.3 The Effect of Surface Tension: Capillary—Gravity Waves 95
§

Pitm

Fig. 4.10. Capillary forces on a small element of the free surface.

We can now incorporate the effect of surface tension into our linear
theory of water waves. The linearised Bernoulli equation is

a9

ot

Since p = pr — pam at y = 1, this gives the dynamic boundary condition
as

+gy+£=0.
p

8_(/)+ 062
ac TEN T Lo

The kinematic condition, (4.10), is not affected by surface tension. If
we combine the kinematic and modified dynamic boundary conditions,
(4.10) and (4.55), using the same procedure that led to (4.13), we arrive
at

=0 aty=n(x10). (4.55)

) L0 ¢ 3

ot? Gy p 0yox?

Since ¢ satisfies Laplace’s equation, we know that 0%¢/dx*> = —0%¢/0y?,
and hence

=0 aty=n(xt).

0? 0 g0’

B¢, 2, 089

ot 6 y p 6
We could now go through the analysis of either progressive or standing
capillary—gravity waves, as before, but we leave the details as exercise 4.1.
Some typical capillary-gravity waves are shown in figure 4.11.

=0 aty=n(x1) (4.56)
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Fig. 4.11. Capillary—gravity waves around a rock in a stream.

If ¢ > pgl?, in other words the wavelength, /, is much smaller than
the capillary length, (a/pg)'/?, gravity is negligible compared to the effect
of surface tension, and we can effectively set g = 0 and study capillary
waves. At the other extreme, if 2 > (¢/pg)'/?, the effect of surface tension
is negligible, and we have gravity waves.

Both progressive capillary—gravity and capillary waves are dispersive,
and the dispersion relation is

w? = (g + %18) k tanhkh, (4.57)

The phase speed, ¢, = w/k, for capillary—gravity waves is plotted in
figure 4.12, along with the phase speed for capillary waves (g = 0) and
gravity waves (¢ = 0), on 10cm of water as a function of the wavelength,
A. For capillary—gravity waves there is a minimum phase speed, ¢pmin,
at 1 = Jmin. The group velocity is not equal to the phase velocity for
capillary—gravity waves, but varies with wavelength in a qualitatively
similar manner. However, one important difference between capillary
waves and gravity waves on deep water is that the group velocity for
capillary waves is greater than the phase velocity, whilst the opposite
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Fig. 4.12. The phase speed for capillary waves, gravity waves and capillary—
gravity waves on 10cm of water.

is true for gravity waves. One direct implication of this is discussed in
section 4.5, where we consider waves generated by a moving ship.

4.4 Edge Waves

As an example of what happens with a different bed topography, we
consider the propagation of edge waves in a simple model of what
happens at a beach. If the fixed, rigid bed now makes an angle  with
the horizontal, its equation is y = —xtan f§, where y and x are Cartesian
coordinates, as before. In this case we use a three-dimensional set of
Cartesian (x,y,z)-axes. The equilibrium position of the fluid surface is
y =0 for x > 0, as illustrated in figure 4.13. Since the unit normal to the
sloping bed is n = (sin 5, cos f3,0), the condition that there should be no
normal velocity at the bed becomes

¢ 0¢

.0
smﬁa —i—cosﬁE—O at y = —xtanfi. (4.58)
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Fig. 4.13. The coordinate system and geometry for edge waves.

The kinematic and dynamic free surface boundary conditions, (4.9) and
(4.10), remain the same, and we must now solve the three-dimensional
version of Laplace’s equation for ¢p. We seek a solution that propagates
along the beach, in the z-direction, of the form ¢ = f(z — ct)F(x,y).
Substituting this into Laplace’s equation gives

fF.\‘x + nyy + fNF = 09

and hence
Foo+F)y __f_Nzkz

F f
Since f satisfies f” + k>f = 0, we can, without loss of generality, write f
as
f = Acosk(z — ct).
The function F(x, y) satisfies the modified Helmholtz equation
Fu + F,, =k°F. (4.59)

We seek a solution of the form F = Be "% On substituting this into
equation (4.59) we find that

b4 d* =k,
Similarly, the bed condition (4.58) leads to
—bsinfi +dcosff =0.
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Hence
b=kcosf,, d=ksinf,

and the solution takes the form
¢(x, y,t) = Cexp(—kxcos f + ky sin §) cosk(z — ct). (4.60)

Since ¢ — 0 exponentially as x — oo, the edge wave is confined to
the neighbourhood of the beach by the effect of the sloping bed. As
increases, the wave is confined in a broader band, until it becomes a deep
water wave when f§ = n/2. If we substitute (4.60) into the combined free
surface condition, (4.13), we obtain

C exp(—kx cos B)(—k>c* + gk sin ) cos k(z — ct) = 0.

Since this must hold for all values of x and z we obtain the dispersion
relation

»_ gsinf

=
Note that when f = ©/2 we obtain the dispersion relation, (4.18), for
deep water waves. These arguments can be generalised to allow for a
wider variety of edge waves (see, for example, Evans and Kuznetsov
(1997)).

(4.61)

4.5 Ship Waves

How does dispersion affect the wave pattern produced by a moving
object? The most striking example of this is the wave pattern produced
by an object, such as a duck or a ship, moving at a constant speed across
deep water, as shown in figure 4.14. The wave patterns are confined to
a wedge and are almost identical, in spite of their different sizes. These
waves are usually referred to as ship waves, and were first studied by Lord
Kelvin in 1887. Kelvin constructed a detailed solution by considering a
point impulse moving across the surface of an undisturbed body of
water, and then used the method of stationary phase to estimate where
the amplitude of the disturbance would be greatest. We will not go
into as much detail here (see exercise 4.10). Instead we use geometrical
arguments, again due to Kelvin, that allow us to construct the shape of
the lines of the wave crests. We treat the ship as a source of concentric
waves of all wavelengths, and assume that it moves at constant velocity
V in a straight line. (The amplitude of each of the wavelengths generated
depends on the shape of the ship, and this is beyond the scope of this
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Fig. 4.14. A boat moving through deep water at constant speed.

simple theory.) This approximation is similar to that made when applying
Huyghens’ principle in diffraction problems (see, for example, Kevorkian
(1990) or Born and Wolf (1975)).

For deep water gravity waves we have seen that the dispersion relation
is

® = \/gk.

and hence that the phase and group velocities are related by

Ccp=2cs = %
The waves generated by the ship travel at different velocities depending
on their wavelength, with the wave crests travelling twice as fast as the
energy. If we assume that waves of all wavenumbers are generated by
the ship, there is a component of the disturbance corresponding to any
positive wave speed. We now examine the wave pattern that appears
steady from the point of view of an observer on the ship. The component
of the velocity of the ship in the direction of motion of the crests of
waves must be equal to ¢,. These waves are the ones that propagate at
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Fig. 4.15. The angle to the line of motion, O(k), made by waves of wavenumber
k whose crests appear stationary to an observer on the ship.

an angle 0(k) to the line of motion of the ship, where

_ k)

7
This is illustrated in figure 4.15 for two different wavenumbers, k; and
ky. For each value of the wavenumber k, simple trigonometry shows that
the triangles illustrated must be right-angled, and hence that the locus
of all the points where the wave crests appear stationary is a circle of
radius $ V1.

This argument would be fine, except for one flaw. The leading edge of
the region disturbed by the motion of the ship at time t = 0 propagates
at the group velocity cg(k) = %cp(k), since this is the velocity at which
energy is transmitted. This means that the wave crests travel faster than
this leading edge, and disappear into it. We must modify our argument so
that the wave crests that appear to be motionless lie on a circle of radius
JTVI, as shown in figure 4.16. Circles that represent the position of the
stationary wave crests emitted by the ship at later times are also shown
in figure 4.16. These circles are bounded by a wedge with half angle o,
known as the Kelvin wedge. A little trigonometry on the triangle BCD
shown in figure 4.17 shows that o = sin~'(1/3) ~ 19.5°, independent of
V.

cos O(k)
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Fig. 4.16. The angle to the line of motion, 0(k), made by waves of wavenumber
k whose crests appear stationary to an observer on the ship, taking into account
the propagation of energy at the group velocity, ¢y(k) = %cp(k).

Fig. 4.17. The construction of the Kelvin wedge.

The wavelength of waves propagating at an angle 0 to the direction of
motion is

J=2nV?cos’0/g.

This means that the maximum wavelength, Ay, = 2nV?/g, is for waves
that propagate in the same direction as the ship, § = 0. The wave crests
at the edge of the Kelvin wedge make an angle 1 (2 + «) &~ 55° with the
line of motion of the ship and have wavelength %)mx. These results are
illustrated in figure 4.18.

We can now consider the pattern of the wave crests in more detail. Let
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Fig. 4.18. The angles and wavelengths of the longest and bounding waves.

the ship move at velocity (—V,0) along the x-axis of an (x, y)-coordinate
system and lie instantaneously at the origin. Consider the waves generated
when the ship was at the point (X,0), propagating at an angle 0 to the
x-axis. Let the wave crest that appears stationary from the ship lie at the
point (xg, yo). Some trigonometry on the triangle illustrated in figure 4.19
shows that

xo = X(0) (1 — %cosz 0) , Vo= %X(@) cos 0sin 6. (4.62)

In order to consider the line of a given wave crest, which we parameterise
using 0, we treat X as a function of 0 since different parts of the wave
crest will be due to waves emitted at different times, and hence different
values of X. We can also see from figure 4.19 that the slope of the wave
crest at (xg, o) 18

d_y = cot 6. (4.63)
dx

Using the chain rule, dy/dx = (dyy/d0)/(dx¢/d0) on the line of a wave
crest. Calculating dyo/d0 and dx/d0 from (4.62) and substituting into
(4.63) leads, after some algebra, to

ax
We can solve this separable ordinary differential equation to show that
X = Acosf, where A4 is a constant. Finally, substituting into (4.62) gives

us the line of a wave crest as

1 1
Xo = Acosb <1 -3 cos’ 0) , Vo= EA cos® O'sin 6. (4.65)
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Fig. 4.19. The coordinate system and stationary wave crest for the calculation of
the ship wave pattern.

The line is plotted in figure 4.20 for various values of A. Note that the
pattern is bounded by the Kelvin wedge, where there is a cusp in the
line of the wave crests. The amplitude of the wave that lies along each
of these lines is a function of the amplitudes generated by the ship, and
cannot be determined from our simplified analysis. The photographs in
figure 4.14 suggest that the amplitude is usually greatest close to the edge
of the Kelvin wedge, and are in good agreement with the patterns shown
in figure 4.20.

4.6 The Solution of Initial Value Problems

We now consider initial value problems where the fluid is initially at rest,
but where the free surface is displaced from its flat, equilibrium state, so
that

9
¢ =0, a—’z —0 and 75 =no(x) when=0. (4.66)

In addition, we only consider the limit of deep water, so that the bed
condition (4.58) is replaced by

¢ —>0 asy— —oo. (4.67)
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1\

Fig. 4.20. The shape of the wave crests in the Kelvin ship wave pattern, obtained
from (4.65) for various values of A. The pattern is bounded by the Kelvin wedge
(dashed line).

To solve this problem we use Fourier transforms, defined by

dlk, v, t) = / - e*p(x,y,t)dx and 7k, t) = / %‘e"""n(x,t)dx. (4.68)

—0 —o0

Note that we assume that the initial disturbance is sufficiently localised
that # —» 0 and ¢ — 0 as x — +oo rapidly enough that these Fourier
transforms are well-defined. In effect, we are applying the radiation
condition, which states that there are no waves incoming from infinity.
Note that

<%> = / N eikxg—¢dx = [e™p]" —ik / : e pdx = —ike,

0x % X e

29\ _ oy (029 _ 20
(56) =3 (58)-5¢

The first step is to take a Fourier transform of Laplace’s equation

and similarly
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so that

Pd s

6_yz —k*¢p =0.

The solution of this equation that satisfies the boundary condition (4.67)
is

¢ = A(k,1)elV. (4.69)

The second step is to take a Fourier transform of the combined free
surface condition, (4.13), which gives

P, 9
—-— — =0 aty=0
az T8y —0 AMY=0
and hence from (4.69)
0’4
— klA = 0.
P + glk|

This has the general solution
A = a(k)e"™" + b(k)e ™",
where
o = \/glkl, (4.70)
and hence
¢ = {a(k)e™" + b(k)e™ '} V. (4.71)

The third step is to determine a(k) and b(k) from the initial conditions.
Consider first the Fourier transform of the dynamic free surface boundary
condition, (4.9),

23
a—i)—i—gﬁ:O at y =0. (4.72)

Substituting the solution (4.71) into this equation gives
i {a(k)e" — b(k)e '} + gij =0,
and hence when t =0
iw {a(k) — b(k)} + gijo = 0, (4.73)

where 7jy = j(k,0). Similarly, the Fourier transform of the kinematic free
surface condition, (4.10), is
2 _ ai

= — 't =0
oy a0 2V
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and hence
a(k) + b(k) = 0. (4.74)

The solution of (4.73) and (4.74) is

lg fio
alk) = —bk) = 52,
and hence
1 . im —im )~
Pyt = £ Si (e — ) o ). (475)

The fourth and final step is to determine the free surface elevation
from the solution, (4.75), for the velocity potential. Substituting (4.75)
into (4.72) shows that

1, .
iik,t) = 3 (€' + e7") fo(k). (4.76)

Finally, we can invert the transform and write
1 0 . .
nx0 = o / ok) {00 4 gtbson) g (477
—0

This is a solution of wavepacket form. Each Fourier component of the
original free surface elevation propagates in the positive and negative
x-directions with speed w/k = /g/|k|.

In general, if we want to interpret what this integral representation of
the solution tells us about the free surface, we must approximate it in
some way. The most informative approach is to consider the asymptotic
approximation to the integral (4.77) for t > 1 with x/t fixed. In other
words, consider what happens a long time after the initial disturbance,
at a point that moves with constant velocity, x/t. This is another integral
that we can approximate using the method of stationary phase.

Firstly, we write (4.77) in the form

1 0
0= [l

x [exp {—it <k§ - a)) } Fexp {—it <k§ + a)) }] dk. (4.78)

Using the definitions given for equation (1.15), in our initial value prob-
lem, f(k) = fjo(k), g(k) = —{k3 — w(k)}, with x/t constant. Since

g =—{> -0},
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the points of stationary phase occur when x/t = dw/dk. For deep water
waves, o> = glk|, and hence

do _ g sgn(k)

ke 2\/glk|

If we restrict out attention to points moving in the positive x-direction,
so that x/t > 0 and x > 0, this means that k > 0 at points of stationary
phase, and hence

do
ZwW = g sgn(k)

x_1jg
t 2Vk
This gives a unique point of stationary phase at k = k¢, where
_ g
ko = 42

Note that for x/t < 0 and x < 0 there is a unique point of stationary
phase at k = —kg. At k = ko,

2x3
gt3

>

{ "
glko) =5 and (ko) =
X

and hence, from equation (1.16),

/_ Zﬁo(k)exp {—n (k% - w) } dk

/2 2
_ [ gf? 2n ! (gt T

~ S )= = — = fi L.
’7°<4x2>{t(2x3/gz3)} PN\ ")t
Similarly

/OO fio(k) exp {—it (k; + w) } dk

—0
- [ gt 2n 172 [gt? &
flo <4x2> {t(2x3/gt3)} exp { —i a2 fort > 1.

Hence, as t — oo with x/t = O(1),

[ gt? 1 172 gt? =«
n(x.0) ’7°<4_x2>{2m(2x3/gt3)} cos{Gx"g) @

The amplitude of the free surface displacement decays like ¢~1/2

whilst the wavelength is 87x?/gt?, a constant of O(1).

Physically, this means that if you are sitting at a point moving with
velocity x/t, the wavenumber of the dominant waves that you can observe
there is kg, where k¢ is such that x/t = dw/dk. This suggests that the

ast — oo,
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energy associated with the Fourier component of the initial disturbance
with wavenumber k propagates with the group velocity ¢, = dw/dk. As
we showed earlier, this is indeed the velocity at which energy propagates
in progressive gravity waves. Note firstly that ¢, is a function of the
wavenumber k (the waves are dispersive), so that after a long time the
different Fourier components spread out. This is why the amplitude of
the disturbance tends to zero as t — oo. Secondly, note that the wave
crests travel at the phase velocity, ¢, = w/k # cg. For deep water waves,
¢g = 3cp. In other words, the energy travels at half the speed of the
wave crests. This phenomenon is easily observed in a wave tank, where
wave crests can be seen moving into the leading edge of a propagating
disturbance and seemingly disappearing there. Similarly, if the piston
in a wavemaker tank is suddenly turned off, there will be a trailing
edge to the wavepacket that it has produced, at which wave crests
appear and propagate forward. Note that for capillary waves the group
velocity is greater than the phase velocity, and the opposite is true. In
all wave bearing physical systems, it is the speed of propagation of the
energy, the group velocity, that determines how fast the leading edge
of any disturbance propagates, not the speed of the wave crests, the
phase velocity. As we saw in chapter 1, these ideas are relevant to many
other linear systems of partial differential equations that have wave-like
solutions.

4.7 Shallow Water Waves: Linear Theory

We now reconsider the theory of two-dimensional water waves when the
depth of the water is much less than the wavelength of the disturbance of
the free surface. We will consider what happens when the depth of water
below the undisturbed, flat free surface is a function ho(x) and the depth
of water at any point is h(x,t). The situation is illustrated in figure 4.21.
We assume that (i) the vertical acceleration of the fluid is much smaller
than the gravitational acceleration, g, and (ii) the horizontal component
of the fluid velocity is approximately uniform along any vertical section
through the fluid.
The equation for conservation of vertical momentum is

ov +u6v +v&v _1dp
ot ox dy  pdy &

where the horizontal and vertical components of the velocity field are u

and v respectively. If we neglect the vertical accelerations of the fluid, we
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y
A

Fig. 4.21. The coordinate system and definitions of quantities involved in shallow
water theory.

find that the pressure in the fluid is purely hydrostatic, with
ap

5 = —pEg,

and hence
P = Pam + pg(h —ho — y).

The equation for conservation of horizontal momentum is
@—Fua—u—kv% =—lap.
ot 0x dy p 0X

If we write this in the form Du/Dt = —(1/p)0dp/dx then, as the right
hand side is independent of y, Du/Dt must also be independent of y. If u
has no y-dependence initially, it will remain independent of y throughout
the fluid motion, which consequently reduces the horizontal momentum
equation to

du u 0
__ __ _ — 1 —
o + u&x + g&x {h—ho(x)} =0. (4.80)

The equation for conservation of mass is, by analogy with the argument
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that we gave in section 3.4 for conservation of mass in a non-uniform
tube,
oh 0

o T agh) =0, (4.81)

Equations (4.80) and (4.81) are nonlinear wave equations and are known
as the shallow water equations.

We will study solutions of these nonlinear equations in more detail in
section 8.1. For the moment, we will consider the theory of linear shallow
water waves, which is appropriate when u < 1 and h—ho(x) = n(x,t) < 1.
In this case equations (4.80) and (4.81) become

ou 811

i +g 83y =0, (4.82)
an
6t o (hou) (4.83)

We can eliminate u between these two equations by noting that

0? ol on %
axor o) = =8 70 (h 6‘<> B

which shows that # satisfies the modified wave equation

2
21 o2 (). s
which we have already met in the context of plane acoustic wave propa-
gation along a non-uniform tube. In the present context, if the depth of
the water varies exponentially with x, then the analysis of section 3.4 is
relevant. When hy is constant, so that the fluid has a constant equilibrium
depth,

02 02

e = o
The elevation of the free surface satisfies the one-dimensional wave
equation with wave speed ,/gho, and there is no dispersion. This is
consistent with our earlier analysis of waves on shallow water of constant
depth, where the wave speed is given by equation (4.17). The linear
shallow water equations are frequently applied to the assessment of tidal
effects on river estuaries and harbours, and we will concentrate on this
application here.

Note that these equations cannot account for the generation of tides,

as there is no forcing effect due to the moon and sun’s gravitational
fields, and no acknowledgement of the earth’s rotation and the curvature
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of its surface. To get some idea of how accurate these equations may be
in modelling small amplitude tidal waves in which the depth of the water
is small compared with the wavelength, consider a plane, harmonic wave
solution, n = aexp{i(kx — wt)}, with @ = /ghok. Using this dispersion
relation, the period of the wave is T = 2n/w = 1/ \/gT , where A is the
wavelength. We can use this to write ho/1 = (1/T)+/ho/g. For a tidal
wave with a period of half a day, T ~ 43 500 s, which, for hy = 3 m, gives
ho/2 ~ 1073, so we would expect the linear shallow water equations to
be extremely accurate. Moreover, in this case /4 ~ 236 km, which is small
enough that we can plausibly neglect the curvature of the earth.

4.7.1 The Reflection of Sea Swell by a Step

Waves approaching the shoreline from the open sea both bring with them
and remove sand and other debris. This can be a nuisance in a harbour,
where a gradual silting up of deep water channels can occur. One simple
way of trying to prevent this is to have a step down from the mouth of
the harbour to the sea bed. This blocks the direct passage of sand, which
is mainly transported in a layer close to the sea bed. Having decided
to introduce this feature into the design of a harbour, it is prudent to
consider what effect this may have on waves that are incident on the
step. We now consider this problem in the context of linear shallow water
theory, with orthogonal incidence of waves on the step, as illustrated in
figure 4.22.

Let’s suppose that the step is at x = 0, with the open sea lying in x < 0
and the harbour in x > 0. We will concentrate on the flow near the step
and ignore all other boundaries. If the water depth in the open sea is h
and the depth in the harbour h, < h;, we must solve the one-dimensional
wave equation with wave speed ¢; = /gh; for x <0 and ¢; = \/ghy < ¢
for x > 0. As the incident waves of amplitude a will be both reflected
and transmitted, we look for a solution of the form

| aexp {i(kix —kicit)} + Raexp {i(—kx — kycqt)}  for x <0,
N { Taexp {i(ksx — kzcat)} for x > 0, }
(4.85)
where Ra and Ta are the amplitudes of the reflected and transmitted
waves. We have also allowed for the possibility of a change in frequency
by introducing the reflected and transmitted wavenumbers, k, and k3. At
x = 0 the fluid pressure, and hence the free surface elevation, must be
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Transmitted swell

Incident swell —_
—_—

h Reflected
swell

Harbour

Open sea x=0

Fig. 4.22. The transmission and reflection of sea swell by a step at the mouth of
a harbour.

continuous, so that
aexp(—ikicit) + Raexp(—ikycit) = Taexp(—ikscyt),

which can only be satisfied for all ¢ if kjc; = ke = kiea, so all of the
waves have the same frequency, and T = R + 1. In addition, we cannot
lose any mass as the fluid crosses the step, so the flux of fluid must be
continuous at x = 0. We can find the horizontal velocity by integrating
ou/dt = —gdn/0dx to give

% exp {i(kix —kjcit)} — gc_Ra exp {i(—kix — kicit)} for x <O,
1 1

Ta
gc_a exp {i(ksx — k3cat)} for x > 0.
2

As the flux of fluid is uh, we obtain
1—R T
hi = —hy,

Ci (&)

and hence

R_l—\/hz/h]_C]—CQ T — 2 . 2(,’1
L+ /ha/h o+’ 14+ /hao/h  cte
We can now see that the transmitted waves, which move into the harbour,
are of a larger amplitude than the incident waves, whilst the reflected

(4.86)
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Incident wave

Fig. 4.23. Waves incident on a linearly sloping beach.

waves have a smaller amplitude. This is no great surprise, as the trans-
mitted wave is moving into shallower water, and conservation of energy
shows that its amplitude must increase. This analysis is, of course, iden-
tical to that given in sections 2.4 and 3.4 for reflection and transmission
of waves on a string and plane sound waves in a tube.

4.7.2 Wave Amplification at a Gently Sloping Beach
We now consider the effect of a gently sloping beach on small amplitude
waves approaching from the open sea. We take the equation of the sea
bed to be

Hy,
ho(x) = I for0<x<L, (4.87)

H,, for x> L,

as shown in figure 4.23. We also assume that H,, < L, so that H,,/L =
tan f ~ . In this case we can reasonably use linear shallow water theory,
and hence look for solutions of the modified wave equation, (4.84). We
find that

%

a*n an
a2 b e teby

Now suppose that there is an incident wave, caused by tides or a
distant storm, of the form

n(L,t) = acos(wt + €). (4.88)

If we look for a periodic solution of the form n = cos(wt + €)H(x), we
find that
d’H dH o
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subject to H(L) = a. This is almost Bessel’s equation. By making the
change of variable x = 252, so that

d_H_ld_H nd d*H 1 d*H 1 dH
dx  4s ds a

dx? 1652 ds? 1653 ds’
we arrive at

d’H 1dH 8w

e Iy T H=0. 4.90

ds? + s ds + gp (490)
Recalling that Bessel’s equation of order zero, y” + y'/x + y = 0, has
solutions of the form y = AJy(x) + BYy(x), and that Yy(x) is unbounded

at x = 0, the appropriate solution of (4.90) is

2
H(s) = AJo | /Z%s

The constant, A, is fixed by the condition H = a at x = L, and the free
surface elevation is therefore given by

n(x,t) = aJy (%x1/2> /Jo (%LW) cos(wt + €). (4.91)

This solution is illustrated in figure 4.24. The amplitude of the disturbance
increases, and its wavelength decreases as the wave approaches the beach
at x = 0. This can be observed in waves approaching a beach, although
the assumptions that are made in shallow water theory may become
invalid for x sufficiently small, where nonlinear effects cause the waves to
break. The effect is dramatically illustrated by the behaviour of tsunamis.
These are disturbances of the surface of the ocean generated by sub-sea
earthquakes. In the open ocean they can be hundreds of kilometres long
and only a few metres high, and so are almost impossible to detect with
the naked eye. However, as they approach the coast, the effect of the
sloping bed shortens the wavelength, and produces a destructive wall of
water that can be tens of metres high (see Gonzalez (1999)).

There is also the possibility of a resonance, which occurs when
2w+/L/gp is a zero of Jy, and the solution (4.91) is unbounded. In
this case, the incoming wave drives a standing wave close to the beach,
but the analysis is too involved to present here.

Finally, in the open sea, the trigonometric form of the solution shows
that the mean elevation of the surface is zero and that H = O(a). The
mean wave elevation above the beach may, however, be non-zero. If we
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Fig. 4.24. A small amplitude disturbance of the free surface near a linearly
sloping beach.

define this mean elevation to be

— 1 [E
H=Z/0 H(x)dx,

at first sight we are faced with a difficult integral involving a Bessel
function. However, if we integrate (4.89) directly, we find that

L L Wl [L
/xH”dx—I—/ H’dx—f——/ Hdx =0
0 0 gB Jo
L
/xH”dx— xH /de
0

L
/ Hdx = — gﬁH(L)
0

Since

this gives
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and hence

_ B, L L
H=—ﬁ %JO (2(0\/;) /JO <2w\/;>. (4.92)

This shows that, provided that the frequency of the incident wave is not

close to resonance,
H a |gH,
— = /=55 |- 4.
L 0 (L w2L2> (493)

Now linear shallow water theory is based upon H/L = O(a/L) < 1.
Here, (4.93) shows that changes in mean surface elevation are an order
of magnitude smaller than changes accounted for by the linear theory
and can be neglected provided that wL > \/ng

4.8 Wave Refraction

When waves from the sea are incident upon the shoreline, there is a
bending of the line of the wave crests. (The waves may also break, but
that will not concern us here.) This bending is associated with a change
in mean water depth, and hence in phase and group velocity, as the
shoreline is approached. In shallower water, a wave crest travels more
slowly than in deeper water, and there is an adjustment of the whole
wave crest that follows the sea bed profile and leads to wave crests
roughly parallel to the shoreline, as you can observe at any beach. This
phenomenon is called refraction and can occur in most types of wave. In
water waves it is associated with changes in mean depth. As we shall see
in chapters 5 and 6, elastic and electromagnetic waves can be refracted
if there is a change in the relevant properties of the material through
which the wave is propagating. For example a ray of light will change its
direction as it passes from air into glass. Two examples of the refraction
of water waves are shown in figures 4.25 and 4.26.

In order to give a detailed account of the refraction of water waves,
it is helpful to generalise the progressive gravity wave solution that we
constructed in subsection 4.2.1. Let’s consider uniform, three-dimensional,
plane water waves propagating at an angle « to the horizontal, as shown
in figure 4.27. It is convenient to take coordinates in the plane of the wave
to be x, y with z as the vertical coordinate. By looking for a potential of
the form ¢ = Z(z) exp{i(kx + ly — wt)}, we find that

@cosh kl|(z +h) .

¢ = K Sinh |KJi iny, n=acosy (4.94)
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Fig. 4.25. The refraction of water waves in an estuary.

where a is the amplitude, & is the mean depth and w is the frequency,
with w? = g|k| tanh(|k|h). The wavenumber vector is

k = (k,l) = |k|(—cosa, sin ),

which gives the direction of propagation of the wave crests. The phase
function is

L =kx+1ly — ot

and is a constant on lines of constant free surface elevation.

4.8.1 The Kinematics of Slowly Varying Waves

For the solution (4.94) to be able to describe a refracted wave, we must
modify it slightly. Firstly, the refracted wave field may have a non-zero
mean surface elevation, a. This can be dealt with easily by rewriting the
solution in the form

aw cosh [k|(z + h) . _
=—————"siny, = % 4.95
¢ k| sinh k| siny, §=a-+acosy (4.95)
where d = a + h is the total mean depth. However, as we saw in the
previous section, this mean elevation will be very small for waves passing
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Fig. 4.26. The refraction of water waves by a sand bar.

over gently changing topographies, and we will not consider it further.
Secondly, we must recognise that while k, [, w and y vary very little
over one wavelength or one period, they have a significant variation over
longer length scales, such as the length of the shoreline. We now consider
4 as the primary variable and look for solutions for the refracted waves
in precisely the form of (4.95), in which

Jdy 0y Jdy
k = _\'7 l = _\a = __\'a
ax ' YT T a

a definition that is satisfied exactly for a uniform wave in water of
constant depth. For the slowly varying wave assumption to apply we
need to have a smooth variation of y. Its mixed second derivatives must
therefore be independent of the order of differentiation, which gives us
the consistency conditions

ok ol ok o dl oo

0. (4.96)

)

dy ox ot Ox ot dy

Now, if we regard w as a function of the wavenumber vector in the
refracted wave field, as well as spatial position and time, we write

w=Q(k,1,x,y,t),
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k =k | (—cos a, sin )

Fig. 4.27. A uniform train of plane, progressive gravity waves whose crests make
an angle o with the y-axis.

and hence
oo 0Q  0Q0dk  0Q dl

Using (4.96), this can be written as
ok 0Qadk  0Q 0k 0Q
§+ﬁ$+a_1$__§’ (4.98)
and similarly,
ol 0Qadl  0Qal 0Q
a*‘ﬁa—x‘f‘ﬁa—_ay (4.99)
dow  0Qdw  0Qdw  0Q (4.100)

ot ok ox | alay ot

We can now define a curve x = X(k,[), y = Y (k,[), called a ray, as
satisfying

dXx 0Q dy 0Q

dt — ok’ dt ol (4.101)
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On the rays, (4.98), (4.99) and (4.100) take the simple form

dk 0@ Al 0Q do 0Q
T B @ (4.102)

since their left hand sides are total derivatives. To understand the sig-
nificance of (4.101) and (4.102), it is best to work with their vector
form

dk do 0Q dX
T —ViQ, T on the rays s ViQ, (4.103)

where X = (X,Y). From this we can see that changes of wavenumber
and frequency are transmitted along the rays. The rays themselves will
bend according to the value of

0Q 0Q
VkQ = <ﬁ, W) = Cg.

The group velocity vector, ¢y, determines the path of the ray, and is a
direct generalisation of our earlier, one-dimensional definitions of group
velocity. For uniform, plane waves at an angle « to the y-axis, as shown
in figure 4.27, the group velocity vector is parallel to the wavenumber
vector. For refracted waves, this is not the case.

4.8.2 Wave Refraction at a Gently Sloping Beach

We now apply the ray equations of the previous subsection to the
refraction of a small amplitude wave approaching a gently sloping beach.
We consider a beach with a straight, wave absorbing shoreline at x = 0.
The sea occupies the region x > 0. For x > L the sea has a uniform depth
H,,. For 0 < x < L, the sea bed has depth h = H, x/L = fx, as shown
in figure 4.23. Out in the deep sea the wave has a period 2n/w, and
wavenumber vector k., = |ky|(— cos o, sina,,). We assume that f < 1,
so that the beach slopes gently down to the sea bed, and also assume
that we can use the dispersion relation, w?> = Q> = g|k| tanh |k|h, over
the whole domain. The appropriate form of equations (4.103) in this case
is
dl 0Q 0Q oh
&= o hy =Y (4.104)
dk 0Q oQoh  0Q
T
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with the rays defined by
dy o0 _ 0ok _ o0 I

dt — ol ok ol okl |k’ (4.106)

dx 0Q  0Q ok Q k

& ok oM ok oW (4107

Equation (4.104) reveals that [ is a constant, and hence that |k|sina =
|koo| sin o, As w is constant, we can use ¢, = @/|k| to write this in the
form

o S (4.108)

sino  sin o,
This is our first encounter with Snell’s law, which relates the phase speed
of the wave to the angle made by the crests with the y-axis. We will find
in chapters 5 and 6 that, in certain situations, it also applies to elastic
and electromagnetic waves.

The Cartesian equation of the rays can be found by dividing equations

(4.106) and (4.107) to give

dx k k

— =—-=— 4.109

dy 1 Ly, ( )
To find k we use w?> = g|k|tanh(|k|fx). In general this equation has no
analytical solution. However, near the shoreline tanh(|k|fx) =~ [k|fx, so
that k*> + 12 ~ w?/gfx, and hence

dx ? ?

— =t — — 1~ — —. 4.11
dy — —\ gBl2x gpLZ x .

We choose the minus sign so that the ray comes in to the beach. This
separable equation has solution

2 2

To find the equation for the wave crests we note that the tangent to the
rays is in the direction (k,[), normal to the crests, so that the wave crests
and rays are orthogonal. The lines of the wave crests therefore satisfy
the equation

de b o or NP [ebBx
dy k gBl2 x w?

By integrating, and using the same constant of integration to ensure
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Kk = [Kl(—coso. sino

Fig. 4.28. A sketch of the wave crests and rays for waves approaching a
gently sloping beach. The wave crests have positive slope, the rays negative
slope.

that wave crest and ray pass through the same point, we find that the
equation of the wave crests is

w?3x
A=2y ——=
y+ ‘/gﬁli’

_ gL (y+4)

3 4
The lines of the wave crests are therefore parabolas. Although we have
neglected nonlinear effects, which will become important in the shallow
water near the shore, this result agrees well with experiments. The lines
of the wave crests and the rays are shown in figure 4.28.

and hence

P

4.9 The Effect of Viscosity

In choosing to ignore the effect of viscosity on the propagation of water
waves, we are making a considerable mathematical simplification to
the equations of motion. It is worthwhile considering over what time
scale viscosity would actually damp out the waves. The linearised, two-
dimensional Navier—Stokes equations, appropriate to small amplitude
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wave motions in deep water, are
1 1
Uy = —;Px T (e Fuyy), 0= _;P,v —g+V (0w toy).  (4110)

The size of a typical term that we have retained in our inviscid theory is
u, = O(U/T), whilst a typical viscous term, which we have neglected, is
vy, = O(vU/2%), where J is a typical wavelength, U is a speed, and T
is the time scale over which viscosity becomes important. Equating these
two terms, we obtain T = O(4?/v) as our viscous time scale.

In the case of capillary waves, we have ¢ > pgl% so that 1 <
(6/pg)'/? ~ 103 m for water. The viscosity of water is v ~ 10 kg
m~!'s7!, sowhen 1 ~ 1072 m, T = O(1s). We conclude that pure capillary
waves are rapidly damped by viscosity. We have also considered gravity
waves, for which a typical wavelength is 4 &~ 1m. In this case, T =
0(10%s), and we can reasonably expect these waves to be unaffected by
viscosity for several days and transmit the energy that generated them
for hundreds of kilometres.

If there is another characteristic dimension in a wave propagation
problem, for example a mean fluid depth, h, over a shallow sea or river
bed, there will be a diffusion of viscous effects from the bed to the free
surface. We can easily modify our analysis to give the viscous time scale

as
2 32
T=0 (min (i—,h—>>
vy

For shallow water waves, h < A, and we consequently expect sea or river
bed effects to become important before the effects of the shearing motion
in the bulk of the fluid.

Of course, this is just an order of magnitude analysis. To get a more
accurate assessment of viscous effects it is necessary to solve (4.111) in
any particular situation of interest. A more general analysis than is given
here can be found in Lamb (1932). For solutions of initial value problems,
see Bloor (1970).

Exercises

4.1 Taking into account the effect of both gravity and surface ten-
sion, deduce that

¢ (x,y,t) = (Acoswt + Bsinwt)coskx coshk (y + h)
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represents a possible velocity potential for the two-dimensional
motion associated with standing waves on the surface of water
having uniform undisturbed depth h. Find the relation between
o and k. Determine the equation of the particle paths.

Obtain the form of the velocity potential for a two-dimensional
infinite train of progressive waves on the surface of water of
uniform undisturbed depth h, including the effects of both gravity
and surface tension. Calculate the velocities for both gravity and
capillary waves on deep water.

A rectangular basin of infinite depth, bounded by sides x = 0,
x =a, z =0, z = b, contains water occupying the region
—oo < y < 0. Show that a standing wave solution exists in which
the surface displacement is given by

(x,z, t)—ZZcos—costZ

n=0 m=0
X (A €OS Wyt + By sin wmnt) 5

where A,, and B,, are constants and ,, is an angular
frequency. Neglecting surface tension, derive a dispersion re-
lation for w,,. If initially n = o (x) and dy/0t = 0, determine
n(x,z,t) for any subsequent time.

Find by separation of variables the velocity potential for axi-
symmetric standing waves in a circular tank of radius a and
undisturbed depth h. Determine the equation of the particle
paths.

Show that there is equipartition of energy in the standing wave
that we studied in subsection 4.2.1, and determine the particle
paths.

A piston wavemaker is situated in a tank of water of depth h
and length [. At the opposite end of the tank to the wavemaker
there is a rigid, vertical wall at which all waves are reflected.
Show that the solution of the linearised equations of motion can
be written in the form

¢ A() cosh k()(y —+ h) COS kO(X _ [)e—lwt

+ZA cos k(v 4 h) cosh ky(x — [)e™".

n=1

Show how to calculate the coefficients 4;, j = 0,1,..., in terms
of the displacement of the piston, S.
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How could you modify the above analysis if the wall at x = [

were to be flexible and dissipative, so as to absorb a fraction «
of the incoming wave energy?
A water surface that extends to infinity in both positive and
negative x-directions is given a small initial velocity so that, at
time t =0, n =0 and dy/0t = aH(x + b)H(b — x), where a and
b are positive constants and H is the Heaviside step function.
If surface tension can be neglected and the depth of the water
is infinite, find the surface elevation n at time t as a Fourier
integral.

Show that, at large distances |x| and large times ¢ such that
|x|/t is fixed, the surface elevation takes the form of a wave. Find
the wavelength and frequency of the wave.

The wavelength and arrival time of waves generated by a distant
storm are measured by a recorder on the surface of deep water.
If waves of length 1; arrive at time t = 0 and waves of length
Ay arrive at time ¢ = 7, calculate the approximate distance of the
storm from the recorder.

A cylindrical vessel of radius a with vertical sides is sealed at one
end and open at the other end. The water in the vessel has depth
h, and is forced into motion by moving the vessel up and down
with a displacement A sinwt. The restoring force is gravity.

(a) By using h as a length scale and \/h/g as a time scale,
show that the governing equations for this system can be
written in the form

V2o =0 in0<r<oa —1+esin(Qr) <z<Z(r1),
¢r=0o0onr=uq,

¢. = €Qcos(Qt) on Z = —1 + esin(Qt),

b+ 3IV91+Z = Bl
¢z =Zt +¢rZr

on the free surface z =Z(r,1t).

Here Q = w\/h/g and e = A/h are the dimensionless
frequency and amplitude, B(t) is the Bernoulli constant
and o = a/h is the dimensionless radius of the vessel.

(b) By using the transformations z = z — esin(Qt), ¢ = ¢ —
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€Q cos(Qt) zZ, show that this problem transforms into the
‘variable gravity’ form

VZp=0 in0<r<a —1<z<Z—esinQt),

¢, =0onr=o,

(}’7200112:—1,

Bt 5@+ )+ (1 — @ sin(@)Z =0,
(7)5 = Zt + d)rZr
on z = Z — esin(Qt).

What value has the Bernoulli constant been set to?
(c) Show that an appropriate expansion in small wave steep-
ness leads to the linear system

V=0 in0<r<a —1 <Z<—esin(Qr),

¢1,=0o0nr=no,
$1-=0o0nz=—1,

P14+ (1 — eQ?sin(Q))Z; =0,
bz =2,

(d) Derive the separable solution of this in the form

} on z = —esin(Qt).

[oe]

b1 =Y An(t)o(knr) cosh ky(Z + 1),

n=1

o8}
Z = ZBn(t)JO(knr)a
n=1
where Jy(k,o) = 0, and state the equations satisfied by
An(t) and Bn(t)'

(e) The equations satisfied by A,(t) and B,(t) are difficult
to solve. Some insight into the form of solution can be
found by expanding 4,(t) and B,(t) in the form 4,(t) =
Auo(t) + €An1(t) + - - -. Show that for e < 1,

! . ’
o = knsinhk, A, Ao coshk, = —B,,

B, — kysinhk,A,; = —k? coshk, sin(Qt) 4,0,
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coshk,A; ;| + By =k, sinhk, sin(Qt) 4,
+Q? sin(Qt) B,..
(f) If the natural frequencies of the system, w,, are given
by wﬁ = k,tanhk,, show that a resonance will occur if
Q = 2w,. This is known as Faraday resonance. Note that

there are further resonances not accounted for here (see
Benjamin and Ursell (1954) for further details).

4.10 A ship moves on the surface of a deep sea with constant speed
U. The wave pattern it makes is steady in a frame of reference
moving with the ship.

(a) By introducing the transformation X = x + Ut, show that
the linearised unsteady equations transform to
¢RS¢+¢yy+¢z:=0» ¢ —>0asz— —o0,
Upsz+gZ =0, ¢.=UZsz onz=0.

(b) By introducing the far field variables x* = eX, y* = ey,
so that x*,y" = O(1) when X,y = O (1/€) > 1, show that
the above boundary value problem can be put in the form

1
¢x‘x* + (py‘}" + 6_2¢ZZ = Oa ¢ —0asz— —0,

U2 1
—yxe + —2¢2 =0onz=0.
g €

(c) Solve this boundary value problem asymptotically by
writing
*® *® ‘B *7 *
6 =iy e { P 4 opg
and show that
1
g \: 1
B, — (W) (B + B2)t.
(d) Find a scaling transformation that removes g/U? from
the above equation.

(e) Show that B,- = kcos@ and B,- = ksin 0 are constant on
the lines
dy*  cosfsin6
dx* ~ cos?0—2

where k* cos0 = 1.
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(f) Deduce that B is given parametrically by

= W, y(cos® 6 —2) = xcosBsin 6.

(g) Show that the waves are restricted to a wedge of semi-

angle sin™"' (1/3) about the x"-axis.

(h) Is the expansion uniformly valid within the wedge?
Show from first principles that the approximation for linear,
shallow water, one-dimensional flow in a tidal estuary of constant
depth h and variable breadth b = b(x) leads to the equations

ou on 0 0
gl =0, = (by) + < (bhu) = 0.
By eliminating the velocity, u, deduce that the free surface eleva-
tion, 1 = 5(x, t), satisfies the equation
Pn _ghd (o
o2 b aox \ ox)’
If the breadth of the estuary varies like b = box for 0 < x < [
and there is an open sea swell of the form n = acos(wt + €) at
x = [, show that the elevation in the estuary is

Jo(2x)

n(x,t) =a cos(wt + €),

where o?> = w?/gh. Sketch the form of the waves and comment
on the validity of the solution.

A deep layer of fluid of density p, flows with uniform horizontal
speed U over another deep layer of fluid with density p; > p»,
which is at rest. By considering the fluids to be ideal and enfor-
cing continuity of pressure and normal velocity at the interface
between the fluids, show that small amplitude waves with gravity
and surface tension acting as restoring forces can propagate
along the interface with # = aexp{i(kx — wt)}, provided that

(p1 + p2)* = 2p2Ukw + p2UK? — [k|{k*c + (p1 — p2)g} = 0.

Discuss the special cases g = 0 and ¢ = 0. This type of wave
can lead to an instability of the interface, known as the Kelvin—
Helmbholtz instability.
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Waves in Elastic Solids

The vibrations of panels in a car, the squeal of a train’s brakes and
the devastation left by an earthquake (see figure 5.1) are all examples
of elastic wave propagation that are familiar to us. One of the features
that these phenomena have in common is that the size of the elastic
deformation is small compared to other length scales involved. The door
panels of a car may only move by tenths of a millimetre to cause a noise,
but the dimensions of the door itself may be of the order of a metre.
A building need only be raised and tilted by a few tens of centimetres
to cause considerable damage, but the length scale associated with the
earth’s crust is tens of kilometres. For this reason, most common elastic
wave phenomena are approximately linear and we shall concentrate on
these in this chapter.

5.1 Derivation of the Governing Equation

Consider the propagation of small amplitude waves in an ideal elastic
body. By ideal, we mean that the stress—strain relationship is linear
and isotropic and that the wave motion causes either no change in
temperature or no heat flow within the body. Recall that the position
vector, X = (X1, X2, X3), of any point in the body after elastic deformation
is related to its original position, X = (X, X5, X3), by a displacement
vector, u, through the relationship, x = X + u. If we write u = (uy, up,u3)
with u; = u;i(x1, x2, x3,t), we are working in an Eulerian frame. Using
the notation u;; = Ju;/0x;, in this Bulerian frame the linearised, or
small deformation, strain tensor, e;; = %(u,—, j +uj;), is symmetric and the
rotation tensor, r;; = 5(u;j—u;;), is anti-symmetric. The three independent
components of this tensor can be written as a rotation vector, r =
(r1,r2,13), with r, = %e,jkrij. Throughout this chapter, r is the rotation

130
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DR

Fig. 5.1. The deformation of the earth’s surface after an earthquake.

vector, not a position vector. The strain tensor and rotation vector are the
counterparts in solid mechanics of the rate of strain tensor and vorticity
vector in fluid mechanics. The change in volume of an elastic element
due to the deformation, known as the dilatation, is

A= ik = % % %
0x;  0x,  0x3

There are vector alternatives to the tensor definitions of dilatation and
rotation, namely A =V -u, r = %V x u. We can write the stress—strain
relationship in the form o;; = Aexd;j + 2ue;j, where oy; is the symmetric
stress tensor and A and p are the Lamé constants. The relationships

Ev E

TOrni—2y  HT 21y

between the Young’s modulus, E, and Poisson’s ratio, v, of the material are
derived by considering the elongation and lateral contraction of a rod of
elastic material under uniaxial tension. For steel, typical measured values
are E ~ 200 x 10°Nm~2 and v ~ 0.26. This gives 1 ~ 8.6 x 10! Nm™!
and u~ 79 x 101°Nm2,

The equations of motion for small displacements of an elastic body
in the absence of body forces, which do not, in general, affect wave

A



132 Waves in Elastic Solids

propagation, are

62u[ (30‘,‘1'

= 5.1

P = oy, D)
where p is the undisturbed density of the elastic solid. This density does
not change at leading order in a linearised theory. By substituting for o;;
in this equation we obtain
6ekk aeij _

2
d +2

W 0 (ou; Pu;
P = Mgy, TG, = Ut iE, (a_x,> ey 0

This is conveniently written in vector form as

62
pa—; =+ WV(V - u) + V2, (5.3)

and is generally referred to as Navier’s equation. This is the starting point
for our study of elastic wave motions.

5.2 Waves in an Infinite Elastic Body

In an unbounded elastic body there are no finite surfaces on which
boundary conditions must be applied. This greatly simplifies the analysis.
We begin by using the identity V?u = V(V -u) —V x (V X u) to write
Navier’s equation, (5.3), in invariant form as

o’u

Paa = (A4+2w)V(V - u) — uV x (V x u). (54)

Using the identity V-V x u = 0, and assuming that we can exchange the
order of partial derivatives, the divergence of (5.4) is

62
pW(V ‘u) = (A +2u)V3(V - u).

Since V- u = A, the dilatation satisfies

2
1 %A c%z(;»+2u)7 55)

2
A——248
v ¢ o’ p

which shows that volume changes within the elastic body propagate
as solutions of the three-dimensional wave equation with speed ¢; =
v/ (A+2u)/p. These are known as dilatational or primary waves.
Similarly, using the identity V x V(V - u) = 0, the curl of (5.4) is
2

pﬁ(qu)=—qu{Vx(qu)}.
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If we now express this in terms of the rotation vector, r = %V x u, and
use the fact that V- r = 0, we find that
1 &°r
Vir = aa A= %‘ (5.6)

The vector, r, of infinitesimal rotations of the body therefore propagates
as a solution of the three-dimensional vector wave equation with speed
\//Tp, giving rise to rotational or secondary waves. Since ¢; > ¢;, rota-
tional waves lag behind dilatational waves. If we cause dilatational and
rotational waves to be initiated in some finite region, expansions and
contractions will be felt before any shearing at a distant point in the
body. To get some appreciation of the speed of these waves, a typical
steel of density 7800kgm™ has ¢; ~ 5600ms~' and ¢; ~ 3180ms~!.
This should be compared with the speed of sound waves in air which is
just 340ms~!.

We can now analyse some simple solutions of (5.5) and (5.6) in an
unbounded elastic body.

5.2.1 One-Dimensional Dilatation Waves

We begin by considering waves that vary in one direction only, firstly with
displacements in the same direction, by taking u; = u(xi,t), up = uz = 0.
In this case we have A = du;/0x; and r = 0. The dilatation, A, obeys the
one-dimensional wave equation

A 10%°A

ax3 N E o’

These waves are often called longitudinal, since there are displacements
only in the direction of propagation. Note that there is no dispersion of
longitudinal waves. Their properties are rather like those of a plane sound
wave or a wave on a stretched string (although these are transverse), for
example, being reflected and transmitted in a similar way by changes
in composition of the wave bearing medium. Note that, although the
displacement is one-dimensional, there are three non-zero components of
stress,

aul aul
=, 0n =033 = A—.
0x4 0x|

o = (A+2p)
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(a) Longitudinal waves

—=X
— — X | -—=
_—
Direction of
- — = X | propagation
for (a) and (b)

X, X, X,

-
B

1 W I/
~, i

Fig. 5.2. The effect of the propagation of (a) longitudinal and (b) transverse
waves on an element of elastic material.

5.2.2 One-Dimensional Rotational Waves

If the displacement is in the direction perpendicular to the direction of
propagation, so that uy = up(xiy,t), uy = u3 = 0, we find that A = 0
and r = (0,0,%6112/6)(1). These waves are often called transverse or
shear waves. The single non-zero component of the rotation vector sat-
isfies the one-dimensional wave equation with speed ¢,. These waves
get their specific name from the fact that e, = ey = %6u2/6x1 and
G172 = 021 = 2ue; = udu,/0x; are the only non-zero components of the
strain and stress tensors, which represents a purely shearing deforma-
tion propagating in the x;-direction. An illustration of the deformation
caused by one-dimensional longitudinal and transverse waves is shown
in figure 5.2.

5.2.3 Plane Waves with General Orientation

We now look for a plane wave solution of Navier’s equation, (5.3), of the
form u = Aexp{i(k - x — wt)}, where k = (ki,ka,k3) and x = (x1, X2, X3).
This type of solution is constant on each plane k- x —wt = constant, and
represents a displacement wave moving in the direction k with amplitude



5.3 Two-Dimensional Waves in Semi-infinite Elastic Bodies 135
A and phase speed w/|k|. Substitution into (5.3) gives
pw*A = (4 + p)(A - k)k + ulk|?A. (5.7)

This is a vector equation which we can solve by taking the scalar product
of both sides with k to give

(A K){pw’® — (2 +2u)|k]*} = 0, (5.8)

There are two possible types of solution: those with Ak = 0, in which the
amplitude is any vector orthogonal to the wave vector, and a further class
in which o = ++/(1 4+ 2u)/p |k|. Considering the first type, if A-k =0,
(5.7) shows that w = iMlkl, so that these waves are rotational or
transverse. For the second type, (5.7) shows that A = (A-k)k/|k|?, so that
the amplitude is parallel to the wave vector. These waves are dilatational,
or longitudinal. As the governing equation is linear, we can superimpose
these two (or more) different solutions and make a general statement
that three-dimensional elastic plane waves in an infinite medium will, in
general, have both a dilatational and a rotational component. Indeed,
for k = (k,0,0), a Fourier superposition of solutions of the first type
gives plane transverse waves propagating in the x;-direction, whilst a
similar superposition using solutions of the second type gives shear
waves propagating in the x;-direction, which we described in the previous
subsections.

5.3 Two-Dimensional Waves in Semi-infinite Elastic Bodies

We now consider a semi-infinite elastic body defined by —o0 < x; < o0,
—o0 < xp <0, —00 < x3 < o0. The existence of the surface x, = 0 gives
us some freedom in choosing which boundary conditions to apply. We
consider the rather different cases of a normally loaded surface and an
unloaded surface. In each case we seek a two-dimensional solution with
up = ug(xy, X2, t), Uy = ur(xq,x2,t) and uz = 0.

5.3.1 Normally Loaded Surface

Let us suppose that a uniform normal stress, p(t), is applied to the surface
x; = 0 beginning when t = 0. There is no shear stress on this surface,
as shown in figure 5.3. The deformation produced by this type of stress
is one-dimensional, with uy = uy(x2,t), u; = u3 = 0. As we have seen, in
this case Navier’s equation reduces to the one-dimensional wave equation
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0 =—p(1).013=03,=0

[7777 7T 77

Fig. 5.3. A uniformly loaded elastic half-space.

with speed ¢{, which we must solve subject to
on = —p(t)H(t), cp=013=0 onx, =0,

and a radiation condition that any waves produced by the loading
at x, = 0 must travel in the direction of decreasing x; (there is no
mechanism for reflecting a wave back towards x; = 0).

By taking the solution of the wave equation for u, that propagates in
the negative x;-direction in the form

u2=f(xz+clt)=f{ <z+x2>}=F<t+?>, (5.9)
1

we find that the stresses are

GZQZMF, (l-ﬁ-ﬁ), o =013 =0. (5.10)
Cq &1
The normal stress boundary condition then leads to
(A+2p) ,
T”F (t) = —p(0)H (). (5.11)

Integration of this, setting the constant to zero to suppress rigid body
translation, gives

ClH(t)/
5.12
)+2M) p(s) (5.12)
and we arrive at
t+(x2/c1)
up(x2,1) = —c1H (1 4 x2/¢1) / p(s)ds (5.13)
0

and

—C X X
on(xa, 1) = U+;H)H <t+c—12>p<t+c—12>. (5.14)
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)

Direction of propagation

T

Attenuated horizontal
displacement

Fig. 5.4. Attenuated surface elastic waves.

Note that both the stress and displacement are zero for x, < —cit as we
should expect.

5.3.2 Stress-Free Surface

When the surface x; = 0 is free from any normal or shear stress, we can
distinguish two different types of wave propagation problem. Firstly, we
can enquire as to the form of a wave that propagates in the x;-direction
only. Such a wave must be localised near the free surface to be physically
realistic, as shown in figure 5.4. Secondly, we can consider what happens
to a plane harmonic wave when it is incident on a stress-free surface,
and determine how it is reflected.

Attenuated Waves Propagating along the Free Surface

Here we suppose that we initiate a deformation within an elastic half
space when t = 0. After the decay of transient deformations, there is the
possibility that, for large times, we could have a wave propagating along
the free surface of the half space, x, = 0. We should expect that such a
wave will be attenuated in the x,-direction, and we now seek a solution
of Navier’s equation that will exhibit these properties. More specifically,
we look for a solution in the form

u = Aexp{i(kx; — wt) + ax;} + Bexp{i(kx; — wt) + fx,}. (5.15)
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The choice of two independent amplitudes A, B and decay rates o, f is
the minimum possible with which we can satisfy the stress-free conditions
on x; = 0.

Substitution into Navier’s equation gives two vector equations of the
form

—p@?C = (14 u)(C - s)s + uCls|?, (5.16)

where C is equal to either A or B and s either (ik, ) or (ik, f). Recalling
the solutions of this type of equation that we found in the previous
section, it is convenient to choose, firstly, A -s = 0, so that

A; = —0ad, Ay =ikA, ©® =K —dP), (5.17)
and secondly
? = ci(k* — B?), (5.18)

in order to get a solution that is a combination of dilatational and
rotational components. By taking our displacement in the form

u = (uy,up,0) = A(—ua, ik) exp W(a) + (B, B2) exp W(p), (5.19)
where W (o) = i(kx; — wt) 4+ ax,, we can calculate

012 = u[—A(k* + oa*)exp W (a) + (BB + ikB,) exp W (B)], (5.20)

62 = MikBi+fBy) exp W (B)+2u(axAik exp W (x)+Baexp W(f)). (5.21)
The stress-free boundary conditions on x; = 0 then lead to

—A(k* + o) + (BB; +ikBy) = 0, }

4ikBi + (7. + 2u)B By + 2poik A = 0. (5.22)

We now have six equations (5.17), (5.18) and (5.22), for the nine unknowns
w, k, o, 5, A, A1, A2, By, By, which gives us rather a large family of waves.
To be more specific, it is necessary to make a further assumption about
the amplitude B. If we take fB; = ikB, (can you see why this is indicated
from the results of section 5.2.3?), equations (5.22) are reduced to

—(o? + k*)A + 2ikB, = 0,

k> 2
2uaikA + By {ﬁ(i +2u) — ); } =0. (5-23)
For a non-trivial solution of these equations we require

’ —(o® + k%) 2ik

2uaik B2+ 2p) —2k*/B ‘ -0
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and hence
(0% + k) { B>+ 2p) — 2k} + di* pafp = 0, (5.24)

or

2 2
(-5 — 2) k2} = 16k*s*p2, (5.25)

2
(a2 +k2)2 {ﬁZ((:_;_ ”
2

2

where we have written

—_

22
€ _ —I—,u>

u

2.

ISR

C

Substituting for o> and 2 from (5.17) and (5.18), we can further simplify

to
o \* > 2 [ w?
2—— ) =16{1——=— |1 —-2(—==)}. 5.26
( k) ( k>{ 3 <k>} (520

Finally, if we write X = w?/c3k? and cancel a factor, we obtain the cubic
equation

N2 N2
X3 —8x2 =16 {1 _ (‘—2> } _ {24— 16 (‘—2> }X. (5.27)
Cq C1

Both quantities in curly brackets are positive. By sketching the graphs
of the simple cubic on the left hand side and the straight line on the
right and looking for points of intersection, it is apparent that there is
only one real root to this equation, X = X;. From the sign of each side
of (527) at X = 0 and X = 1, we find that 0 < X; < 1. Hence we
have v = +X 11 / 2czk, and the waves are non-dispersive. The wave speed,
R =w/k = inl/zcz, is smaller than that of rotational waves, and is
a function of the material parameters A, u and p alone. These waves
are generally referred to as Rayleigh waves and their most important
applications are to seismology and non-destructive testing. Figure 5.5
shows a typical seismogram measured during an earthquake. The arrival
of the dilatational, or primary, waves, followed by the rotational, or
secondary, waves and finally by the Rayleigh waves is clearly visible.
Note that these Rayleigh waves have the largest amplitude of the three,
and cause the most destruction. It is also of interest that points in
an elastic body move on anticlockwise loops under the influence of a
Rayleigh wave, in contrast to the clockwise motion of fluid particles due
to a progressive gravity wave (see subsection 4.2.1).
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Fig. 5.5. A typical seismogram during an earthquake, showing the arrival of the
P(rimary), S(econdary) and R(ayleigh) waves. Note that the Rayleigh waves have
the largest amplitude.

The Reflection of Plane Waves at a Free Surface

We have seen in section 5.2 that plane elastic waves in an infinite body
are, in general, composed of both dilatational and rotational components.
If a pure dilatational or rotational wave is incident on a planar free
surface, the reflected wave can be of the same type, the opposite type
or a combination of the two types. This transition is governed, in any
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Fig. 5.6. The reflection of a dilatational plane wave at a free surface.

particular case, by the stress-free conditions on the surface x, = 0. To
illustrate this further, we consider a dilatational wave of amplitude A
incident at angle 61 on the free surface. The reflected wave consists of
a dilatational component, of amplitude Ap and angle of reflection gy,
together with a rotational component of amplitude Ar and angle of
reflection Oy, as shown in figure 5.6. (In the notation of seismologists, the
incident dilatational wave is called a P wave, the reflected dilatational
wave a PP wave and the reflected rotational wave a PS wave.)

To analyse this problem, we decompose our displacement into the
incident and reflected components. Since the amplitude of dilatational
waves of speed ¢; is parallel to the wavenumber vector and the amplitude
of rotational waves of speed ¢, is orthogonal to the wavenumber vector,
we write

u=u +uP +uf? (5.28)

where

ul = A(sin 0y, cos 0;) exp{iki(x; sin 0y + x; cos O — ¢it)},
uP = Ap(sin Orq, — cos Orq) exp{ikp(x; sin Orq — x; cos Org — c11)},
R

u" = Ar(cos Ory, sin Or;) exp{ikr(x1 sin Oy — x2 cos Oy — ¢2t)}.

When calculating the stress tensor prior to imposing the boundary con-
ditions, it is clear that we will have three different exponential factors. If
these are to combine together on x, = 0 to give stress-free conditions,
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each of the factors must be identical. This forces us to choose

X1 sin 6 X1 sin 6 X1 sin Og;
k161< ! I—l’>=kDC1<1—Rd—t>=kRCQ<$—t>,
1 C1 (6]

(5.29)
which can only be satisfied for all x; and ¢ by choosing ki¢; = kpc; =
krcy = o, so that all waves have the same angular frequency, and

sinf) _ sinfrg _ sin HRr. (530)
€1 €1 (&)

This is another example of Snell’s law (see subsections 4.8.2 and 6.7.3).

Hence 0; = 6Orq and the angle of incidence is equal to the angle of

reflection for the dilatational waves. However, the rotational wave is

inclined to the free surface at a larger angle than the dilatational waves

(since 0 < ¢3/¢y < 1 means that 0 < Og, < 0y), with
. cy .
sin g, = 22 sin 0r.
C1

We can now write the displacement in the form
X1 sin 01 + x; cos 0y ;
C1
X1 sin 0) — x; cos 0 t) }

C1

u = Ay(sin 6y, cos ) exp {ia) (

+Ap(sin 0y, — cos O1) exp {iw <

+AR(cos Og, sin O ;) exp {iw <Xl sin Og, j X2 CosOrr t) } , (5.31)
2

from which we can calculate the stresses on x, =0 as

. Arsin20y  Apsin20;  Ag cos20;
012 = Wi - — - — exp(€r),
C1 C1 (&)
o1 = 122 (A1 + Ap)E + 2pico {(A[ Ap) 020t Rsin20x, } exp(Q),
Cq C1 2¢;
(5.32)

where

. X1 sin 6
Qr=iw (1—l—t>.
1

This means that, if the amplitude of the incident wave, A4y, is a known
quantity, we can write the stress-free conditions in the form
Ap '\ sin20; AR\ cos20;  sin20;
(A—) a (7) @ a
Ap A+ 2pcos 20, AR\ psin20g, A+ 2ucos 26
(A_l> < i >_<A_l> 6} T 1 ’

(5.33)
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These equations determine Ap/A; and Ar/A; as real quantities, which
shows that, on the free surface, both reflected waves are either in phase
or exactly out of phase with the incident wave.

5.4 Waves in Finite Elastic Bodies

So far we have considered the propagation of waves in either infinite or
semi-infinite bodies. All of the solutions we have found describe waves
that are non-dispersive. This is no great surprise, and is easily predicted on
dimensional grounds. Suppose we were to assume that o = w(k, 4, i, p).
It is then easy to show by dimensional analysis that o = k\/m f ()L/ u),
so that the phase speed, ¢, = w/k = \/u/p f (A/1), is independent of
wavenumber, k. The situation is rather different in a finite elastic body
in which there are one or more characteristic lengths. If we consider
the simplest situation, in which the body has just one characteristic
length, h, the assumption that w = w(k, 4, p, p, h) gives, after the same
dimensional analysis, ® = k\/u/p g (A/p.kh). In general, ¢, = cp(kh),
and the waves are dispersive. It is worth noting that for waves that have
a small wavelength compared with the characteristic length, kh > 1 and
g (A/mkh) ~ f (2/n), so that we recover the non-dispersive waves in this
case.

There are very important technological reasons for the study of waves
in finite elastic media. For example, surface elastic waves can excite
piezoelectric crystals (elastic structures that produce electricity when they
deform) so as to control the frequency of oscillators in watches and televi-
sion sets. Rods of elastic material are used in projectors and hydrophones
to generate and receive sound waves in water.

As we have seen for acoustic waves, a finite medium acts as a wave-
guide. In the context of elastic waves, this is a device or structure along
which a wave can propagate without spreading in all directions. This
lack of spreading means that the wave amplitude decreases less rapidly
than in the unguided case. Waveguides are primarily used to transmit
information from one place to another. More quantitatively, it can be
shown that in three dimensions a dispersive wave has amplitude decaying
like #~3. This is reduced to r~! in a two-dimensional waveguide, such
as a plate, and further reduced to r~1 for a one-dimensional waveguide,
such as a rod (see Keller (1977)).

We now consider two types of waveguide, plates and rods, and some
of the time harmonic dispersive waves that can propagate within them.
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(For a detailed discussion on the initiation and decay of wavefronts in a
waveguide, see the books by Miklowitz (1977) and Auld (1973).)

In order to simplify the analysis of this section it is timely to introduce
the Helmholtz representation of a smooth vector field. Recall that we
can write u = V¢ + V x H, where ¢ is called the scalar potential and H
the vector potential, along with the constraint V- H = 0. If we substitute
for u in (5.4), we obtain

pjtz (Vo +V x H) = (1 +2u)V(V?p) — uV x {V x (V x H)}, (5.34)

where we have used the identity V-(V x H) = 0. Commuting the operators

and rearranging gives

3¢ , PH o,
V{ = — G2V ¢}+Vx( P — VH) 0. (535

If we now take ¢ and H to be solutions of

62¢ 2v72 62H 2v72
a—t2=CIV ¢, 8t2 =C2VH

we can satisfy (5.35). We thereby reduce the problem of solving Navier’s
equations to that of finding solutions of two uncoupled wave equations,
one scalar, one vector.

5.4.1 Flexural Waves in Plates

By a plate we will mean a solid body bounded by two parallel surfaces,
X, = +h. We consider plane waves that propagate in the x;-direction,
in which there is displacement in both the x;- and x;-directions, but
not in the xj3-direction — a situation of plane strain. Both surfaces of
the plate are stress-free. If we take the vector potential in the form
H = (0,0, y(xq,x2,¢)) then V-H =0 and

=<@+6w adp Oy 0>.

6x1 6X2 ’ 5)62 6x1 ’
Both ¢ and y satisfy wave equations,

2o _ o (20, 20 Py _ o (P, Py
a2 \ax T axd o 7
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and the stresses relevant at x, = +h are

2 2 2 2
o = z(‘;‘f+a¢>+2 <M’ 6‘”),

0x3 0x3  0x10x2

2 52 62
612=u< 7o +———u2)>.

0x10x;  0x3  Ox3

(5.37)

If we look for solutions of these wave equations in the form
¢ = Yi(x2) explitkx; — ot)}, v = Ya(xp)explilkx; — wt)}j,  (5.38)

we find that

o (“’— —k2> yi—o &YX, (—2 —k2> =0.  (539)
dx3 c dx3 A

In a flexural or bending deformation, when the top surface of the plate
is in tension, the bottom surface is in compression, and vice versa, as
shown in figure 5.7. To achieve this, we take u; to be an odd function of
x; and u; to be even in x,. Consideration of the expressions for u; and u;
in terms of derivatives of the potentials shows that we must have ¢ odd
in x; and y even in x,. The appropriate solutions of (5.39) are therefore

Y; = Asinhax, Y, = Bcosh xa, (5.40)

(1)2

2 _ 2
a P —_— — —_— —
N

1
with 4 and B constants to be determined. We can now calculate the
stresses on the surface x, = h as
o12 = u{2A4iko cosh ah + B cosh Bh(k* + B2)} exp{i(kx; — wt)},
o2 = {AA(o* — k?)sinh oth (5.41)
+2u(Aa? sinhoh — Bikf sinh fh)} expli(kx; — wt)}.

Setting these to zero gives two linear equations for A and B. For a
non-trivial solution, we require

dpk®af sinh fhcosh ah = (B? 4 k*)(A(o*> — k?) + 2ua®) cosh Bhsinh ah.
(5.42)
This can be rearranged into a more convenient form by noting that
Mo? —k*) + 2p0 = p(B* +k?),
so that the dispersion relation, (5.42) can be written as
tanh fh_ (B? +k?)?
tanhoh  4k20f

(5.43)
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Fig. 5.7. The propagation of flexural waves in a plate.

In general, it is necessary to solve this relationship numerically. For
a given value of k, the corresponding value of w can be found by a
combination of interval bisection and Newtonian iterative methods. The
values of w corresponding to short waves (kh > 1) and long waves
(kh < 1) can, however, be found analytically.

Short Waves (kh > 1)

If we assume that w = ak + o(k) as k — oo then, at leading order,

) 3 ) 3
=k|1——= =kl —— ,

and tanhoah ~ 1 and tanhfh ~ 1 for h = O(1). At leading order, the
dispersion relation, (5.43), therefore gives

(5.44)

This is equivalent to the dispersion relationship, (5.26), that we obtained
for Rayleigh waves. This is because, if we take the wavelength of these
short waves as our unit of length, the thickness of the plate appears to be
very large. With the symmetry we have assumed for these flexural waves,
we are actually asymptotically solving the problem in a half space with a
stress-free boundary, and hence obtain the solution for Rayleigh waves.

Long Waves (kh < 1)
In this case things are more delicate! An inspection of the dispersion
relation with o = B = k + O(k?) as k — 0 reveals an identity at leading
order, so we must go to higher order terms. (This is usually a sign of
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some foul algebra to come.) Let’s start by posing an expansion
o = dk® + k™ + 0 (k°*2),

where d, e and 0 are as yet unknown, and are to be found by asymptotic
balance. That ¢ is even is clear, as the dispersion relation is invariant
under the transformation k+ —-k. Using this expansion for w, we find
that

B =k {1 (d2k25 2 4 2dek?) — d“k“" — 4 } ,

and expanding each tanh in (5.43) to fifth order, we obtain

1 1 1 1 N
1— 21262 4 9ok VY sapa04
{ <2C2+22)(dk + 2dek )+<4C%c% 32 8c‘1‘>dk }

> {kh hd k2¢5 1 dehk25+1 @ hSd k20+1 +h5k5 h_d4k45—3}
2¢3 e 3 2¢3 8¢5

2{ (d2k2() 2+2dek2())+ d4k40 4}
2

hd* 251 deh 264+1 h3k3 h3d2 26+1 515 hd* 453
X {kh 2c1 k k = ch —k +nwk 8c4k .
(5.45)

By collecting like terms, we find that at O(k) we have an identity. The
question now arises as to the size of 4. The richest balance occurs when
26 — 1 = 3, so that 6 = 2. Balancing at O(k?) then gives

3 1 1 hd? B hd>  dh
—— — hd® — |- - —, 5.46
3 (2 2t 2c%> 2¢3 3027 (5.46)

which is another identity. Proceeding to O(k?), we find that

o+ @ — @ 42 h_3 — hd®
23 ¢ 2c1 2 323

7
b
o \ 1
(262+2 >2d h+dh( _E_@>
Bd®  deh  d> W hd? Zdeh 1 1
— S ow sy " 4 =
o+ 2¢? ad A ( 3 2c%> a3 +d h<4c‘2‘ 80‘1‘>'
(5.47)

After some algebra, we find that

2k 11
32\ g &
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and our low frequency limit is

2k 11 ,

The flexural waves are dispersive in this limit, with the group velocity
approximately twice the phase velocity, so that the energy that caused
the bending propagates twice as fast as the wave crests.

Finally, we note that, for any serious computation using the dispersion
relationship, it is worth writing it in dimensionless form. If we define
@® = hw/cy, k = kh so that

ﬁzzl(kz_-z)zﬁ_z “2_i<1;z_éa)z>=5‘_

h? &

we then need to solve the dimensionless dispersion relation

tanh f  (B? + k%)
tanha  4k’af

which contains the single material parameter ¢3/c2. This can be written
in terms of the Poisson ratio as

g 1—2

21—y
The dispersion relations we have derived for the short and long wave
limits are shown in figure 5.8 for the typical steel we considered earlier,
along with the dispersion relation determined numerically from (5.43).
Figure 5.9 shows bending waves in the elastic plates that form the body
of a guitar.

5.4.2 Waves in Elastic Rods

By an elastic rod, we mean a body of elastic material with a finite cross-
sectional area. We restrict our attention to straight rods with circular
cross-sections to avoid unnecessary complexity. It should be clear that
with this type of three-dimensional body there are four modes of wave
propagation. Longitudinal (down the axis of the rod), torsional (rotational
only in the cross-section of the rod) and two flexural modes (bending of
the rod about the two principal axes of the cross-section). This is in con-
trast to the study of waves in plates of the previous subsection, where only
the two longitudinal and one flexural mode were present. It is convenient
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Fig. 5.8. The phase speed as a function of wavenumber for flexural waves with
v = 0.32, as for a typical steel.

for subsequent analysis to state the components of Navier’s equation in
cylindrical polar coordinates (r, 0, z) with displacement (u,v,w) as

u 2 0v 1 0A 1d%u

2, W 20V va_ 1 uvu

Viu 2 r269+1—2v8r ¢l o’

v 20, 11 .
Vi r2+r269+1—2vr69_c§6t2’ (548)

1 oA 13w

2 oa_1ow
VW+1—2v dz o2’

where the Laplacian is

? 10 1o 0?

20_ YV 0 v 9
Vi=omTra T re T a2
and the dilatation is
A Tav ow
o r  ro0 " 0z
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Fig. 5.9. Bending waves in the body of a guitar. A typical magnitude for the out
of plane deformation is 1 um.

The components of the stress tensor that we shall use most frequently
are

o = A+ 208 g,0=u<____+_
or

—ufo  low (v

=M\ v ) T\ & T )

5.4.3 Torsional Waves

Torsional waves involve a displacement in the circumferential direction
only, as shown in figure 5.10. In this case the displacement vector is of
the form u = (0,v(r,z,t),0), and we can work with Navier’s equations
directly. Noting that A = 0, the only equation we have to solve is
, v 1%
=2 5.50
Vi 1 o (5-50)
If we look for a solution of the form v = F(r) exp{i(kz — wt)} then

1 2 1
F'+-F + (w—z—kz——2>F=0. (5.51)
r C2 r
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This is a scaled version of Bessel’s equation, and the solution that is
bounded as r — 0 can be written in the form F = AJ(sr) where
s? = (w*/c3) — k*. The only non-zero component of the surface stress is

v v
Or0 = H o r

and setting this to zero on the surface of the rod r = a gives
asJi(sa) — Jy(sa) = 0. (5.52)
Using the standard result Jj(x) = Jo(x) — (J1(x))/x, this becomes
asJo(as) = 2J(as).

This is a transcendental equation whose roots are tabulated (Abramowitz
and Stegun, 1972). The first three roots are as = 0, 5.136, 8.417 (=
a1, 02,03). Although it is clear that an infinite set of frequencies is excited,
the most important corresponds to s = 0. In this case the bounded
solution of the differential equation is F = Ar (where A = A/s in order
to take the limit s — O in the solution F = AJ(sr)) and our solution for
the lowest torsional mode takes the simple, non-dispersive form

v = Arexplik(z + cat)}. (5.53)

This is the fundamental torsional mode of the rod, and is always able
to propagate at the shear wave speed, c,. The only non-zero stress in
this case is 69, = pdv/dz = pdikrexp{ik(z + cat)}. If we take the total
moment of these stresses about the centre of the rod,

2n  pa
/ / rog.r dO dr = guZika“ exp{ik(z + cat)}, (5.54)
0=0Jr=0

we can identify the quantity mua*/2 as the torsional rigidity of the rod.
We interpret this as the couple per unit amplitude and wavelength that
will balance the inertial twisting of the rod. As usual, for each of the other
modes there is a cut-off frequency, below which the mode is evanescent,
since for the jth mode

This gives real values for the wavenumber provided the frequency is
larger than w; = ¢;4/07/a?. This is of some technological importance in
designing elastic waveguides as is the issue of how to excite only the lowest
mode (which propagates at a constant speed) when any such excitation
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Fig. 5.10. Torsional oscillations of an elastic rod. Note that the sense of rotation
changes along the axis of the rod as well as with time.

must produce a rotational displacement which is strictly proportional to
the radius.

The High Frequency Limit"*

We can also study the propagation of elastic waves in the high frequency
limit using an asymptotic method. These methods are extremely useful
when investigating problems in which there is a more complicated geom-
etry, such as a slight curvature of the rod or a non-circular cross-section,
when it is difficult to find a separable solution of the equations. Details of
solutions for curved rods can be found in Keller (1977). We now illustrate
some of the ideas behind this work by re-examining the torsional wave
problem above using a formal asymptotic method.
The appropriate equations are

v 1 0%
Vii——=—=— in0<r<a 0<z<on, (5.55)
r2 3 or?
with
v v
52; onr =a.

If we look for a solution of the form v = e~V (r,z), the function V

satisfies
2

1 1
Vie + =V, + Voo + <“’—2 _ —2> V =0. (5.56)
r ¢ T
As w is large, it is convenient to define a small parameter € = ¢, /@ and
seek a solution for e < 1 of the boundary value problem

1 1 1 |4
Vrr+_Vr+sz+(_2__2>V=O’ Vi=—onr=a (557)
r € r r

in the domain 0 <r < a, 0 < z < oo. Since (5.57) suggests that V' =0 at
all algebraic orders of €, the appropriate form of asymptotic expansion
for V is

V =exp [i {@ + Vi(r,z) + €Va(r,z) + - }] . (5.58)
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This is sometimes called the WKB or WJKB expansion, which was
developed, from techniques pioneered in the nineteenth century by Green
and Liouville, by Wentzel, Jeffreys, Kramers and Brillouin in the 1920s
(see King, Billingham and Otto, 2003). Substituting (5.58) in (5.57) and
collecting like terms, we arrive at

Vo> [V’
(6_;)> +<6_Z°> _1 (5.59)
%(a, z) =0, (5.60)

at O(1/€?), and

_VedVi Vo dVi i 3V Vo 1avo -0 (5.61)
or or 0z 0z 2\ or? 0z2 ror ) '
oV 1
lw(a,Z) = E’ (562)

at O(1/e). Equation (5.59) is usually referred to as the eikonal equation
and (5.61) as the transport equation, names that were first used in associ-
ation with optics. The eikonal equation is a nonlinear first order partial
differential equation and some care must be taken with its solution.

If we write [ = dVy/0r and m = 0V;/0z, the equation may be repre-
sented in the form F(I,m) = 0, where F = [*> + m*> — 1. Differentiation of
this with respect to z gives

OF 0l  OF 0m OF 0m  OF om

——+—-=0 — o

ol 0z~ Om 0z ol or = 0m 0z
using commutativity of partial derivatives. Now consider the changes in
the values of | and m as we move by increments dr and dz along a path,
usually called a ray, in the (r,z)-plane. If | and m are constant on this
path, so that

=0, (5.63)

om om
dm = drﬁ + dza—z =0,

then
dr om/0z J0F /0l

dz ~ om/or OF/om’
If we write | = sinf, m = cosf, then F = 0 is an identity and the
paths of constant [ and m are dr/dz = I/m = tanf. We can now
integrate | = 0Vy/0r = sinf and m = 0Vy/0z = cosf to get Vy =
rsinf + z cos 0 + ¢ and, by use of dr/dz = r/z = tan 0, could eliminate 0
to get Vo = Vy(r,z). However, it is expedient to examine our boundary
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condition, dVy/0r(a,z) = 0 or [ = 0 on r = a. This clearly forces us
to choose 8 = 0 or m and hence V, = +z + ¢. With this choice of
Vo, the transport equation, (5.61), reduces to dV;/0z = 0 with solution
Vi = Vi(r). To determine this (apparently) arbitrary function, we must
go to higher order in our perturbation process.

At O(1) we find

paz dvi\* 1dv, _ov, 1
lﬁ—<7) ti——L 222 —q, (5.64)

which can be written as 0V>/0z = f(r), and integrated to give V, =
zf(r) + g(r). However, the term zf(r) grows as z — oo and will destroy
the validity of our asymptotic expansion unless we take f(r) = 0, so that
&P (dV1>2 1dvp 1

T\ ) Y 2=l (5.63)

Our system has now been closed by this secularity condition. To solve
this equation, we write G = —idV;/dr to get

dG , G 1

W_G - (5.66)
which is a form of Riccati’s equation. In general, these are difficult to
solve. The exception to this rule is when we can guess an exact solution,
in which case the equation linearises. Since G = 1/r is an exact solution,
we now write G = 1/r + 1/@, and G satisfies

46 + ¢ =—1, (5.67)
dr ~r
with solution
G = —%r + %,
and hence
. r
Vi =ilog (m) + B.
In order to satisfy the boundary condition
AV 1
IW(a) =7
we must choose A = 0 and hence V; = —ilogr. Our complete high

frequency solution takes the form

V =exp [i { —_Fz: €_ ilogr + 0(6)}]
=rexp{i{(+z +c¢)/e}} {1+ O(e)}. (5.68)




5.4 Waves in Finite Elastic Bodies 155

This is clearly recognisable as the lowest mode, (5.53), of the solutions dis-
cussed earlier. This result is no surprise after we consider the wavenumber

for the jth mode,
L
. A
J = g - ; >

which we determined earlier. Expanding for @ > 1 gives k = /¢, +
O(1), and the whole ensemble of different modes collapses onto the
non-dispersive fundamental mode at leading order. The other dispersive
modes are still there, but are at higher order in our WKB expansion.

5.4.4 Longitudinal Waves

Longitudinal waves propagate down the axis of the rod with no rotational
displacement but displacement in both the radial and axial directions. As
we discussed earlier, an alternative representation of the displacements
is available to us via the Helmholtz representation, and it is convenient
to make use of this to study longitudinal waves, for which v = 0. It is
sufficient in this case to take H = (0, y(r, z,1),0) and ¢ = ¢(r, z, 1), so that

0 Oy 09 10
T T VT e
and ¢ and y satisfy

PP 10¢  Pp 18

o2 ror | 0z2 ¢} o’
(5.69)

If we look for solutions of the wave equations satisfied by the scalar
and vector potentials in the form

¢ = F(r)exp{i(kz — wt)}, yp = G(r)exp{ilkz — wt)}, (5.70)
we find that the bounded solutions take the form
F = AJy(pr), G = BJ(sr),
with
2 2

w w
p2=——k2, SZZ__kZ.
.2 .2
i 5}
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The displacements are then given by

u={—pAJi(pr) — ikBJ(sr)} exp{i(kz — wt)} }

v= {ikAJo(Pr) + SBJ()(S}’)} exp{j(kz _ wt)} (5.71)

Stress-free conditions on the surface of the rod can be calculated by
setting ¢, = 0, =0 on r = q, and lead to

{g.n (pa)— 3(s° —kz)Jo(Pa)} A+ { s - iksJo(sa>} B0,

—2ikpJi(pa)lA — {(s*> —k*)Ji(sa)} B =0
{ jA—{ !

(5.72)

The condition for a non-trivial solution leads to the dispersion relation

2D (52 4420, pas(50) — (7 K)o () — 4K (pa(sa) =0,

(5.73)
a result due to Pochhammer (1876) and Chree (1889). As in the previ-
ous subsection, the dimensionless version of this reduces the relationship
between the five variables w, k, a, 4 and p to one between three dimen-
sionless variables, which is the most convenient form for computation.
An important limiting case is long waves, ka < 1, for which an expansion
in the form w = ak + O(k?) gives

u(3i+2u)}% )
S g L EN ) 5.74
{MMW) *) (6.74)
Using

3+2u E

I+ @

this gives a phase speed ¢ = \/E/p + O(k?), which we can relate to
approximate theories of longitudinal waves. If the deformation in the rod
is assumed to be one-dimensional, with a stress—strain relationship of the
form ¢ = Ee = Edu/0x, the dynamic equations of motion take the form

Pu 0o 0%u

Porr “ox ~ "oax

This is a non-dispersive wave equation with a speed /E/p, as expected.

5.5 The Excitation and Propagation of Elastic Wavefronts”

The sudden application of a localised force or pressure to an elastic body
results in the excitation and propagation of wavefronts, which initially
travel away from the origin of the forcing. Earthquakes are a good
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example of this, and arise from a sudden motion in the tectonic plates,
or slippage along a fault in the earth’s crust. We now consider two initial
value problems that have some of the features of an earthquake. These
were first studied by Lamb in 1904. Firstly, we study the response of an
infinite elastic body to a suddenly applied load, and secondly, we analyse
how this response is modified by the presence of a free surface. Of course
in an earthquake things are more complex than this due to the effects
of the finite size, material anisotropy and internal structure of the earth
and its surface. It should be clear that here we are just establishing some
basic principles for the motion of elastic wavefronts.

5.5.1 Wavefironts Caused by an Internal Line Force in an Unbounded
Elastic Body

Consider a line force, F = Fyd(x;)d(x,)f(¢), acting on an unbounded
elastic body. The force is applied when t = 0, so that f(t) =0 for t < 0.
The coordinate system and direction of the force are shown in figure 5.11.
Since this applied force is independent of the coordinate x3 and there
are no boundaries, the displacement in the x3-direction vanishes as does
any functional dependence of displacement, stress and strain on x3. We
therefore have a plane strain problem for which the governing equations
are (5.36). As the material ahead of the force is in compression and
that behind it is in tension, the response to this line force is odd in the
variable x,, so that the normal stress on the plane x, = 0 vanishes for
x1 # 0. For similar reasons the displacement in the x;-direction is also
odd in x,. Hence we only need consider this problem in the half space
—o0 < x1 < 0o, 0 < x; < o0 subject to the boundary conditions

1
022(x1,0,1) = —§F05(x1)f(t), ui(x1,0,t) = 0.

(The factor of % arises as we have split the whole space into two halves.)
Since the body is at rest prior to the application of the force, we impose
the initial conditions

ui(x1,x2,0) = aa—?(xl,xz,O) =0 fori=1,2.

Our task now is to solve the wave equations (5.36) for the vector and
scalar potentials, subject to the boundary conditions appropriate to the
problem. To do this we begin by taking a Laplace transform in time
and a Fourier transform in the spatial variable x;. Denoting by a bar a
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x|

X2
Fig. 5.11. A line load on an unbounded elastic body.

variable that has been Laplace transformed (1+ -s) and by a star one
that is Fourier transformed (x;+ ), the wave equations become

%" s\ - orp* s?
—(K+S5)d"=0, — — K>+ )p"=0.
rr = (Pr)d =0 Sr-(ee )

The solutions that decay as x; — oo are

N
¢ (k,x2,5) = A(s, k) exp {— <k2 + i—2> xz} ,
i

2\ 3
" (k,x2,5) = B(s,k)exp {— <k2 + j—2> xz} .
2

Since
_0¢ Oy
up = aXI + axzv
and hence
. o e OP"
171 == —lkd) + 6_1)2’

the displacement boundary condition is

op*
a.XZ2

=ik¢" on x, = 0.
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This means that

, 8 5 .
—(k +c_2 B(s, k) = ikA(s, k).

2
The stress boundary condition on x; = 0 can be written in the form
¢ ¢ 0%¢ 0%y 1
A Qul =— —=——— ) =—=Fyd t),
<6x2 * 6x2> +a (axg 6x16x2) 7 Fodlx)f ()
which, making use of the wave equation for ¢, can be double transformed
to
A s 2p* 1 -
gs ¢+ 2u ( o —Hk&x ) ——zFof(S),
where f(s) is the Laplace transform of f(t). Substitution for ¢* and §*
gives
lkF()f(S)
2ps? (k2 + j—)

If we now concentrate our attention on the displacement in the xi-
direction, we can calculate

_ 1 1
_«_kFof(s) (2 i ’ _ (2 i ’
U= 2952 lexp{ (k + c% X2 exp k* + C% X2 7.

The inversion of double transforms is usually a rather difficult task.
However in this case we can proceed in an operational manner by
inverting first the Fourier transform and then the Laplace transform.
Consider the Fourier part, for which we must evaluate two terms of the
form

A(s, k) = ;p%j_"(s), B(s, k) =

(ST

1 o0

1
o koo —(K2 452 /¢2) 2 xo
o ike ikx (k +s /(1) * dk
TS

— g 1 * —zk‘q (k‘+s /et )2 X2
X {2n32 / dk

a 1 *© —(k2+‘2/ 2)%
i cos(kx)e sra)txedk s
1 0

By using a table of cosine transforms (for example, Erdélyi, (1954)) this
can be written as

0 ¢l X7 ( s
_oda o g (farai) L,
axl s /x%—i—x% C1
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where K; is a modified Bessel function of the second kind. We now have

__ Fof(s) @
i = 2 o F, —Fy)

where
Rtk ().
TS X3+ x5 G

The second part of our inversion can be done using a table of Laplace
transforms. Denoting the Laplace transform by L[ ], the result

1 [ 2 1+ 2
1 x {tz_(xf+x%)}2H . X{ + X3

nx? + x3 c Ci

¢ X S
Lo e ()
S X242 Ci

is a standard one (Erdélyi, 1954) and, using the Laplace convolution
theorem, we can write

oo (2 fe- (20 e SALRA

rol—

U=
21p 6x1 X3 +x3 A &)
1 2, 2
X) 2 X3 +x3 2H . X+ X3
VRN 3
x|+ X3 (o Cq

This form of solution is still rather complicated for a simple interpretation
due to the presence of the convolution product, denoted by an asterisk. To
simplify things let’s choose f to be a Heaviside function, H(t). Evaluating
the convolution product and writing r> = x7 + x3 as the distance from a
point to the origin of the forcing we find that

Foxix>

2nu (cl/cz)zr“
0 for r > ct,

«  at (et —r?)

u =

=

for cot < r < cqt,
oo nd
— Lt(ca* —r?)? for0<r<eot
2

ol

et (et —r?)

By following the method outlined above it is straightforward to obtain
expressions for quantities such as the stress and vertical (x;) displacement.
All of these have a qualitatively similar structure. There is a cylindrical,
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dilatational wavefront at r = ¢;t and a cylindrical, rotational wavefront
at r = cpt. There is no disturbance ahead of the dilatational wavefront,
only dilatational displacement between the two wavefronts and a mixture
of both types of displacement behind the rotational wavefront. Ast — o
with x; and x, fixed, only the disturbance behind the rotational front is
left within the body and

_ Foxix, 1) 2 1
u1_4n,ur2 {1 (cl) +0 2)°

which is the equilibrium displacement for a line force.

5.5.2 Wavefionts Caused by a Point Force on the Free Surface of a
Semi-infinite Elastic Body

We now consider the displacement caused by a point force suddenly
applied to a semi-infinite elastic body with a free surface. If the force is
located within the body, one feature we would expect, in light of the above
analysis, is that of dilatational and rotational wavefronts propagating
outwards from the origin of the force. When these reach the free surface
we would expect both reflection and the excitation of surface Rayleigh
waves. The reflected primary waves are similar to those discussed earlier,
although they are more complicated as they are not planar. An intriguing
phenomenon occurs with the surface waves. Recall that for Rayleigh
waves we need both dilatational and rotational components in order to
satisfy the stress-free conditions on the free surface. When waves are
generated by a line source in the interior of the body, we would expect to
have two wavefronts moving on the free surface — one dilatational and
one rotational. Between these there is only a dilatational displacement
and, at first sight, we would appear to be unable to satisfy the stress-free
boundary conditions at the free surface. A careful study of this initial
value problem reveals the presence of a rather different type of wave,
which connects the dilatational and rotational wavefronts. This is usually
referred to as a head wave, and its structure is such that it will allow a
type of transient Rayleigh waveform to move over the free surface of an
elastic body in response to the forcing. To get further insight into this
surface wave effect we now consider what happens when a point force
is suddenly applied directly on the free surface of an elastic body. This
avoids the reflection problems mentioned above for an internal force.

If a point force FoH(t) is suddenly applied to the free surface of a
half space z > 0 at the origin, the wave motion is axisymmetric and we
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FyH (D)

&

Fig. 5.12. A point force suddenly applied to the free surface of an elastic half
space.

use the cylindrical coordinate system shown in figure 5.12 to describe
the boundary value problem. The wave equations satisfied by the scalar
and vector potentials, (5.69), are to be solved subject to the boundary
conditions

6.=0, 0., = —F()H(t)M onz =0,
r
and the initial conditions
¢(r,z,0) = p(r,z,0) = %(r, z,0) = %—f(r,z,O) =0.
To see where the normal stress boundary condition comes from, let’s
first write it in Cartesian form, as o, = —FyH(t)d(x)o(y). Now the

two-dimensional delta function has the property that

/_i /_ : 3(x)3(y)dxdy = 1.

Transforming to polar coordinates, this becomes

2n 0
/ f(r)o(r)rdrdf = 1,
0=0 Jr=0
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where we have written 6(x)d(y) = f(r)o(r) since the delta function acts
isotropically. Evaluating the 6 integral, we have

/OOC f(r)o(ryrdr = ZL’

which is satisfied if we choose f(r) = 1/nr, giving
0
500 = 2,

If we take Laplace transforms with respect to time, the wave equations
become

’¢ 109 _&5 s Pp  1ap P S

mrra T e m e T T av

In order to proceed we need to use Hankel transforms. These arise
naturally in the solution of axisymmetric problems in a half space, and
to some extent can be anticipated by the forms of solution for waves in
elastic rods, (5.70) and (5.71). The Hankel transform of order n is defined
to be

f;(k)=/0 ‘J,,(kr)rf(r)dr,
with inversion formula
fr)= / Ju(kr)k £ (k)dk.
0

Taking transforms of order zero for the scalar potential and order one
for the vector potential gives

52(}58 2 62_ 2 2 — %
0z2 (k >¢0 % 622 (k cz> 1 =0

Recall that a bar denotes a Laplace transformed variable. The bounded
solutions of these equations are (}53 = A(s,k)e™, ip; = B(s,k)e ", where

1
SZ i SZ 3
a=<k2+3> , ﬁ=<k2+7> ,
1 )

and A(s, k) and B(s, k) are to be determined from the boundary conditions.
The expressions
oy 10
or 0z’ 0z ror
transform to
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Performing these transformations is fairly straightforward, and we give
details now only for u. Laplace transforming first gives

__ 2 0p
u= E — E
If we now multiply both sides by rJ;(kr) and integrate we have
i = / rJi(kr)udr = / rJl(kr)%dr _2 / rJi(kr)ipdr.
0 0 or 0z 0

The second of these integrals is {7, the Hankel transform of order one
of (. We deal with the first integral by integration by parts to give

/Ooc rJl(kr)aa—(ﬁdr = rJl(kr)qﬁ / q’)— (rJi(kr)) dr

The contributions from zero and infinity vanish for a potential ¢ that
is zero outside some finite region. Recalling that d(rJi(r))/0r = rJo(r),
we can recognise the remaining integral as a Hankel transform of zeroth
order, and hence

Jp;
- —k¢0 621

The transforms of the normal and shear stresses are

- {<2k2 >¢0+2 66‘7 }
G.,=—u { 5@% <2k2 2) P ;}
A

If we transform the boundary conditions on z = 0 we find that

Fy
_;z =" 6; =0.
TS

Substitution for (}58 and ;] into the transformed expressions for stress
gives rise to two simultaneous equations for A(s,k) and B(s,k) with
solution

Fo (22 +%
oo ERE) L k
wusD(s, k) wusD(s, k)

where

2\ 2
D(s,k) = (2k2 n :—2> — 4k%ap.

2
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Im(g)

L= [ 4

o > Re(g)

Fig. 5.13. The contour for inversion of the double transform (5.75).

We can now collect all the dependent variables together and find that
the double transformed displacements take the form

=% FO 2 2 —0z —pz k
u = {(Zk Cz) e 2ofe DGR’

_w FO 2y s\ - 2 B «
2k ) AL .
W Cmu {( c2> sD(s, k)

We now focus our attention on the vertical displacement of the free
surface itself. By the Hankel inversion theorem,

Fo /OC
———Jo(kr)kdk.
nucl Jo D(s,k) olkr)

It is convenient to introduce a new variable # = k/s, which transforms
this integral to

w0, = 0 /;{( n (w4 &) o) N

2 1 1
THe 2#—#%)2—4n20ﬂ4—§)2(W—k%)z}
2 1 2

The denominator of this expression,

D 2 1 ? 2 2 1 : 2 1 :
Dim=\2n"+ =) =4 {n"+—=) (n"+=5) .
) G )

is very similar to the equation for the Rayleigh wave speed. Indeed if we
replace n by i/n some simple manipulation leads to (5.26) for the zeros
of D(i/n). We deduce that the zeros of D(5) are simply +i/cg.

w(r,0,s) =

=
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In order to proceed we note that the Bessel function of order zero can
be represented as (Watson, 1922)

2 o0 ixp
Jo(x) = ZIm { / e—ldp},
T (PP 1)

so that we can write

2 1 .
won\n”+ o isnrp
0(r.0.5) = =1 Im / (7 +2) / ("’ dpdn S . (575)
0 1

nlucs D(n) p?—1)

rol—

Our objective now is to express the second of the two integrals above
as a standard Laplace transform so as to make the Laplace inversion of
the double transform straightforward (this is known as the Cagniard—de
Hoop technique). To do this we must use Cauchy’s theorem on the contour
indicated in figure 5.13. There are branch points on the imaginary axis
at n = i/cy and i/cy, and a pole at n = i/cg. The contributions to the
integral from the indentations around the branch points vanish as the
singularity is weak. The contribution from the semi-circle around the
Rayleigh pole at i/cr does not vanish, but will not appear as it makes a
real-valued contribution to the integral. We therefore have

w(r,0,s) = — dp dq

T2 ucs

1
(g2 1)’ w
2F() Im /x( q +c%> Q/x e—sqrp
0 1 (

3 D(iq) p>—1)z
Now
H l _ 0 —Sqrp
L [M] - / I
(> —q°r?)? t(pr =12
is a standard result (Erdélyi, 1954), which means that we can now invert

the Laplace part of the double transform to give, using L~' [Im [*] =
Im " L7'[ 1,

1
_ v (—*+ %) q
W 0,1) = 0 1m / —( ) d
0

n2uc D(ig)(> — ¢?r?)z

There is still some work to be done in interpreting the solution in this

form. The quantities ¢ and (12 — ¢*%)? are both real, so w(r,0,1) is zero
I o

unless E(q,r,t) = (—q*> 4+ 1/c{)* /D(iq) has a non-zero imaginary part.



5.5 The Excitation and Propagation of Elastic Wavefronts® 167

On the line segment OL this quantity is real, so w(r,0,t) = 0 for r > c;t.
On the line segments LT and TR, it takes the form

()
il on LT,

E(q,r.t) =

o=

i (qz_ L2)
<
P 1
1 2 of 5 1)? 2
r_z_zqh —4q? % qh__h
2 1 2

This means that the vertical displacement can be written in the form

o
=
~
~

0 for r > cqt,

2F t
———F|( - for cot < r < cqt,
w(r,0,1) = rucar (r) : !
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In order to interpret this solution, consider a point on the free surface
a distance r from the point of application of the force. There is no
disturbance until ¢t = r/c; when a dilatational wavefront arrives. This
is followed when ¢t = r/c, by a rotational wavefront. The form of dis-
placement between these times is proportional to F (t/ r), which contains
both dilatational and rotational components so as to satisfy the stress-
free conditions. At a later time, ¢t = r/cg, the Rayleigh wave arrives,
carrying with it a singularity in the displacement. This singularity occurs
because of the delta function forcing of the free surface, and it arrives
at the Rayleigh speed because the top limit of integration coincides with
a zero in the denominator of the integrand. The Rayleigh wave is the
largest part of the disturbance to the free surface. After it has passed, the
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ey rw(1,0,1)
2F,

©fcy 1 Cofcg oot

Fig. 5.14. The vertical displacement due to a point force Fy at a free surface at a
fixed position. The dilatational wavefront arrives at a dimensionless time c¢,/c;,
the rotational wavefront at time 1, and the Rayleigh wavefront at time ¢, /cg.

disturbance falls to its equilibrium value, as sketched in figure 5.14. It is
worth emphasising that these displacements are attenuated with increas-
ing values of r and, at some distance from the applied force, it is only
the Rayleigh component that will have any appreciable size, something
that is confirmed by seismological data.

Exercises

5.1 A sphere of elastic material of radius a vibrates at a frequency
w. By taking a displacement field of the form u = (u(r,t),0,0),
where r is the distance from the centre of the sphere, show that:

(a) The motion is longitudinal (V x u = 0).
(b) Navier’s equation reduces to the single scalar equation,

Pu 0 (10,
ﬁ—ﬁ(m““))
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(¢c) The assumption that the solution takes the form u =
U(r)e ™ = (d¢p/dr)e ! leads to

Ld (,dpN\ 5 — /e
2 (r W) = —k*¢p, where k =w/c;.
(d) The bounded solution of this equation is
Asinkr
¢ = .
r
(e) If the normal stress,
ou  2U
o = (A+21)—— + >
or r
vanishes on r = a then
tanka 4c3
ka 4¢3 —k2a2c}

The roots of this equation are the characteristic frequen-
cies of vibration of the sphere.

A two-dimensional plane rotational wave with amplitude I and
angle of incidence 6; is reflected from the stress-free boundary
of an elastic half space. If the dilatational reflected component
has amplitude D and angle of reflection Orq and the rotational
reflected component has amplitude R and angle of reflection Og;,
show that

sinf; sinfgr, sinfgrq

(&) o (&) o C1
Show that the reflected dilatational wave can vanish if 6 = 0 or
n/4, provided certain conditions, which you should determine,
are satisfied by the amplitudes of the other two waves.

If another elastic material in x, > 0 were to be bonded to the

material in x, < 0, what effect would this have? What happens
for x, > 0?
A strip of elastic material with depth & and material properties u
and p is bonded to a half space of a different elastic material, with
properties ¢’ and p’, along an interface x, = 0. Waves propagate
along the interface in the x;-direction, causing a deformation in
the x3-direction only. Show that:
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(a) The assumption of a displacement field u = (0, 0, u3(x1, x2))
in each material reduces the equations of motion to

(b) Solutions of the form

u3 = (A cos sx, + Bsinsx;) cos{k(x; — ct)} for 0 < x, < h,
uy = Ce*™ cos{k(x; — ct)} for —o0 < x, <0

are possible, provided that

E T € R
k-2 R (&)

where ¢3 = u/p and (c4)> = i/ /p'.
(c) By enforcing continuity of both displacement and the one
non-zero component of the stress, o3;, show that

/

(1)
_ _ 2 _ ﬁ 2
A = Bcot(sh) =C, tan“(sh) = </l>

)

(d) The wave velocity, c, lies between the two transverse wave
velocities ¢, and ¢). These are known as Love waves.

5.4 Two elastic half spaces are bonded together along x, = 0, and
waves are made to propagate along the interface between the
two materials. The material properties in the lower half space
x; < 0 are denoted by a superscript 1, whilst those in the upper
half space x, > 0 have no superscript. By looking for two-
dimensional solutions of Navier’s equations in the form

up = {Are b 4 Aye P2 explik(x; — ct)},

—b ik
Uy = {.—1A1€_b'x2 + [l?—zz‘lze_bp<2 } exp{ik(x; —ct)},
k
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ul = {Azeh + Agebe2) explik(x; — ct)},

uh = ﬁA3eb3x2 — iAz;eb“x2 exp{ik(x; — ct)},
ik b4

&2 3
b3=k<1_W>’

c2
”4:"<1‘@>’

that satisfy continuity of stress and displacement, show that

(ST

1 1 —1 —1
by k bs k
K by k by
by SNk b @ kT
k c3) b u k I (ch)?) by
2 | 2 |
-5 2 -E (2— ‘,2> -k
& 7 (¢5) 7

Is it possible to deduce that this equation has at least one real
root? These are known as Stoneley waves.

Torsional waves propagate down the axis of a hollow cylinder,
with inner radius a and outer radius b. What is the relationship
between their frequency w and wavelength 1?

If, instead of being hollow, the inner part of the cylinder were
to be filled by an elastic material with properties ¢’ and p’, would
this allow the propagation of torsional waves?

Show that the speed of Rayleigh waves in an elastic medium
with 4 = p is given by cr = 2¢»/(3 + 32)1.

Find high frequency approximations to longitudinal waves in
a circular elastic rod using the WKBJ method. Appropriate
equations are given in subsection 5.4.4.

Try to predict the structural form of the vertical displacement
w(r,z,t) in the case of a suddenly applied point force F on the
free surface of an elastic half space with properties A, u and p
using a dimensional argument. Use this form to attempt to find
a similarity solution of the problem.

A time harmonic normal line stress, a,, = —Fod(x)e", is applied
to the free surface y = 0 of a two-dimensional elastic half space.
Find a solution of the wave equations (5.36) with a harmonic
time dependence in the form of a Fourier integral. Calculate the
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displacements on the free surface as x| — oo, and show that
they consist of a Rayleigh wave and attenuated dilatational and
rotational waves.
A circular cylindrical hole of radius a in an unbounded elastic
body is subject to a shear stress around its circumference of the
form

o9 = 000(z)0(r — a)H (1),

O = Op; = 0,
where H(t) is the Heaviside function.

(a) Show that the motion caused by this stress involves a
circumferential displacement v = v(r, z,t) only.

(b) State the equation governing v(r, z,t) and solve the initial
boundary value problem by an integral transform method.
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Electromagnetic Waves

In order to understand the propagation of electromagnetic waves, we
need to study the equations that govern electromagnetic phenomena —
Maxwell’s equations. Rather than dive straight in by writing the equations
down, we begin by giving sufficient background material for a reader new
to this area. This will only scratch the surface of the subject, and the
interested reader should look elsewhere for an in depth introduction,
for example, the books by Jackson (1975) and Clemmow (1973). In
particular, we will not consider any relativistic or quantum effects.

6.1 Electric and Magnetic Forces and Fields

Most matter in the universe is thought to be composed of electrons, with
a negative charge, protons, with a positive charge, and neutrons, which
have no charge. An attractive force is exerted by an electron on a proton
and vice versa. A repulsive force is exerted by an electron on another
electron and by a proton on another proton. In a static situation, opposite
charges attract, like charges repel due to the electric force between them.
The SI unit of charge is the coulomb (C). An electron has negative charge
e=16x 107 C and mass m, = 9.1 x 1073 kg. A proton has positive
charge e and mass 1839 m..

It is found experimentally that, in a vacuum, the electric force between
two stationary point charges of magnitudes ¢; and ¢, at x; and x;
acts along the line between the charges, and is proportional to ¢;¢> and
IX; — X»|72, an inverse square law. We can therefore write this force F as

_ qiqer

== 1
dregrd’ (6.1)
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where

and the constant of proportionality is written in terms of €, the electrical
permittivity of the vacuum, with ey = 8.854 x 1072 Fm~! or (F = farad)
C?s’kg ' m™3. Note that under most circumstances we can treat air at
room temperature as if it were a vacuum. The electric force is rather
like the gravitational force, except that its magnitude depends upon the
product of the particles’ charges rather than masses, and it can therefore
be repulsive if the particles have charges of opposite sign. Gravity is
always attractive.

How does the electric force act? Rather than thinking in terms of one
particle acting on another, it is usual to think of the electric force in
terms of the electric field generated by a charged particle. We define the
electric field, E(r), due to a stationary point charge ¢; at x; so that the
force, F, on a particle with charge ¢, at x; is

F = ¢k, (6.2)
and hence
_ o qr
E= dneor’ (6.3)

Note that the electric field is unbounded at the point at which it is
generated. If there are a number of point charges, qi, ¢2,... .4, at Xy,
X2,...,X,, which generate electric fields E;, E,,... ,E,, the total force
exerted by these charges on any other point charge will be the sum of
the forces, F;, exerted by each of the n charges individually, so that

n
F=> F.
i=1
We therefore have the principle of superposition for electric fields,
n
E=) E. (6.4)
i=1

It is also found experimentally that a magnetic force is exerted by
permanent magnets and carriers of electric current on other permanent
magnets and carriers of electric current. An electric current is a flux of
electric charge. The most common example is the flux of electrons in a
current carrying wire. The magnetic force has very different characteristics
from the electric force, both physically and mathematically. There are no
magnetic charges, or magnetic monopoles as they are usually called, in
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(a) (b)

F
— <« <« >

A A

Attractive Repulsive

Fig. 6.1. The magnetic forces between two thin, parallel current carrying wires.

Maxwell’s theory. Whether magnetic monopoles actually exist remains an
open question — none have yet been observed experimentally. The basic
unit of magnetism is the magnetic dipole, which we can think of as an
infinitesimal loop of electric current. Permanent magnets are materials
that can support magnetic dipoles in their atomic structure. Rather than
go into the detailed mathematics of magnetic dipoles, it is easier to
consider the force between two thin, current carrying wires.

Consider two long, thin, parallel, straight wires a perpendicular distance
d apart, each carrying a steady current, I; and I, respectively, as shown in
figure 6.1. It is found experimentally that the two wires exert a magnetic
force on each other, perpendicular to the wires, proportional to 111, and
inversely proportional to d°. If the currents are in the same direction the
force is attractive. If the currents are in opposite directions the force is
repulsive. This is similar to the electric force, but electric currents take
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the place of static charges, and the direction of the force is perpendicular
to the direction of the currents. The generalisation of this to the magnetic
force, F, between two arbitrary closed loops of current, C; and C, is

,uOI I, 7{ f dxy x {dx; x (x; —xz)}, (65)
o Ja

X1 —xa[3

where x; and x, are points on the curves C; and C; respectively, and po
is the magnetic permeability of the vacuum, with yy = 47 x 107" Hm™!
(H = henry) or kgm C~2. Equation (6.5) is the Biot—Savart law. The next
step is to write the equivalent of (6.2) and (6.3) for the magnetic field.
Since there are no magnetic monopoles, we have to do this in terms of
small elements of current, and the equations are strictly only valid when
used in integrals along lines of current. We define the magnetic field,
dB(r), due to a small line element of current, I;dx;, at x; so that the force
on a line element I,dx, at x, is

dF = I,dx,; X dB, (6.6)
and hence

Ho r
dB = Elldxl X e (6.7)

In addition, we have the principle of superposition for magnetic fields,

B= z”: B.. (6.8)
i=1

We can combine (6.2) and (6.6) to give the Lorentz force law,
F=¢q(E+vxB), (6.9)

for a charge ¢ moving with velocity v in an electric field E and magnetic
field B. The magnetic force exerted on a moving charge acts perpendicular
to the line of motion (vxB), and tends to deflect the charge from a straight
line path.

So far we have been thinking in terms of isolated point charges
and lines of current. In order to make any progress with macroscopic
problems, we need to define a charge density, p(x), as

= % > a. (6.10)
Vv

where V' is a volume centred on x which is much bigger than an atom but
much smaller than any macroscopic volume. This is just the continuum
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approximation applied to charges. Similarly we can define a macroscopic
electric current density, j, as

j(x) = % > qv. (6.11)
V

where v is the velocity of the charge g. Conservation of charge can then
be written as

ap .
5, tVii=o (6.12)

Some of the greatest scientists of the nineteenth century showed that
there is a close connection between electrical and magnetic phenomena, as
we shall see below. Einstein’s theory of special relativity (which is beyond
the scope of this book) shows that these two fields are manifestations of a
single electromagnetic field. Perhaps even more surprisingly, electric and
magnetic fields, which were originally introduced as abstract concepts to
make it easier to think about the forces between charges and currents, are
able to propagate away from the charges that generate them. As we shall
see, electromagnetic waves are propagating electric and magnetic fields,
and account for the full spectrum from radio waves through microwaves
and visible light up to X- and gamma rays.

6.2 Electrostatics: Gauss’s Law

By the principle of superposition, (6.4), the electric field due to a distri-
bution of charge with density p(x) is

B — ! / PX)X = X0) 3 (6.13)

" d7ne Ix — x|}

where the integral is over all of space. This is rather an inconvenient way

to express how electric charges generate an electric field, and we would

prefer a formula that expresses this at any given point in space.
Consider a volume V with surface 0V and outward unit normal n, as

illustrated in figure 6.2. Now consider the electric field due to a point

charge ¢ at x,

X — X

q
Ex) =1 X~7¥%
) = Jres X —xof

(6.14)

If x¢ does not lie within V' then E is finite throughout V' and we can use
the divergence theorem

/ E-ndS=/V-EdV.
av 14
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Fig. 6.2. The volumes V and V.

If we calculate V - E from (6.14), we find that it is zero, and hence that
/ E-ndS =0, whenx, / E.
av

If x¢ does lie within ¥ we must proceed differently, since E is unbounded
at xo. Define the the volume Vj to be a sphere of radius a centred on
x¢ with outward unit normal ng, and a small enough that V) lies entirely
within ¥, as shown in figure 6.2. The region V' = V — ¥} is the volume
V with the small sphere V; excised from it. Since E is bounded within
V', we can proceed as before and show that

/ E-ndS =0.
v

Since oV' = 0V + 0V},

bid 2n q q
/ E-ndS=/ E-nOdS=/ sinede/ do a® - ==,
ov Vo 0 0 drega* €

where (r,0,¢) are spherical polar coordinates. Note that this explains
why the factor of 4 is included in the definition of the force on a point
charge, (6.1). If we now use the principle of superposition, we obtain
Gauss’s law,

/ E-nds—-L /p(x)d3x. (6.15)
v €0

This relates the flux of electric field out of a volume to the charge
contained within it. Since this must hold for all volumes V, the divergence
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theorem shows that

vV-E=2 (6.16)
€0
This is the first of Maxwell’s equations, and is also found to hold for

moving charges.

6.3 Magnetostatics: Ampére’s Law and the Displacement Current

For a distribution of current density j(x), the principle of superposition,
(6.8), shows that the magnetic field generated is

B(x) = 2 / i(%0) X —0_Px,. (6.17)
4n Ix — xg|?
Since
X=X _ (1)
X —Xo[? Ix — Xo|
we can write (6.17) as
B = Loy 5 [ IOy (6.18)
4rn [x — x|

This immediately shows us that
V-B=0. (6.19)

This is the second of Maxwell’s equations, and we show later that it is
also true for moving charges. Comparing (6.19) with (6.16), the equivalent
equation for the electric field, we can see that the charge density, p, acts
as a source of the electric field, but that the right hand side of (6.19) is
zero. This expresses the fact that there are no sources of magnetic field
(magnetic monopoles), only magnetic dipoles, or infinitesimal current
loops, in Maxwell’s theory.
It is also possible to manipulate (6.18) to obtain j in terms of B as

V x B = uj. (6.20)

This is Ampére’s law, and its derivation is exercise 6.5. Is (6.20) correct
for unsteady current distributions? Taking the divergence gives

V- (VxB)=0=uV-j,

but conservation of charge, (6.12), shows that

. 0p
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Equation (6.20) cannot, therefore, hold for unsteady currents. It was
Maxwell’s great insight that (6.20) will be correct if an extra term is
added to it. If we write

VxB=u(j+ip),

then to be consistent with (6.12) we need

. ap
\Y% D = E
Now (6.16) shows that by choosing
L J0E
JD — €0 61? >

we can satisfy (6.12). This is not the only possible choice of jp, but
experiments show that it is the right choice. What Maxwell postulated
on the grounds of mathematical elegance and simplicity was found to
be correct. The modified form of (6.20), correct for unsteady current
distributions, is therefore

1 0E
B= 1+ —=— 21
V x uo]—i-c(z) e (6.21)

where we define ¢g = 1/ _/ug€g for reasons that will become clear later.
This is the third of Maxwell’s equations. The quantity jp, is called the
displacement current, and is crucial for the existence of electromagnetic
waves.

6.4 Electromagnetic Induction: Faraday’s Law

If a closed loop of wire is moved through a magnetic field or a magnet is
moved through a stationary, closed loop of wire, a current is generated
in the loop. This is an example of electromagnetic induction and is the
basis of the generation of electricity by dynamos. Consider a closed loop
of wire, C, in an unsteady magnetic field B. Since a current flows through
the loop, there must be a non-zero force on the electrons, and hence

éF‘dx#O.

Equation (6.9) shows that, for an individual electron,

F o (E +v x B).



6.4 Electromagnetic Induction: Faraday’s Law 181

Now (v x B) - dx = 0 since the velocity, v, of the electrons is parallel to
the direction, dx, of the wire. This means that the electromotive force, &,

where
&= ]{ E - dx,
c

is non-zero. Experiments show that the electromotive force is given by
Faraday’s law,

&= —i [flux of B through C] = —i/B ‘nds, (6.22)
dt dt Jg
where S is any smooth surface that spans C, with outward unit normal

n. This shows, using Stokes’ theorem, that the electromotive force is
0B
/(VxE)-ndS=—/—-ndS,
s s Ot

B
E=——. 2

V x a (6.23)
This is the fourth and final Maxwell equation. Note that taking the
divergence of (6.23) gives
%(V ‘B)=-V-(VxXE)=0. (6.24)
Since (6.19) states that V- B = 0 for steady currents, (6.24) shows that
(6.19) must hold for unsteady currents as well.

To summarise, Maxwell’s equations in a vacuum are

and hence that

V-E=L, (6.25)
€0
V-B=0, (6.26)
B
E=—"—— 2
V x P (6.27)
| OE
B = [j + — = 6.28
V x Ho) + c(z) ot ( )

Note that the equation for conservation of charge, (6.12), is implied by
Maxwell’s equations. It can be derived by taking the divergence of (6.28)
and eliminating E using (6.25).
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6.5 Plane Electromagnetic Waves

We will now consider the source-free Maxwell’s equations, which are
(6.25) to (6.28) with p =0 and j = 0, so that

V-E=0, (6.29)

V-B=0, (6.30)
0B

E=—— 31

V x e (6.31)
1 0E

B=—-—. 6.32

VX g ot (6.32)

These govern the behaviour of the electric and magnetic fields in the
absence of any charges and currents in a vacuum, and have the obvious
solution E = B = 0. Are there any other solutions, which would suggest
that the electric and magnetic fields can exist even when there are no
local charges or currents to act as sources? If we combine (6.31) and
(6.32) we obtain

1 0’E 1 0°B
Vx(VxE)z—%W, Vx(VxB)z—%W.
The vector identity
V X (VxA)=V(V-A)— VA,
along with (6.29) and (6.30) finally gives us
1 0’°E
‘E=—— 6.33
v ¢t o’ (6.33)
VB = L ¢B (6.34)
g o’ '

This shows that E and B satisfy the vector wave equation, with wave
speed co. We have studied the scalar wave equation extensively in chap-
ters 2 and 3, where we found that, for plane waves, the general solution
is a sum of left- and right-propagating waves moving with speed cy.
Solutions of the vector wave equation must be treated somewhat dif-
ferently, but nevertheless are basically waves that propagate at speed
co ~ 3 x 103ms~!. Since this is so close to the experimentally measured
speed of light, Maxwell was led to postulate, correctly, that light is an
electromagnetic wave. The wavelength of visible light lies in the narrow
range 4 x 1077 to 8 x 10~7 m. The full spectrum of electromagnetic waves
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ranges through shorter wavelength gamma rays (< 107! m) and X-rays
(1079m) to longer wavelength infra-red radiation (10~ m), microwaves
(102m) and radio waves (> 1 m). None of these can be detected directly
by the human eye, but they are of huge practical importance.

We will focus our attention on plane electromagnetic waves. In a plane
wave propagating in the z-direction, the electric and magnetic fields are
given by

E(r,t) = Ec(2)e'", B(r,t) = Bc(z)e'™, (6.35)

where o is the constant angular frequency, r = (x,y,z) is the position
vector, Ec(z) and B(z) are complex vector functions of z, and in all
cases it is understood that we are dealing with the real part of E and B.
Substituting these functional forms into (6.33) and (6.34) shows that

EC(Z) — Eoeiiw:/co’ BC(Z) — B()eiiw:/(lo,

where Ey and By are constant, complex vectors. Since the fields are simply
functions of z + cpt, they are plane waves propagating in the positive or
negative z-direction with phase speed ¢y. However, we must choose Eg
and By so that (6.29) to (6.32) are satisfied. If

Eo = (Eox, Eoy, Eo:) and By = (Boy, Boy, Bo:),
then substituting for E in (6.29) shows that
Ey. = 0.
Similarly, (6.30) shows that
By, = 0.

The electric and magnetic fields therefore lie in the (x,y)-plane, per-
pendicular to the direction of propagation. Both (6.31) and (6.32) show
that

1 il

By = iaEy()a By() = +—Exo.

€o

If we define the wavenumber vector
)
k= <0, 0, —) ,
Co
and consider a wave travelling in the positive k-direction, we can write
. ) 1 . )
E(r,1) = Eoe' %", B(r,1) = —(k x Eg) "%, (6.36)
)

This solution is valid for any complex wavenumber vector k and complex
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electric field
_____ magnetic field

Fig. 6.3. The electric and magnetic fields in a plane polarised wave.

vector Eg, provided that |k| = w/cy and Eg -k = 0. If k has a finite
imaginary part, the wave decays exponentially in the direction of Im(k).
Equations (6.36) show that By oc k x Ey, and the three vectors Eg, By
and k form a pairwise perpendicular set, with k in the direction of
propagation and Ey and By perpendicular to each other in the plane
transverse to k. We refer to the plane containing k and Eg as the plane
of polarisation, as shown in figure 6.3.

With k real, if Ey, and hence B, is proportional to a real vector, the
plane of polarisation is independent of wt — k - r and the wave is plane
polarised. Otherwise, the plane of polarisation will rotate as wt —k - r
varies. In particular,

E(r,t) = Re(Ep) cos(wt — k - r) — Im(Ey) sin(wt — k - r).

If |Re(Eg)| = |Im(Eop)|, the vector E traces out a circle as wt —k - r varies,
and the wave is said to be circularly polarised. In any other case, E traces
out an ellipse, and the wave is said to be elliptically polarised. A plane
wave with arbitrary elliptical polarisation can be decomposed into a sum
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of two linearly polarised waves, simply by noting that
Ey = Re(Ep) + ilm(Ey).
Alternatively a plane wave can be written as the sum of two waves with
circular polarisation, since
E) = %(1 + i){Re(Eo) + Im(Eq)} + %(1 — i){Re(Eg) — Im(E)}.

The ability to decompose any plane wave into two plane polarised waves
with perpendicular electric, and hence magnetic, fields will prove to be
very useful in the following sections.

We can now consider how energy is stored in an electromagnetic field,
and how it is transported by a plane wave. Consider a space with electric
and magnetic fields E and B and charge and current densities p and j.
Since j = pv, the Lorentz force law, (6.9), shows that the electromagnetic
force per unit volume is

F=pE+jxB. (6.37)
The rate of working against these forces is
v-F=pv-E+v-jxB=E"j.

Using (6.28), the total rate of working, Wy, in some finite volume V is

WV=/E-jdV=/E-<iVxB—eoa—E> v
4 v Ho ot

d (1 1
=—— | z¢ Ede>+—/E-V><BdV.
dt<2 O/V|| o Jy

The vector identity
E-VxB=B-VXE—-V-(E xB),

along with (6.27) and the divergence theorem, shows that

d (1 1 1
Wy =—— (—60/ |E|? dV+—/ IBJ? dV) ——/ (ExB)-ndsS.

dt\2 " Jy 2u0 Jy Mo Jav

(6.38)

Now suppose that the charges and currents are confined to a finite
volume and that there are no electromagnetic waves radiating energy
away to infinity. Then, for V' sufficiently large, the final term on the right
hand side of (6.38) is negligible and, since

d
Wy = —- (energy),
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the energy stored in the electromagnetic field must be
1 1
J = ZelEP* +—|B|% (6.39)
2 2uo

This is consistent with more detailed derivations of the energy stored in
an electromagnetic field (see for example Jackson (1975)). The neglected
term in (6.38) represents the flux of energy through the surface 0V of V.
In particular,

P,— LExB, (6.40)
Ho

is the aptly named Poynting vector, which gives the flux of energy per
unit area in any electromagnetic field, in particular in an electromagnetic
wave. (Poynting was Professor of Physics at the University of Birmingham
from 1900 to 1914.) Note that, since the Poynting vector is a product of
two complex vector fields, we must be careful to take the real part of each
before forming the product, since Re(E x B) / Re(E) x Re(B). If we do
this and calculate the average energy density in a plane electromagnetic
wave over a single period, T <t < T + 2n/w, we find that there is
equipartition of energy between the electric and magnetic fields, and that
the average energy density is

1 1
J) = —|Bo|? = =€o|Eo|*.
(J) 2ﬂo| ol 2€0| 0l

It is also straightforward to show that

1 Co 2
Py=——k|B
0= 30 Tkl IBol”,
which points in the direction of propagation, as we would expect. The
group velocity, which is the velocity at which energy is transported, is
therefore equal to
c Po ¢ k
= — =005
) k|
This is just the phase velocity of the wave and there is therefore no
dispersion.

6.6 Conductors and Insulators

So far we have only considered electromagnetic phenomena in a vacuum.
In most situations at room temperature, gases can be treated as vacua.
Must Maxwell’s equations be modified for electric and magnetic fields
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in liquids and solids? Since liquids and solids are composed of densely
packed atoms, each of which consists of a cloud of negatively charged
electrons surrounding a positively charged nucleus, we should not be sur-
prised that solids and liquids are not passive carriers of electromagnetic
fields and do not behave in the same way as gases. The major distinction
that we have to draw is between conductors and insulators.

In perfect insulators, the electrons are bound sufficiently tightly to
the nuclei of the constituent atoms that they cannot flow and form
a current. However, in any applied electric field there will be some
deformation of the distribution of electrons around each nucleus. This
leads to a modification of the permittivity and magnetic permeability of
the material, so that (6.25) to (6.28) become

V-D=p, (6.41)
V-B=0, (6.42)

0B

E=—— 4

V x a (6.43)

D
VxH=j+—, (6.44)

ot

where

wH=B—M, D =¢kE+P, (6.45)

where P is the electric dipole moment per unit volume, or polarisation,
and M the magnetic dipole moment per unit volume, or magnetisation.
The relationships between the fields H and B, and D and E, given by
(6.45) are constitutive laws for the material. For non-magnetic materials,
M = 0, and we will discuss how to model P in subsection 12.2.1. For
isotropic materials and electromagnetic waves that are sufficiently weak
that the response of the material is linear (in practice for visible light this
is true for anything but laser light), we can write D = ¢E, yuH = B, where
€ is the dielectric constant of the material and u its magnetic permeability.
For anisotropic materials, which we will not consider here, u and e are
tensors, since the directionality of the atomic structure can distort the
fields generated by charges and currents.

Metals are conductors that have an outer shell of electrons that are
so loosely bound to their atoms that, in the presence of an electric field,
they are able to move through the conductor as an electric current. This
process can also occur in polar liquids, ionic solutions and ionised gases,
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and we need a constitutive law to describe it. To a good approximation,
most isotropic conductors satisfy Ohm’s law,

j=oE. (6.46)

where ¢ is the conductivity, a scalar for isotropic materials. Conductivity
is measured in Sm~! (S = siemens) or C?>skg~! m~*. Good conductors,
such as copper and silver, have conductivities of the order of 10’Sm™!,
whilst poor conductors, like paraffin, have conductivities of the order of
101 Sm=1,

By substituting (6.46) into (6.41) and using conservation of charge,
(6.12), we find that

aop G

L2, A7
o P (6.47)

If there is a distribution of charge in a conductor, the charge will decay
to zero as t — oo, over a time scale

T, = €/0, (6.48)
with
Mxo=puﬁwW(—$>.

a

The larger the conductivity, o, the faster the charge decays. For a good
conductor, 7, can be as small as 10717 s, whilst poor conductors can hold
their charge for hours, or even days.

We can explain the decay of charge in a conductor by noting that
the charges generate an electric field. This drives electric currents, as
described by Ohm’s law, (6.46), which carry the charge away. For a finite
volume of conductor, the charge carried by the current must end up at
the surface. Conductors are therefore capable of supporting a surface
charge with density ps, and also a surface current with density js. Since
the electric current in the interior also decays to zero, (6.46) shows that
E — 0 as t — co. In a static situation, the electric field is therefore zero
in a conductor. Moreover, we can define a perfect conductor to be a
conductor for which ¢ = o0, and hence E is always zero in its interior.

Real materials are neither perfect conductors nor perfect insulators.
Their behaviour under the influence of electromagnetic fields depends
strongly on the time scale, 7, associated with the imposed fields, but for
sufficiently weak fields, not on their intensity (see subsection 12.2 for a
discussion of the effect of strong electromagnetic fields in the form of
laser light). If the fields change sufficiently rapidly, in particular 7y < 7,
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where 7, is defined by (6.48), any material will behave as an insulator,
since the electrons cannot respond instantaneously (see subsection 12.2.1).
We will avoid these issues by considering only perfect conductors and
perfect insulators. This is a very reasonable approximation for the elec-
tromagnetic wave phenomena that we will consider in the rest of this
chapter.

To consider the propagation of plane waves in an isotropic medium,
we can simply go through the same analysis as we did in section 6.5 for
wave propagation in a vacuum. All of the results we have used so far are
unchanged, except that €y, uo and ¢y = 1/ JfEoko must be replaced with
e, uand c =1/ NG There is therefore no dispersion in the propagation
of electromagnetic waves in a uniform medium with constant ¢ and p.
Experiments show, however, that real media do not have constant values
of € and u. In particular, € is found to be strongly dependent on the an-
gular frequency, w, of the wave. Moreover, absorption due to resonances
between the wave and vibrational modes of the atoms that make up the
medium leads to exponential decay of the wave at certain frequencies.
This can be modelled by taking e to be complex, with the imaginary part
significant close to these resonances. All of these effects will, as we have
seen for linear water waves, lead to dispersion, which we consider briefly
at the end of this chapter and in more detail in subsection 12.2.1. As an
example of this effect, water absorbs electromagnetic waves at microwave
frequencies, as exploited in the design of microwave ovens.

6.7 Reflection and Transmission at Interfaces

By studying the reflection and transmission of plane electromagnetic
waves at interfaces between different materials we can explain many
experimental observations concerning the reflection and refraction of vis-
ible light. First of all, we need to know what boundary conditions should
be applied to the electric and magnetic fields at the interface between two
different media. Strictly speaking, we should derive the integral form of
Maxwell’s equations, from which both the partial differential equations
(6.25) to (6.28) and the appropriate boundary conditions can be derived.
We will proceed less formally here.

6.7.1 Boundary Conditions at Interfaces

Consider a small cylinder, C, with height 2/ and base area dS, that strad-
dles the interface between two different media with its axis perpendicular



190 Electromagnetic Waves
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Fig. 6.4. The small cylinder, C, and loop, L, used in the derivation of the boundary
conditions at interfaces.

to the interface, as shown in figure 6.4(a). Let n be the unit normal to the
interface pointing into medium 1. Now integrate (6.41) over the cylinder
and apply the divergence theorem. If we make [ sufficiently small that
I> < dS, in other words if we shrink the cylinder down towards the
interface, we find that

€1E1 ‘n— €2E2 ‘N = P, (649)

where €, and e, are the permittivities of the two media and p; is the
surface charge density. This shows that ¢E - n may be discontinuous at
an interface if there is a layer of charge confined there. By a similar
argument using the simpler equation (6.26), we obtain

Bi'n=B;'n (6.50)

This states that the normal component of the magnetic field is continuous
across interfaces.

Now consider a small loop, L, that threads through an interface, with
two sides of length dL parallel to the interface and two sides of length 2/
perpendicular to the interface, as shown in figure 6.4(b). We can integrate
(6.44) over a surface, S, bounded by L and use Stokes’ theorem to give

oD
H-dl:/{'+—}-ds.
7{ T A

For | < dL, in other words as the loop shrinks down onto the surface,
1 1 .
—B;i Xxn— —B; xn=js, (6.51)
Hi H2

where p; and u, are the magnetic permeabilities of the two media and s
is the surface current density. Note that we have assumed that 0D /0t is
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Fig. 6.5. Reflection of a plane polarised wave with electric field parallel to the
interface at a perfect conductor.

bounded. This boundary condition states that the tangential components
of B/u can be discontinuous at an interface if there is a layer of surface
current confined there. By a similar argument using (6.43), we find that

Ei xn=E; xn (6.52)

In other words, the tangential components of the electric field are con-
tinuous at an interface.

To summarise, the normal component of the magnetic fields, B - n,
and the tangential components of the electric field, E x n, are always
continuous across an interface between two different media. In addition,
if both materials behave as perfect insulators, no surface currents can exist
and the tangential components of B/u are continuous across the interface.
We also assume below that no surface charge has been deposited at the
interface between two insulators, and hence that the normal component
of €E is continuous.

6.7.2 Reflection by a Perfect Conductor

Consider the situation shown in figure 6.5, where a plane polarised
electromagnetic wave is incident from a perfect insulator, which occupies
the half space x < 0, on a perfect conductor, which occupies the half
space x > 0. We begin by considering the case where the incident electric
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field E; is in the y-direction, parallel to the interface. The wave has
angular frequency w;, wavenumber vector ki, angle of incidence 6; and
magnetic field B;. More precisely,

E; = E;(0,1,0) exp [i {wlt— % (xcosb;+zsin 01)}] R
E
B = —I(— sin 01,0, cos 1) exp [i {w[t— el (xcos B +zsin 01)” , ¢ (6.53)
¢ » c
k= ?I(cos 01,0, sin ;).

Since E = 0 in a perfect conductor, we expect that there will just be a
reflected wave, with electric and magnetic fields Egr and Bg, such that

Er = (Ery, Ery, Er:) exp [i {th— % (—xcos Or +z sin HR)H R
Br = (Bry. Bry. Br:) exp [i {th— % (—x cos Og +2z sin eR)}] . (6.54)

kr = %(— cos Oy, 0, sin OR),

with
1 ) 1 .
Bry = ——Egysinlr, Bry = — (Egrysinfr + Eg; coslr),
C i C

BR: = ——ER),- COos GR.
¢
Also, since kg - Eg =0,
Egr, cosfr = Eg: sin 0y. (6.55)

The total electric field at the interface, x = 0, is therefore
Eo = E1(0,1,0) exp {i (a)lt _ %z sin 91) }
+(ERrx, Ery, Er:) exp {i (a)Rt — PR sin 0R> } .
i C

Since we need this to hold for all values of z and t, we must have
w; = wr = o and 0y = Or = 0. In other words, the frequency of the
wave is unchanged, and the angle of incidence is equal to the angle of
reflection. We can now apply the boundary condition that the transverse
components of the electric field must be continuous, and hence zero, at
x = 0. This, along with (6.55), leads to

Ery = Er. =0, Eg,=—E.

This means that the reflected wave also has its electric field parallel to the
interface, but that the sense of the electric and magnetic fields is reversed
by the reflection.
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The remaining boundary condition is on the normal component of
B. Equation (6.43) shows that, in the perfect conductor, where E = 0,
0B/dt = 0, and hence that the normal component of B is independent of
time at the interface. However, the normal component of B due to the
incident and reflected waves at the interface is time harmonic. The only
way that these can be equal is if B-n = 0 at the interface. This is indeed
satisfied by the solution above, since

1 .
Bry = —Ejsin 0.
c

Note also that (6.32) in the perfect conductor shows that B can be
written as the gradient of a potential which, by (6.30), satisfies Laplace’s
equation. If we assume that there is no magnetic field at infinity in the
conductor, the condition that B-n = 0 at the interface shows that the
magnetic field is zero everywhere within the perfect conductor.

At the surface, the total magnetic field is

B= %(0,0,cos 01) exp [i {wt — %z sin 01” .

The boundary condition (6.51) then shows that there is a surface current
density,

. 2uE; . o .

jo = (0, cos 0y, 0) exp [l {a)t —Zzsin 91}} : (6.56)

C

which flows in the y-direction along the boundary. It is this sheet of
current that allows the transverse component of the magnetic field to be
non-zero at the surface of the conductor. An alternative point of view,
which will be of use to us in subsection 11.2.2 where we consider the
diffraction of electromagnetic waves, is to think of the field for x < 0 as
being generated by the sheet of current at x = 0. In other words, if we
specify js as a boundary condition through (6.56), the fields E and B are
the appropriate solution of Maxwell’s equations.

We can now consider the analogous case where the magnetic field of
the plane polarised incident wave is in the y-direction, parallel to the
interface. The same arguments show that the reflected wave has the same
frequency as the incident wave, and that the angle of incidence is equal
to the angle of reflection. Then, by applying the boundary conditions at
x = 0, we find that the reflected wave also has the magnetic field parallel
to the interface, but that, in this case, the sense of the wave is preserved
by the reflection.

We showed in section 6.5 that any plane electromagnetic wave can be
written as the sum of two plane polarised waves. In particular, such a
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Fig. 6.6. Reflection and refraction of a wave with its electric field parallel to an
interface between two perfect insulators.

wave incident on a perfect conductor can be written as the sum of two
waves, one with the electric field parallel to the interface, one with the
magnetic field parallel to the interface. This means that after reflection,
the sense of the component of the electric field parallel to the interface is
reversed, whilst the parallel component of the magnetic field is unchanged.
These phenomena can be verified by experiments with visible light. The
observation that the angle of incidence is equal to the angle of reflection
corresponds to our experience of reflections from smooth, metal surfaces.

6.7.3 Reflection and Refraction by Insulators

When a plane polarised electromagnetic wave with electric field in the
y-direction is incident on a plane interface between two insulators, the
analysis is rather more complicated than that of the previous subsection,
since a wave may be transmitted into the second medium. The situation
is shown in figure 6.6. The incident and reflected waves are given again
by (6.53) and (6.54), whilst the transmitted wave is

E; = (Eay, Eyy, Ex:) exp [i {a)zt — % (xcos B, + zsin 02)}] R

B, = (B, Bay, Bo:) exp [i {wzt - % (x cos 0 + z sin 92)}] . 4 esn
ks = 22 (cos 02,0, sin ).
¢
The z- and t-dependence of the components of the fields at x = 0 must
have the same functional form if the boundary conditions are to be
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satisfied. This means that

it — X sin 0 = wrt — IR, sin Or = wot — 22, sin 0,,
C1 C1 (&)
for all z and ¢, where ¢; and ¢, are the wave speeds in the two media. We
can immediately see that we need w; = wr = w; = @ and 0 = Og = 0.
All three waves have the same frequency and the angle of incidence
equals the angle of reflection. We also require
sin 0 sin 0,

= . (6.58)
Cq C2

This is known as Snell’s law, and gives the angle at which the transmitted
wave propagates through the second medium. We found a similar relation
in subsection 5.3.2, (5.30), for the reflection of an elastic dilatational wave
from a free solid surface, but for the reflected rotational wave rather than
a transmitted wave. Unless ¢; = ¢, 0, # 0, and the wave is bent or
refracted by the interface. This phenomenon can be observed with visible
light when looking into a pool of water, since refraction makes the water
appear shallower than it actually is. Snell’s law is usually expressed in
terms of the refractive index, n, of each material, where

Co e
n—=—=— R
¢ Ho€o

ny sin; = ny sin 0,. (6.59)

so that

The speed of light in any medium is always less than that in free space,
so the refractive index is always greater than one.

If we now assume that there is no charge at the interface, then €¢E - n
must be continuous there, so that

€1Erx = 62Ex,. (6.60)

Two perfect insulators cannot support a surface current at their interface,
so the transverse components of B/u must be continuous there. This leads
to
1 . 1 .

—— (ERrx sin 0y + Egr; costlj) = —— (Eycsinf, — E>. cos ), (6.61)

C1i C212
and

cos 6, cos 6,

- (Er — ERy) =
Ci Col2

Es,. (6.62)
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The condition that the electric field should be perpendicular to the
direction of propagation gives

Egrccosf; — Eg.sinf; =0, (6.63)

E>. cost + Ep. sint, = 0. (6.64)

The continuity of the transverse components of the electric field at the
interface gives

Ey + ERry = E»), (6.65)

ERr: = E»., (6.66)

whilst continuity of the normal component of B is also given by (6.65).
Equations (6.60), (6.61), (6.63), (6.64) and (6.66) are five homogeneous
equations linear in the x- and z-components of the reflected and trans-
mitted electric fields. Since the determinant of these equations is never
zero, the only solution is Ery = Er. = E»x = E>. = 0, and hence the
reflected and transmitted waves also have their electric fields parallel to
the interface. For simplicity, we now assume that we are dealing with
non-magnetic materials, so that u; = py = po. We can easily solve (6.62)
and (6.65) to give

& B 2n, cos 04 % _ nycos 0 —nycos b (6.67)
Er ~ nycosO; +nycosb” E;  nycosl; +nycosby’ ’
and by (6.59),
Ey,  2sin6,cos 0, & __sin(0, —0;) (6.68)

‘Ey sin(6,4+60,)° E;  sin(0,+6,)

which gives the intensity of the reflected and transmitted /refracted waves.
There is one aspect of this phenomenon that we have yet to address.
Consider Snell’s law, (6.59), which gives the angle of refraction by

sin 6 = Z—‘ sin 6. (6.69)
2

If ny > ny, when 0; = 0., where the critical angle is

0, = sin”"! (ﬂ) , (6.70)

the transmitted wave has 6, = /2 and propagates along the interface.
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For 0, > 6. there is no real solution of (6.69). Since cos 8, is imaginary

in this case, with
2
. ng .
costr =iy = sin?6; — 1,
5]
. 2o o
nicos 0y —iny -3 sin 0 —1
By _ - (6.71)

(6.67) shows that

Eq . n .2
ni cos 0 + iny -3 sin 0 —1
2

This means that |Eg,| = |E|, so that all of the energy in the incident
wave is reflected. This is called total internal reflection. Equation (6.67)
also shows that

E2y _ 21’11 C0591

E ny cos0; + inz\/(n%/ng) sin”6; — 1

, (6.72)

which suggests that there is also a transmitted wave with a finite ampli-
tude. However, since

2
w . /ny . ny .
k= — | iy/—%sin’0; — 1,0, —sin6; |,
(&) n; np

the transmitted wave decays exponentially in the x-direction, into the
second insulator, and hence does not carry any energy away with it. Note
that (6.71) shows that the reflected wave undergoes a change of phase
on reflection. This is often exploited to manufacture devices that can
manipulate the polarisation of visible light.

We can carry out the same analysis for a wave with its magnetic field
parallel to the interface, and find that

@ _ 2sin 260, & _sin20; —sin 26,
By sin20; +sin20,” By  sin20; +sin26,

The one interesting difference between expressions (6.73) and (6.68) is
that when sin 20; = sin 20, Br, = 0 and there is no reflected wave. Since

(6.73)

sin20; — sin 20, = 2 cos(0; + 6;) sin(0; — 6,),

the only physically relevant solution occurs when 0; + 6, = %, when
Snell’s law shows that

. . (T
n; sin 01 = np sin (5 —01) = ny cos 0.
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Fig. 6.7. The reflection coefficients for a plane wave incident from air onto glass
(air/glass), and from glass onto air (glass/air).
There is therefore no reflected wave when 0; = 0p, where Brewster’s

angle is
0 = tan™! <Q> .
m

Plots of the magnitudes of the reflection coefficients

(6.74)

for the interface between air and a typical glass, with refractive index 1.5,
are shown in figure 6.7. The phenomena of total internal reflection and
zero reflected component of the magnetic field parallel to the surface at
Brewster’s angle can be clearly seen.

As we have seen, an arbitrarily polarised plane wave incident on a
plane interface between two insulating materials can be written as the
sum of two waves, one with its electric field parallel to the interface, one
with its magnetic field parallel to the interface. This means that, if the
wave is incident at Brewster’s angle, only the plane polarised component
of the wave with its electric field parallel to the interface is reflected.
Even if the angle of incidence is not exactly Brewster’s angle, there is still
a tendency for the reflected light to be dominated by this component, as
shown in figure 6.7. This is the basis of Polaroid sunglasses which do not
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allow the wave reflected at Brewster’s angle from horizontal surfaces to
pass through them, so that only the less intense wave component is seen.

We noted in the previous section that the dielectric constant of a
material, €, is usually a function of the angular frequency, w, of an
electromagnetic wave passing through it. This means the refractive index
is also a function of w. One consequence of this is that waves of different
frequencies are refracted by different amounts. This physical effect can
be used to split a beam of light up into its components of different
frequencies using a prism, as illustrated in figure 6.8. The same effect
can also occur when sunlight shines through a sky full of raindrops to
produce a rainbow.

6.8 Waveguides

We have seen in chapter 3 how acoustic waves can propagate along
a rigid cylinder as a discrete set of axisymmetric wave modes, and in
chapter 5 studied similar behaviour in the dynamics of elastic rods. The
same phenomenon can occur for electromagnetic waves. Microwaves are
usually transmitted using metal waveguides, and we will study these
in subsection 6.8.1. Electromagnetic waves can also be transmitted in
insulating waveguides. In particular, laser light can be transmitted in
optical fibres. These are used to convey information rapidly and efficiently
over large distances. We will study a model for the simplest possible
optical fibre in subsection 6.8.2.

6.8.1 Metal Waveguides

A metal waveguide is typically a circular cylinder within which mi-
crowaves can propagate. We will approximate this as a cylindrical region
of free space with radius a, surrounded by a perfect conductor. We there-
fore seek solutions of (6.29) to (6.32) subject to Exn=0and B-n=0
at the interface, where n is the unit normal, as shown in figure 6.9. We
seek solutions of the form

E = E(r,0)e"“ ™), B = B(r,0)e" ). (6.75)

As for acoustic and elastic waves, we expect that propagating modes will
only exist for a discrete, finite set of eigenvalues, k.
Since the fields satisfy the vector wave equations, (6.33) and (6.34),

(V%+ (f—j —k2> < g ) =0, (6.76)

0
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Fig. 6.8. A beam of light is split into its components of different frequencies by
a prism.

where V2 = V2 —0?/0z? is the Laplacian operator in the plane transverse
to the axis. We now write E and B as

E=FE +E.2 B=B +B.2 (6.77)

where 2 is the unit vector in the z-direction, which points along the axis of
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Fig. 6.9. A metal waveguide.

the cylinder. Here, E; and By are the components of the fields transverse
to the axis, and E. and B, the axial components. The axial components

satisfy
2
2 w 12 E: .
(42 2) (£ )= 7

Using cylindrical polar coordinates, the boundary conditions that E xn =
0 and B-n = 0 at the interface can be written in terms of the axial
components as (see exercise 6.6)
%=E5=0 atr =a. (6.79)
or
We shall see that these can only be satisfied in general if either E. or
B, is zero throughout the waveguide. This leads us to consider sepa-
rately transverse electric (TE) modes, for which E. = 0, and transverse
magnetic (TM) modes, for which B, = 0. In geometries that are not
simply connected, it is also possible to have transverse electromagnetic
(TEM) modes, for which E; = B, = 0, and we will consider these in
subsection 6.8.2.
In TE modes, B, satisfies (6.78) subject to
aai; =0 atr=a.
This is precisely the problem satisfied by the acoustic potential in a cir-
cular acoustic waveguide (section 3.5.3). The axisymmetric eigensolutions
are therefore
mjr

B.; = BoJo (7) , (6.80)
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with

wr  m
where mj, j = 0,1,..., satisfy Jy(m;) = 0, and By is an arbitrary real
constant. The solution is propagating rather than evanescent provided
® > com;j/a.

In TM modes, E. satisfies (6.78) subject to
E.=0 atr=a.

The axisymmetric eigensolutions for E. are therefore of the same form as
for B: in the TE wave, except that now m; must be the zeros of Jo. Note
that the only plane wave solution possible in the circular waveguide is
the TE mode with my = 0. Also, since the turning points and zeros of Jy
never coincide, it is clear why at least one of the axial field components
must be non-zero in any eigensolution, and hence that there are no
TEM modes. Now that we have found the axial components of all the
axisymmetric wave modes, the transverse components can be determined
using Maxwell’s equations (see exercise 6.6).

6.8.2 Weakly Guiding Optical Fibres

Most optical fibres consist of a cylindrical insulator, the core, surrounded
by a layer of another insulator, the cladding. Both insulators have u = .
Typically their dielectric constants are real, since the fibre is designed to
absorb as little light as possible, and hence be optically transparent. In
addition the refractive index in the cladding is slightly less than that in
the core. If we consider a plane wave incident on a flat interface between
these two materials, the results of section 6.7 show that there will be total
internal reflection if the wave is incident almost parallel to the interface,
with 7 —0; <1, but that otherwise, most of the wave is transmitted into
the second medium. For the cladding and core of an optical fibre, this
suggests that only waves that propagate almost along the axis of the core
will be guided by it, with other waves able to escape into the cladding.
This suggests in turn that the guided modes will be close to TEM modes,
since axially propagating waves have their electric and magnetic fields in
the transverse direction. Such a fibre is said to be weakly guiding.

We proceed as we did for the metal waveguide, except that we replace
the perfect conductor with an insulator with refractive index n,, and
replace the cylindrical region of free space with an insulating core of
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refractive index n;. The replacement of the finite cladding of the fibre
with an infinite cladding is reasonable, since we are interested in fibres
that confine most of the light to the core. We again seek solutions of
the form (6.75), so that E and B satisfy (6.76). (In practice, optical fibres
often, but not always, have a core whose refractive index varies across
its radius. The resulting waveguide has similar properties to the case
of a uniform core, which we analyse here, but the mathematics is less
straightforward.)

Focusing our attention on the electric field, the transverse components
satisfy

(Vi +kgn* —k*) E =0, (6.82)

where kg = ®/cy is the free space wavenumber and n=n; for 0 <r <a
and n; for r > a. The axial component of the electric field is given by
(6.29) as

E. = —ivt ‘E,. (6.83)

If we now make the radial coordinate dimensionless using
r

P=1

a
we find that
(@% + U2) E =0 for0<f <1, (6.84)
(W - Wz) E =0 for > 1, (6.85)
E.=—i Vi Vi E (6.86)
where
U =ay\/kin} —k*, W =ay\/k* —kin3,
2
V =ako\/n? —n3, 2A=1— %,
and

A ”? 10 1 o2
V= = trm T o,
or For - 7200
The parameter A is the relative index difference, and A < 1 for a weakly
guiding fibre. The parameter V' = akon;~/2A is the waveguide parameter.

We will assume that kon, < k < kony, so that the parameters U and
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W are real. We shall see below that this leads to oscillatory fields for
0 <7 < 1, so that there is a sequence of eigensolutions, and exponentially
decaying fields for # > 1, so that the fields are localised in the core. We
will also need to assume that U, W, and hence V = /U? + W2, are
of O(1) for A < 1 in order that U and W appear as eigenvalues in
(6.84) and (6.85). Equations (6.84) to (6.86) then show that E; = O(1)
and E. = O(A'?). A similar calculation for the magnetic field shows
that B, = O(1) and B. = O(A'?). Since V = O(1), akon; = O(A~1/?)
and hence the free space wavelength of the wavemode is much smaller
than the radius of the core. This is consistent with the simple physical
argument with which we began this subsection. This argument was valid
provided that the waves could be modelled as approximately plane and
incident on a flat interface (koa > 1), and suggested that we should find
approximate TEM modes, for which E; < 1 and B, < 1.

The leading order TEM mode solution can be decomposed into an
x-polarised and a y-polarised wave of the form

E, = F(7) (AX + ByY),

for arbitrary complex constants A and B, with X and § the unit vectors
in the x- and y-directions in Cartesian coordinates. The function F(F#)
satisfies

1
F”+¥F’—|— U’F =0 for0<i<1, (6.87)

1
F" + ;F’ —W?F=0 for# > 1. (6.88)

At # = 1, the usual boundary conditions are satisfied at leading order if
F(#) is continuous there. The solution is therefore

F(?):{ Jo(UR)/Jo(U) for0< <1, }

Ko(W#)/Ko(W)  for i > 1, (6.:89)

where Ky is the zeroth order modified Bessel function. For E. to be small
at leading order, we also require that F'(#) should be continuous at # = 1.
The eigenvalues, k;, are therefore solutions of the equation

KW
70(0) " Ro(W)

or equivalently
Ky(W)
Ko(W)

(6.90)
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If we now define the parameter X by
k = kony (1 — X2A)2, (6.91)
where 0 < X < 1, (6.90) becomes

G(X.V)=JXJ, (V\/)_() Ko (Vﬂ)
—JT—XJo (V\/Y) K (Vﬂ) —0. (6.92)

There is no analytical method for determining the eigenvalues, X ;(V),
which satisfy G(X;,V) = 0. Figure 6.10 shows the function G(X,V)
for various values of V. For V sufficiently small, there is a unique
solution, X = Xy(V), of G(X, V) = 0, which gives the wavenumber of the
fundamental mode of the fibre. As V increases, the number of solutions
increases. The defining series expansions for the Bessel functions show
that

1
GX, V)~ —§J1(V)log(1 —X) as X - 1,

and hence that G(X,V) —» +oo as X — 1, with the sign determined by
the sign of Ji(V'). Although we will not prove it here, this suggests that,
as V increases, a new solution appears whenever V increases past a zero
of Ji. Since the first three zeros of J{(V') are at V ~ 3.83, 7.02 and 10.2,
this is consistent with figure 6.10.

Manufacturers of optical fibres often seek to design single mode
fibres. These only allow the fundamental mode to propagate. Our analysis
shows that such a fibre must have V' < 3.83 if the fundamental mode
is to be the only propagating axisymmetric mode. In fact, an analysis
of the non-axisymmetric modes shows that to ensure that none of these
can propagate, we need V < V, where the critical waveguide parameter
is V. ~ 2.41, the smallest zero of Jy. Figure 6.11 shows the radial dis-
tribution of the intensity of the electric field in the fundamental mode,
F(r), for various values of V. This is equivalent to fixing the free space
wavelength of the light and the refractive indices of the fibre, and varying
the radius of the core, a oc V. We can see that, for most of the field
to be confined to the core, we need to make V, and hence a, as large
as possible. For a single mode fibre, the optimum choice is therefore
V=rV..

Optical fibres are used to carry information encoded as pulses of light.
Any such pulse should ideally be of a single wavelength, since otherwise
dispersion will act to separate the various components of the pulse and
smear it out axially. If the pulses spread too far they start to overlap,
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Fig. 6.10. The function G(X, V) for V' =3, 6,9 and 12.

and the information carried may be lost. One way of counteracting this
tendency to spread is to note that, as well as the dispersion due to the
different group velocities of components of different wavelengths (see
subsection 3.5.2), there is dispersion due to the variation of the refractive
index with wavelength caused by the properties of the material of the
fibre. Specifically, the time for energy to propagate a unit distance along
the fibre is

1 dk 22 dk

T=—=——=

g do  2mcd)
and hence
dt A dk 2 d%k

di " medi 2medi
If the small range of wavelengths contained in the pulse is 04, then the
range of transit times due to dispersion is

_@(dzk 2dk> 267

0T~ um + E = —%f()»,}’h()»), }’12()»)). (693)

27c

In order to minimise the spreading of a pulse we can try to minimise
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Fig. 6.11. The intensity of the electric field in the fundamental mode for V' =1,
2, V. ~241, 3 and 4.

the function f. This function is dependent on 1 both directly (wave-
guide dispersion due to the dependence of the group velocity on 1) and
indirectly (material dispersion due to the dependence of the group velocity
on refractive indices, n;(1) and ny(A)). For silica fibres, there is a critical
wavelength, 1. ~ 1.3 um, such that for 2 < /. material dispersion is
dominant, and for 4 > A, waveguide dispersion is dominant. For waves
with wavelength close to /. the two effects tend to cancel out, and there
is very little dispersion. This phenomenon has been used successfully to
manufacture optical fibres in which pulses of around this wavelength
propagate with little spreading. For a nice description of the problems
involved in designing and modelling optical fibres, see Pask (1992).

This approach to pulse transmission in optical fibres is based entirely
on linear theory. Another method makes use of the nonlinear response
of an optical fibre for sufficiently intense laser light, the Kerr effect.
This tends to compress the pulse, whilst dispersion tends to smear it
out. When these two competing effects balance, the formation of optical
envelope solitons is possible. These can be modelled using the nonlinear
Schrodinger equation (NLS), and form the subject of section 12.2.
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6.9 Radiation

The light generated by chemical or nuclear reactions, for example a
candle or the sun, can usually be treated as spherically symmetric, with
an equal intensity in each direction. However this is not the case when
electromagnetic waves, in particular radio waves and microwaves used for
communication, are generated by antennas. In this section we study how
electromagnetic waves can be generated by localised regions containing
time varying currents. The discussion has much in common with that of
the generation of sound waves by sources in plane walls (section 3.7).
There is, however, a major difference. It is not physically possible to have
an isolated region where the amount of charge varies with time, since
charge is conserved. Time varying currents are the simplest generators
of electromagnetic waves. This leads to what are known as dipole fields,
which have a strong directional dependence.

6.9.1 Scalar and Vector Potentials

The most convenient way of representing the electric and magnetic fields
when considering the waves generated by localised sources is to use a
pair of vector and scalar potentials. Since V- B = 0, it can be shown that
the magnetic field can always be written as the curl of a vector potential,
A, so that

B=VxA.
Similarly, (6.27) is
VXE= —QV X A,
ot

and the electric field can be written in terms of the gradient of a scalar
potential, ¢, with
6A

On substituting these representations of the fields into the remaining two
Maxwell equations, (6.25) and (6.28), we find that

1aA A o
-5 VA= V( a+VA)

102¢ , 10¢
250 Vd’_ 6t(26t+v A)
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The final step is to note that we have some freedom in choosing A and
¢. In particular, the mapping

Ar A+VX, ¢ & — aa—)t(
leaves the fields unchanged and
1 1 1 0’°X
a¢ +V-A —»a—d’ +V- A+V2X——a—2.
8t 3 ot ot
We can therefore choose A and ¢ so that
10
= % +V-A=0.
g o
This is known as choosing the Lorentz gauge. The potentials now satisfy
1 0’A 24
= oj .94
5~ VA = o (6.94)
iaz_d)_v%b_ﬁ (6.95)
¢} or? e '

These are forced wave equations, which are very convenient to work with
because the forcing is given as simple multiples of the charge and current
densities, p and j.

We can write down the general solution of (6.95) using what we learnt
about acoustic sources in section 3.6. When p/ey = f(¢)d(r), the solution

is
1 r
)= —flt——|,

o(r.0) = —f ( c0>

where r = |r|. This is the potential due to a point source. Since
1
p(l', t) — _/ p(r/’ t)é(r/) d3r/’
€0 €0 Jv

where p is only non-zero within the volume V, the solution of (6.95) is

Srt) = — / ’ <m_§) B (6.96)
T 4neg R ’ ’
where R = |r — r/|. Similarly,
i(e-2)
_ Mo ) 13
Ao =2 /V — (6.97)

The appearance of t — R/cg, the retarded time, reflects the fact that
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information propagates at speed ¢y, and the potentials at r respond to
changes in the charges and currents at any point r’ a time R/cy after
they occur.

6.9.2 The Electric Dipole

As we have already noted, charge is conserved, so the simplest time
varying source is a localised distribution of currents. The simplest of
these is the time harmonic electric dipole. Consider a charge goe'®' at
r = 0 and a charge —qoe™’ on the z-axis at r = 1 = (0,0,/). Since
these charges vary with time, there must be a line current of magnitude
j = ioqoe™" confined to the z-axis between the origin and (0,0,/). We
now substitute this into (6.97) and take the limit g9 — oo, [ — 0 with
p = qol, the dipole moment, bounded and non-zero. We obtain

— [ORD it (698)
dnr

where p = |p|, k = w/co and % is the unit vector in the z-direction. This
gives a magnetic field

BovxaA=(tL) xap=_ 0P (4 1) g o 5 (6.99)
dr dnr r

where t is the unit radial vector. This is illustrated in figure 6.12 in terms
of spherical polar coordinates, where the unit azimuthal vector, and hence
the magnetic field, points into the page and is given by Z X £/sin6. In
terms of its components,

. N

B, =By =0, By= "M%y (ik + -) il (6.100)
4nr r

The electric field is given by (6.28) as

c2
E= 22V xB=
[16]

1o, 10 )
536 (sin0By) & — o (rBy) 0,

where 0 is the unit vector in the 0-direction. This leads to
_ Colwploy L iwi—kr)
E, = 3y cos()(l—ﬁ)e’ t=kr)
copwuok . i 1 i(wi—kr)
Ep=————sinf|1—— — —— Ey=0.
‘ Ao O ( kr k2r2) ¢ T
Although the strength of the fields depends upon 6, E and B are perpen-

dicular at any point in space.
We can now consider how the fields behave in the far field, when

(6.101)
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N>

D>

Fig. 6.12. The field of an electric dipole in the zZ-direction. The magnetic field
points into the page.

kr > 1. In this case, E, = O(r—2), whilst E, and B, are asymptotically
larger, of O(r~'), with, using k = w/cy,

pw* o
TTCor

Eg ~ sin &) By~ — sin@ @K (6.102)

_szuo
r

At leading order, the fields take the same form as a plane polarised wave
in the far field. However, the factor of sin § means that the strength of
this wave is greatest in the direction perpendicular to that of the dipole
moment. The Poynting vector in the far field is radial, and has magnitude
p*o*uo
16m2cor?
The total energy flux, or equivalently power output, across a large sphere
of radius r, time averaged over a period of the oscillation, is therefore

2.4 to+Z 2t 2.4
Wtot=pw”0/ cosz(wt—kr)dt/ / sin’® 0 d()d(]ﬁ:pwﬂo.
to 0 0

1
|Po| = —|E x B| = sin® 0 cos® (wt — kr).
Ho

1672¢ 127co

Remembering that p = Il/w, where I is the current in the dipole and [
its length, we can write this as

- 1
Wtot = ERdIz,

where
RIS
67‘[0()

(6.103)



212 Electromagnetic Waves

is the radiation resistance of the dipole. The rate at which energy is
dissipated when a current I flows through a resistance R is %RI 2. By
analogy, driving a current I with angular frequency w in a dipole produces
a qualitatively similar dissipative effect, since energy is carried away by
the radiated wave.

6.9.3 The Far Field of a Localised Current Distribution

By analogy with the results of chapter 3, we might expect that, at lead-
ing order, the radiation in the far field of any time harmonic, localised
distribution of currents would be equivalent to that of an electric dipole.
However, this is not precisely what happens, since there is not, in gen-
eral, any well-defined direction associated with such an arbitrary current
distribution.

In the far field of a distribution of time harmonic currents confined to

a finite region,
/ r'r/ A /
R=r—r[~r\/l=2—5 ~r—t-r,
r

and hence from (6.97), at leading order

i(wt—kr) o,
A=t / j()e T P (6.104)
dnr 1%

We can immediately see that this is of O(r~!), as for the electric dipole,
but that the integral gives a directional dependence to the wave that
depends upon the distribution of the current. By comparing (6.98) with
(6.104), we can see that we simply need to replace iwpZz, the current in
the electric dipole, with

F(f) = / e Tty (6.105)
v
and arrive at the general far field solution
= —Mei“"“k”F x§, E=c)BXxH. (6.106)
4nr

Note that this field is, except in special cases, like that of an elliptically
polarised plane wave, since F is a complex vector. Since E and B are
perpendicular to each other and to ¥, we can write

KO i(eor—icr K1OCO i(epr—icr
B = —2 00 Fy Fy). E = =R (0, Fy—F)
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in terms of the components of F in spherical polar coordinates. The
Poynting vector, which is radial, therefore has magnitude

k2 poco
1672y2

The time averaged power output is

[Po| =

cosX(wt — kr) {(Re(Fo))2 + (Re(F¢))2} .

_ koo
T 32722

and the total, time averaged power output of the current distribution is

W {(Re(Fo))2 + (Re(F¢))2} : (6.107)

2n T
Wit = / / W sin 0 d6 d¢. (6.108)
0 0

The directional dependence is now characterised in terms of the gain,
defined to be

G(0,d) = ‘;_72 W. (6.109)

tot

This is normalised so that if the power radiated by the waves were the
same in each direction, the gain would be unity, although, since F cannot
be independent of t, this is not actually possible.

The electric dipole has

2.4 2 4
5 P wlo . 2 7 P~ Ho
W=——- 0, Wit = ,
32n2cor? st tot 127y
and hence
3.
G, ¢) = 3 sin’ 0,

which is shown in figure 6.13.

6.9.4 The Centre Fed Linear Antenna

A simple, practical method of generating electromagnetic waves is to
drive a time harmonic current in a finite length of wire — an antenna.
If we know the distribution of current in the antenna, we can use
(6.105) and (6.106) to determine the far field and (6.108) and (6.109)
to obtain the radiation resistance and gain. However, whatever method
is used to drive the antenna, the actual determination of the current
distribution in the wire is a nasty boundary value problem coupled to
the near field of the antenna. Fortunately, for most practical purposes a
sensible approximation of the current in the antenna leads to a reasonable
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estimate of the radiation resistance and gain. One physical constraint is
that the current must be zero at the end of each wire.

Consider a straight, thin wire extending from z = —d/2 to z = d/2,
with a small gap at the origin across which an oscillating potential drives a
current in the antenna. By considering approximations to the full problem,
it can be shown that an antenna has its lowest radiation resistance, and is
therefore most efficient, when its length is a half wavelength of the wave
that it radiates (see the book by Sander and Reed (1986)). We will not
go into this here, but it should not come as a great surprise, considering
that the current must be zero at each end of the wire, and bearing in
mind what we know about the response of other one-dimensional, linear
systems of finite length, such as strings and tubes (see sections 2.2 and
3.4). On this basis, it is reasonable to assume that, for a half wavelength
antenna, the current distribution is

I(z,1) = Iy cos (%) e, (6.110)

with kd = n. We shall return to the question of the accuracy of this
approximation below. Using this in (6.105) gives

F:Ioi/d/2 cos(n ) kecost g, — 2od €05 (5 7Tcose)z. (6.111)
d/2 d T sin 9

Since this always points in the z-direction, the far field will look like a
plane polarised wave. We also note that the mean current in the wire is
d/2 b
cos dz = —I. (6.112)
d —d/2 T
In terms of spherical polar coordinates, F has no component in the
azimuthal direction, so that

21od cos (37 cos )

Fy=0, Fp= . penaT , (6.113)
and hence energy flux in the far field is, from (6.107),
T2
W — Kocolo (6.114)
4r
where
0
K = / cos? (37¢050) 1y 1 510, (6.115)
sin 0

The integral K can be written in terms of a special function known as the
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Fig. 6.13. The gain from an electric dipole, a half wavelength antenna with a
trigonometric current distribution, (6.110), and with a linear current distribution,
(6.118).

cosine integral, but we might as well just evaluate it numerically using
the trapezium rule. This gives the gain of the antenna as

2 cos? (ncost)
Gi(0,p) = ———2— 2 6.116
((0.0) = g —— 1o (6.116)
as shown in figure 6.13. The gain is very similar to that of an elec-
tric dipole, with most of the energy transmitted close to the direction
perpendicular to the wire.

We can now use (6.112) to determine the radiation resistance, writing

Wiot = 1R{I?, where

_ MocoKT

Ry 2

~ 0.92Ry, (6.117)
where Ry, given by (6.103) is the radiation resistance of an electric dipole
with length k/n and current I. The half wavelength antenna therefore has
a slightly lower radiation resistance than the equivalent electric dipole.
In order to show that this result is not very sensitive to our assumption
about the distribution of current in the antenna, we can repeat the
analysis with a piecewise linear current distribution (see exercise 6.11)
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Fig. 6.14. Standing and travelling waves around a parabolic dish.

given by
2 .
I(z,t) = Iy <1 — %) et (6.118)

The gain is almost indistinguishable from that which we obtain using
(6.110), as shown in figure 6.13. The standing and travelling wave fields
due to a half-wavelength antenna and a parabolic reflector are shown in
Fig. 6.14.

Exercises

6.1 (a) An electron moves in a constant, spatially uniform electric
field, E. If the electron is not initially at rest, show that,
in general, its subsequent path is a parabola. Under what
circumstances does the electron move in a straight line?

(b) An electron moves in a constant, spatially uniform mag-
netic field, B. If the electron is not initially at rest, show
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that, in general, its subsequent path is a helix. Under what
circumstances does the electron move in (i) a straight line,
(i1) a circle?
Each of a pair of infinitely long, parallel, thin straight wires
carries a charge ¢ per unit length, which travels along the wire
at speed u. Show that the ratio of the magnetic to the electric
force per unit length on either line is u?/c3.
Use the Biot—Savart law to determine the magnetic field at the
centre of a circular loop of wire of radius a, carrying a steady
current, I.
Consider a uniform shell of charge with density p lying in
a < r < b, where r is the distance from the origin. Use Gauss’s
law to obtain the electric field everywhere. What is the potential ?
What happens as b — a and p — oo with p(b — a) = p,?
Deduce from the analysis given in section 6.2 that

1
V2 ( ) = —475(x — Xo).
X — Xo
By taking the curl of (6.18), show that

V x B = poj(x) + g—zv/j(xo)vo ‘ <|x _1 X0|> d*x,
where Vj is the gradient with respect to x,. Integrate once by
parts, and use the steady form of (6.12) to deduce Ampere’s law,
(6.20).
By substituting the definition, (6.77), of the transverse and axial
components of the time harmonic fields in a waveguide into
Maxwell’s equations (6.31) and (6.32), show that

E, = kz% (ikV(E. — iwZ x V(B;),
<

and find a similar equation for the transverse component of B in
terms of the axial components of the electric and magnetic fields.
Using these equations, show that in a circular metal waveguide,
boundary conditions (6.79) are appropriate.
Determine the eigenfrequencies of a square, perfectly conducting
waveguide with sides of length a, and calculate the velocity at
which energy propagates along the waveguide for each mode.
A layer of glass with refractive index n > 1 and thickness a is
sandwiched between a perfect conductor and a vacuum.
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(a) Determine the equation satisfied by the eigenfrequencies
of TM modes that can propagate along the glass.

(b) A plane polarised wave of frequency w is incident on
the glass at an angle o with its magnetic field parallel to
the surface of the glass. Determine the amplitude of the
reflected wave.

Determine the near field of a time harmonic electric dipole, and
show that both the electric and magnetic fields are of O(r—3).
Show that this is equivalent to the field of a static electric dipole
due to charges qo and —qq at (0,0,0) and (0,0,1).

Determine the far field of two identical time harmonic electric
dipoles with moments in the same direction, separated by a
distance, d > 0. Describe the far field when (i) wd/cy < 1, (ii)
wd/cy > 1.

Consider the half wavelength antenna with a piecewise linear
current distribution, given by (6.118). Show that the gain is

proportional to
: 2 2
0 1
(1118—49 {1 — Cos <§ncose>} ,

and that the ratio of its radiation resistance to that when the
current distribution is given by (6.110) is

T qind 0
6—2‘(/ w{l—cos< ncos@)} )d@// cos’ (37 cos )dH
n*\ Jy cos*O smH

Evaluate this ratio numerically using the trapezium rule, and
hence show that the radiation resistance only differs by about
1% between these two approximations.



Part two

Nonlinear Waves

So far we have studied only linear wave systems. With the exception
of electromagnetic waves, we formulated the governing equations by
looking at small amplitude disturbances of steady states — a string in
equilibrium, a motionless ideal gas or elastic solid, the flat, undisturbed
surface of a fluid or solid. If y; and y, are solutions of a linear system
of equations, then a;y; 4+ ay, is also a solution for any constants a;
and ay. In particular, this means that separation of variables and integral
transform methods allow us to determine the solution. In fact, these are
the only techniques we have used. Compare what happens for nonlinear
systems, for example, disturbances of a steady state that do not have
a small amplitude. If y; and y;, are solutions of a nonlinear system of
equations, then, in general, neither y; +y; nor ky;, with k a constant, are
solutions. Our standard mathematical techniques fail, and we must think
again.

We begin by introducing some of the techniques that can be used
to study nonlinear systems of equations by looking at two specific
examples in chapter 7. In section 7.1 we study in detail a simple model
for the flow of traffic. The governing equation determines how the density
of cars changes along a road with a single lane. In chapter 3 we studied
small amplitude disturbances to a compressible gas. In section 7.2 we
investigate finite amplitude disturbances. The system of equations has
three dependent variables, velocity, density and pressure. Each of these
systems can be studied in terms of characteristic curves, which carry
information from the initial conditions forward in time in a sense that
we shall explain below. Another generic feature of these systems is that
shock waves can form, and we devote some time to investigating their
properties.

We have already derived the governing equations for shallow water
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waves. The system has two dependent variables, water depth and hori-
zontal velocity, and we begin chapter 8 by considering nonlinear waves
on shallow water. After studying Stokes’ expansion for weakly nonlinear
progressive gravity waves on deep water, we move on to look at how, in
shallow water, the nonlinear steepening of water waves can be balanced
by the effects of linear dispersion, as expressed by the KdV equation.
This is a nonlinear equation, and we examine its wave solutions, known
as cnoidal waves. The KdV equation also has a family of solitary wave
solutions, which we will consider in detail in section 12.1. We also show
how we can use complex variable theory to derive some exact solutions
for nonlinear capillary waves.

In chapter 9 we study chemical and electrochemical waves. Chemi-
cal waves arise from a self-sustained balance between the tendency of
molecular diffusion to smear out distributions of chemicals and limit the
maximum concentration, and the tendency of certain reactions to cause
the maximum chemical concentration to rise. We end the chapter by
considering how we can model the propagation of nerve impulses — an
example of an electrochemical wave.

In all of these systems we are interested in how the effect of a nonlinear
process (for example, wave steepening or chemical reaction) is modified
by that of a linear process (for example, diffusion or dispersion). In
general, we find that the result is a coherent, propagating structure (a
shock, a soliton or a chemical wave), sustained by a balance between the
opposing effects of the linear and nonlinear processes.
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The Formation and Propagation of Shock Waves

In this chapter we consider various physical systems in which shock waves
arise. These systems can be studied in terms of characteristic curves, on
which information from the boundary and initial conditions propagates.
However, this approach usually only gives a valid solution for a finite
time, after which the solution at some points becomes multi-valued. This
difficulty can be dealt with by inserting discontinuities in the solution,
which represent shock waves.

7.1 Traffic Waves

Traffic flow modelling has developed rapidly over the last forty years, and
sophisticated models are used in the planning of new roads and analysis
of existing road networks. The type of model that we will discuss is the
simplest possible and was one of the first to be postulated. In spite of this,
it manages to capture many of the qualitative and quantitative features
of real traffic flows. It is an excellent way of introducing the mathematics
and physics of shock waves, and the solutions can be readily interpreted
in terms of our everyday experience of road travel.

7.1.1 Derivation of the Governing Equation

We begin by stating our main assumptions.

— There is only one lane of traffic and no overtaking. This may seem
restrictive, but the inclusion of several lanes with traffic switching
between lanes, along with a model for overtaking, is a difficult busi-
ness. Moreover, the model that we will develop has been shown to be
in reasonable agreement with observations, even for multi-lane roads
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Fig. 7.1. Bunching in lines of traffic.

(see however Kerner (1999) for an introduction to more complex
phenomena on multi-lane roads).

— We can define a local car density, p, as the number of cars per unit
length of road. Formally, we are invoking the continuum approxima-
tion, which is the basis of fluid mechanics. In fluid mechanics, we do
not want to analyse the motion of every fluid molecule, so, at any
point, we take a small but finite averaging volume surrounding the
point in question, and define the mean density in this volume to be
the effective density at the point. In traffic flow modelling, at any
point we take a small but finite length of road and define the car
density to be proportional to the number of cars within it. Of course,
small in this context means something rather different from what it
means in fluid mechanics, but the idea is the same. We end up with
a function, p (x,t), which is defined for every position x and time ¢.

— The local car velocity, v (x,t), is a function of the local car density
alone (v = v(p)). The underlying idea is that the velocity at which
a car is driven is dependent only on the distance from the car in
front, and hence on the local car density. This is perhaps the most
unrealistic assumption in the model, and we shall see later that we
need to modify it.

Now consider a finite length of road, x; < x < x;. The rate of change
of the number of cars in this interval is equal to the flux of cars in at x;
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minus the flux of cars out at x,, or

X2

| ple0dy =gl —q(a), (7.1)

where ¢ (x,t) is the car flowrate. In terms of p and v,

q=pv(p). (7.2)

Equation (7.1) is the integral expression for conservation of cars, and
must hold for any x; and x,. Notice that there are no x-derivatives, a
fact that will prove useful later.

For continuous densities, we can take the limit x, — x; and obtain the
more familiar, differential form for conservation of cars as

op 0q
v 0 (7.3)
This is just the one-dimensional version of the generic conservation
equation
% +V-q=0,

where a is a vector whose components are the densities of all the con-
served quantities and q their fluxes. Equation (7.3) is the canonical form
for kinematic waves. These are waves that arise purely because of the
need to conserve mass, or here cars. No force balance is involved, which
distinguishes kinematic waves from dynamic waves.

The next issue to be addressed is the functional form of v (p). We
assume that:

— There is an upper limit, ppy.x, on the possible density of cars, corre-
sponding to bumper-to-bumper traffic, so that v (pmax) = 0.

— As the car density increases, drivers slow down. We assume that v (p)
decreases monotonically for 0 < p < pmax. Note that traffic flows in
the positive x-direction.

As an example, consider figure 7.2, which shows car density and flowrate
plotted against car velocity for a real road. The data comes from the M25
motorway between junctions 13 and 14, Britain’s busiest stretch of road.
Each data point represents an average over one minute between 7a.m.
and 7 p.m. on a weekday. Also shown is a straight line fit to the density
data, and the corresponding fitted flowrate. The maximum flowrate lies
at around 45 miles per hour, considerably slower than the speed limit of
70 miles per hour. The highest flowrate of cars can be achieved at this
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Fig. 7.2. Measured flowrate and density for a stretch of the M25 motorway
between 7a.m. and 7 p.m. on a weekday in 1999. Each data point is an average
over one minute.

rather low speed, but with closely packed cars. Indeed, for any density
greater than about 200 cars per mile, a higher flowrate can be obtained
if everyone slows down and reduces their distance from the car in front.

7.1.2 Small Amplitude Disturbances of a Uniform State

Before studying the full nonlinear problem, it is prudent to consider briefly
the linearised model that governs the propagation of small disturbances
to a uniform flow of traffic.

By using the chain rule on the x-derivative, we can write (7.3) as

(3p ap
LrepsE =0 (1.4)
where
¢(p) = dp(pv) — v(p) + o0’ (p) (1.5)

is the kinematic wave speed. We now look for solutions that are small
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Fig. 7.3. The car velocity, flux function and kinematic wave speed given by (7.14).

amplitude disturbances of a uniform state p = pg, where p is a constant.
By writing

p=po+p, withp <1, (7.6)
and linearising (7.4) we obtain
ap op
Pie? =0 .

If we let n = x — ¢(pg)t and look for solutions p (y,t), we find that (7.7)
becomes dp/dt = 0, and hence the general solution is

p=f(x—clpo)t)

for any function, f. This is a kinematic wave that propagates in the
positive x-direction without change of form at the kinematic wave speed
appropriate to the uniform state, ¢ (po).

If the maximum value of the flux function, ¢ (p) is at p = p*, then
¢ >0 for p < p®and ¢ <O for p > p*, as illustrated in figure 7.3 for a
simple model that we will study later. This means that kinematic waves
propagate in the opposite direction to the traffic flow when p > p*. This
demonstrates that what is propagating is not cars, but disturbances in
the medium made up of cars; no cars travel backwards when ¢ < 0. You
may have experienced this phenomenon on a busy road when a sudden
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Fig. 7.4. Traffic on the M25 motorway on a busy morning. The horizontal axis is
minutes past midnight, the vertical axis is distance in multiples of 500 m and the
color scale indicates average speed in km/h. The black lines indicate the paths
of six typical cars.

increase in car density reaches you from the traffic ahead for no apparent
reason. Figure 7.4 shown the behaviour of the early morning traffic on
the M25. Local increases in density, the low speed red areas, propagate
backwards through the flow, whilst cars, indicated by the black lines, go
forwards, slowing down when the density increase reaches them.

Kinematic waves occur in many other physical systems. A popular
explanation for the dynamics of the spiral arms of galaxies, including
our own, is that they are kinematic waves that rotate about the galactic
centre, whose underlying medium is interstellar dust and gas. It is not
stars that rotate with the arms, but an increased tendency for bright
young stars to be born in the high density regions of the wave (see
Crosswell (1995)).

Now consider the curves x = X (t) on which p is constant. Since the
solution propagates at speed ¢ (pg) without change of form, these are just
the straight lines

x = X(t) = xo+c(po)t, (7.8)

known as characteristic curves, or simply characteristics. These are illus-
trated in figure 7.5 for a case where ¢(pg) < 0. This construction may not
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t

Fig. 7.5. The characteristics for the linearised problem.

seem to be of much use, but we shall see that characteristic curves govern
the propagation of the initial car density in the full nonlinear problem.

7.1.3 The Nonlinear Initial Value Problem

We wish to solve

aop op
F +c(p) i 0, (7.9)
subject to the initial condition
p(x,0) = po(x). (7.10)

Can we construct a set of characteristics, x = X(t), on which p is constant,
for this nonlinear problem? On these curves

p(X(1),1) = p(X(0),0) = po (X (0),

and hence
d _dp dXdp
T (X (1),0)} = ST
If we compare this expression with (7.9), it is clear that we require
dx
— =c(p). A1
o =cle) (7.11)

However, p is constant on each characteristic, by definition, so on each
characteristic ¢(p) is constant, dX /dt is constant and each characteristic
is a straight line given by

x=X(t) =x0+ c(po(x0))t for —oo < xy < 0. (7.12)



228 The Formation and Propagation of Shock Waves
The solution is given implicitly by (7.12) and

p(x,1) = po (xo). (7.13)
This defines the solution, but it is easier to see what is going on by
considering a specific problem and examining how the characteristics
affect the development of the initial car density profile.
For our example problem, we will use the model

X (pmax — p)- (7.14)

v(p) = p

max

This is the simplest possible form for the velocity function, consistent
with our earlier assumptions about its behaviour, and, as we have seen
in figure 7.2, is in reasonable agreement with real data. In this case,

U,
 (pmax — 20), (7.15)

c(p) =
P) Pmax

and p* = %pmax, as illustrated in figure 7.3. The initial conditions that we
will study are

pL + pre/t

for positive constants p1, pr and L. We begin by examining what happens
when pp > pr. Note that p — pp as x > —oo and p — pr as x — oo,
with the change between these two states occurring over a distance of
O(L), as illustrated in figure 7.6. We study this simple initial condition to
illustrate the fundamental difference between cases where the car density
increases with x and those where it decreases.

Since the kinematic wave speed, ¢(p), is a decreasing function of p, and
the initial conditions have pg(x) a decreasing function of x, ¢ (po (x)) is
an increasing function of x, with

%0] Pmax — 2pL + (Pmax — 2pR) e/l
1 4 ex/L ’

po(x) = ; (7.16)

¢(po(x)) = (7.17)

Pmax

as illustrated in figure 7.7. This means that the dX /dt increases as xg
increases, and hence the characteristics are as illustrated in figure 7.8.
There is a unique characteristic through every point in the domain of
solution. Qualitatively, the spreading out of the characteristics leads to a
spreading out of the initial density profile, as shown in figure 7.9. Note
that the solution is sketched in a frame of reference moving to the right at
speed ¢(po(0)), so that the density at the point x — ¢(po(0))t = 0 remains
constant. Each point on the initial profile is shifted to the right by a
distance ¢ (pg (xo)) t. Remember, this does not mean that cars are actually



7.1 Traffic Waves 229

X

Fig. 7.6. The initial conditions for the initial value problem given by (7.16) with
pL > PR-

c(p(x))

/ x

------------- c(py)

Fig. 7.7. The initial kinematic wave speed for the initial value problem given by
(7.16) with pp > pg.

moving with speed ¢ (po(x¢)), simply that a disturbance propagates at
this speed. Cars accelerate out of the high density region into the low
density region, and the deficit in cars travels backwards. Cars are the
molecules that make up the medium whose properties we are studying.
Now consider the initial conditions (7.16) in the limit L — 0, so that

_J pL forx <0,
po(x)—{ pr  for x > 0. } (7.18)
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t

X

Fig. 7.8. The characteristics for the initial value problem given by (7.16) with
pL > PR-

P

t=t0>0

— 1
1=t >t

x— (P, O))r

Fig. 7.9. The development of the car density for the initial value problem given
by (7.16) with pp. > pr.

The initial value problem given by (7.9) and (7.18) is known as the Rie-
mann problem, and is of fundamental importance both for understanding
the behaviour of this type of system and for constructing numerical so-
lution schemes (see LeVeque (2002)). The characteristics are given by

x=xo+c(pL)t, forxg <0, } (7.19)

x=x9+c(pr)t, for xo>0.

For characteristics that begin at the origin, xo = 0 and the ratio xo/L
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|/

Fig. 7.10. The characteristics for the Riemann problem with p; > pg.

is indeterminate as L — 0. To deal with this we let xo = koL, where ko
is a constant. Now xo/L = ko for all values of L, and a characteristic
beginning at the origin is given by

Y = %) {pmax - 2PL + (pmax - 2PR) eko } ¢

7.2
1+ éfo (7.20)

pmax

for any value of ky. As ko varies from —oo to oo, this describes a family
of straight lines through the origin with ¢ (pr) < x/t < ¢(pr). A family
of characteristics emanating from a single point in this way is known as
an expansion fan, expansion wave or rarefaction wave. We can now sketch
all of the characteristics in figure 7.10.

To the left of the characteristic x = ¢(pL)t there is a uniform density
p = pL, whilst to the right of x = ¢(pr)t there is a uniform density
p = pr. Between these two characteristics the expansion fan solution is
given by the characteristic equation itself, ¢ (p) = x/t. To summarise, the
Riemann problem with py > pr has solution

pL for x < c(pL)t,
p(xa t) = %pmax (1 - X/Uot) for C(PL)f =x< C(PR)L (721)
PR for x > ¢(pr)t,

as shown in figure 7.11. When py = pmax and pr = 0, we have the
situation that occurs when a traffic light goes green. From an initially
stationary line of bumper-to-bumper traffic, the front cars accelerate off
into the clear stretch of road ahead, and the front of the queue spreads
out with the effect of the green light propagating back through the traffic
at a constant velocity ¢ (pmax) = —Uvo.
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o

Fig. 7.11. The solution of the Riemann problem with p; > pkg.

At this point, it is worth noting the self-similarity of this solution. The
only quantities involved in the Riemann problem are p, pr, PR, Pmax> U0
x and t. There is no geometrical length scale in the problem, so we expect
the solution to be a function of some dimensionless combination of the
above quantities. The only such combinations are ratios of two densities,
and the quantity x/vot. This leads us to suspect that the appropriate
solution is of the form p = p;f (x/vot) for some function f and density
p1. The solution (7.21) is clearly of this form. In addition, if we substitute
this form into (7.9) we find that

{Z-co}r (%) ~0. (7.22)

This means that the solution must consist of spatially uniform sections
and expansion fans.

We now consider the apparently equally straightforward case, pr >
pL. By the converse of the arguments presented above, the kinematic
wave speed ¢ (pp(x)) is now a decreasing function of x, and hence the
characteristics are as shown in figure 7.12. It is clear from the figure that
characteristics must eventually intersect. By definition, p is constant on
each characteristic, so if two intersect, which value of p are we to take as
the solution? As it stands, our initial value problem becomes ill-posed as
soon as any characteristics meet, and we must consider what is missing
from our simple model. Before turning to this question we can calculate
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X

Fig. 7.12. The characteristics for the initial value problem given by (7.16),
PR > PL-

under what circumstances characteristics will intersect, and where and
when this happens.

Consider two characteristics that intersect. Any characteristic that
begins at some point between these intersecting characteristics must meet
one of them at an earlier time (ignoring the unlikely case when all the
intermediate characteristics intersect at a single point). This means that
the earliest intersection must be between neighbouring characteristics.
Consider two characteristics, x = X(t) and x = X»(t) given by

Xi(1) = xo + c(xo)t,
Xo(t) = xo 4+ dx + c(xo + dx)t.

For notational convenience we write ¢(x) for ¢ (po(x)) here. As ox — 0
we obtain neighbouring characteristics, and

Xo(t) = xo + 0x + c(xo)t + dxc’(xo)t,

where ¢/(x) = dc(po(x))/dx. If these characteristics intersect at time t = T,
Xi(T) = X,(T) and hence

There are two points to be made here:

— If /(x¢) > 0 for —o0 < xo9 < oo, the characteristics never intersect
for t > 0, and the solution constructed using characteristics is valid
everywhere. This is what we found when pp > pr.
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Fig. 7.13. The time, T at which neighbouring characteristics meet for the initial
value problem given by (7.16) with pr > pr.

— If ¢/(x0) < 0 at any point xo, a pair of characteristics will intersect
and the solution as constructed becomes ill-defined. This first occurs
when t = Tyin, where

Twin = min {—;}, (7.23)

—00<X( <00 c’(xo)

in other words, where the initial slope of the kinematic wave speed
is most negative. The solution constructed using characteristics is,
therefore, valid for 0 <t < Tn.

For our particular example, we calculate that

2meax 2 (X0
=——— cosh" (), 7.24
(pr — pL) 00 (2L) (7.24)
which is sketched in figure 7.13, and hence
2L max
Toin =~ (7.25)
(pr — prL) Vo

with the first intersection of characteristics occurring at xo = 0. As
t = Tumin the density profile steepens until, at t = Ty, an infinite slope
develops at x = ¢(po(0)) Tmin, as shown in figure 7.14. As we have seen,
the solution is not valid for t > Tpin, but we can still sketch what we
obtain using the characteristics to construct the solution.

Figure 7.15 shows that the profile overturns and becomes multi-valued.
Within this region, there are three characteristics through each point, and
hence three possible values of p. At the boundaries of this multi-valued
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x—c(0)t

Fig. 7.14. The solution of the initial value problem given by (7.16) with pr > pr
for t < Thin.

o

x—c(0)t

Fig. 7.15. The multi-valued solution of the initial value problem given by (7.16)
with PR > PL for t > Thin-

region, two neighbouring characteristics meet, and hence the location of
the multi-valued region for our example problem can be deduced from
(7.24). A typical example is sketched in figure 7.13. The appearance of
an infinite slope at x = 0 when t = Ty, suggests that a shock wave is
formed. Mathematically, a shock wave is a discontinuity in one or more
of the dependent variables (here there is only one dependent variable).
Physically, a shock wave is a thin surface across which one or more of
the physical properties changes rapidly and some physical effect, often
viscous dissipation, cannot be neglected as it can in the rest of the
domain of solution. Before considering what effects we have neglected
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Fig. 7.16. The equal area rule.

in our traffic flow model, and whether their inclusion allows us to show
that a shock wave actually exists, we can consider where such a shock
wave might be located.

Where should we insert a shock wave into the profile shown in fig-
ure 7.157 Since our governing equation is an expression of the fact that
the number of cars is preserved, we should insert a discontinuity so as to
cut off equal areas in the profile, as shown in figure 7.16. This is known
as the equal area rule, and using it the number of cars is conserved. Note
that this solution satisfies the integral form of car conservation, (7.1).
In this form, there are no x-derivatives, and the discontinuity does not
cause us a problem. The characteristics and the position of the shock are
illustrated in figure 7.17. This procedure is known as shock fitting. Note
that characteristics enter the shock and then play no further part in the
construction of the solution. Consider the case pr = Pmax> PL < Pmax-
This is what happens as cars approach a stationary queue behind a red
traffic light. On meeting the queue, cars slow down to a stop, and the
lengthening of the queue is achieved through a shock wave propagating
backwards.

In section 10.1, we will show how to justify this procedure by intro-
ducing some extra physics into the problem, specifically, the reasonable
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Fig. 7.17. The characteristics and shock locus for the initial value problem given
by (7.16) with pr > pr.

x=s(1)

)

Fig. 7.18. A shock wave.

notion that (most) drivers actually look a little further ahead than the
bumper of the car in front.

7.1.4 The Speed of the Shock
Now that we have found that shock waves can form, how fast do they
move? Consider a shock whose position is given by x = s(t), p = p~ at
x =s",and p = p™ at x = sT, as sketched in figure 7.18. Conservation
of cars in integral form, (7.1), gives

0 s(t) X2
o (/ -|-/ ) p(x,t)dx = q(x1,t) — q(x2, 1),
X1 s(t)
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Fig. 7.19. The characteristics and shock locus for the Riemann problem with
PL < PR-

and hence
X2 (3
/ P iy + o — Lot = g(x1,1) — qlxn 1), (7.26)

If we now let x; — s(t) and x; — s(t), the integral vanishes and we are
left with
_ _ds o+ Lds
qa(p7) —p 5 =alp") —r"
and hence the shock speed is given by

ds _q(p7)—alp’)

i pp—— (7.27)

For the simple case, with q(p) = pv(p) = pvo(Pmax — L)/ Pmax> We find that
ds/dt = (v(p~) + v(p™*))/2. As we shall see in section 7.2, this procedure
can be generalised to systems of conservation laws.

We can now return, after our lengthy diversion, to our example initial
value problem with p; < pr. What happens as L — 0? In other words,
what is the solution of the Riemann problem when pp < pr? Equa-
tion (7.23) shows that T, — 0 as L — 0, so in this limit a shock forms
immediately. The initial conditions take the form of a shock wave, and
this persists for all time, rather than opening out into an expansion wave
as was the case for pp > pr. The constant speed of the shock can be
calculated from (7.27). The characteristics are illustrated in figure 7.19.
Note that all of the characteristics terminate in the shock. Looking back
to the case pp > pgr, we found that the characteristics for the appropriate
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X

Fig. 7.20. An unphysical shock wave solution of the Riemann problem with
PL > PR-

solution were as shown in figure 7.10. However, we can also construct
a shock wave solution of this Riemann problem, with characteristics as
shown in figure 7.20. We can exclude this solution by considering the
possible travelling wave solutions with v > 0 (see section 10.3). Another
way of excluding this solution is by noting that it has characteristics
that originate at the shock. This is unphysical, since the solution should
depend upon the initial conditions, not on conditions at the shock.

7.2 Compressible Gas Dynamics

In chapter 3 we studied sound waves, which are small amplitude dis-
turbances of a stationary body of compressible gas. In this section we
study the dynamics of a compressible gas when the amplitude of the
disturbances is not small. In particular, we will find that shock waves can
form, and study their properties. Figure 7.21 shows a shadowgraph of the
shock waves generated by a fast moving projectile. The pressure, density,
velocity and local sound speed in the gas can all change discontinuously
across shock waves. An essential preliminary to understanding this is a
brief study of the thermodynamics of ideal gases.

7.2.1 Some Essential Thermodynamics
In classical kinetic theory, the theorem of equipartition of energy tells

us that there is an average internal energy %kT associated with every
degree of freedom of the molecules in an ideal gas, for which there is
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Fig. 7.21. The shock waves generated by a projectile at Mach number M ~ 1.7.

no intermolecular attraction, where k is Boltzmann’s constant and T is
the absolute temperature. For an atom in translational motion there are
three degrees of freedom, so its internal energy is %kT. For one mole
of these atoms, the energy is %kN AT, where N4 is Avogadro’s number.
The universal gas constant is R = kNs ~ 8.3Jmol~! K™, so the internal
energy of a mole of atoms is E = %RT. For a mole of molecules composed
of two atoms, in addition to the translational degrees of freedom there
are two further rotational degrees of freedom, so that the total internal
energy is E = %RT. This is a reasonable approximation for air, which
consists mainly of the diatomic gases nitrogen and oxygen. Note that E
is directly proportional to the absolute temperature in an ideal gas.
Let’s now consider the changes in temperature and pressure that occur
when a gas is heated and its volume allowed to vary. If an amount of
heat Q is absorbed (or given up) by a volume of gas, and the work done
in any change of volume is W, then the change in internal energy (which



7.2 Compressible Gas Dynamics 241

we consider to be reversible) is given by the first law of thermodynamics,
dE=Q0—W. (7.28)

If we neglect viscous and magnetic effects, we have W = pdV, so that
dE = Q — pdV.

We now introduce the idea of the entropy of a gas, S, as the amount
of thermal energy that is unavailable for conversion into mechanical
energy. This leads us to regard entropy as a measure of the randomness
or disorder in the gas. In particular, if an amount of heat Q is absorbed at
an absolute temperature T, then the entropy is increased by an amount
dS = Q/T, and we can state the second law of thermodynamics as

dE = TdS — pdV. (7.29)

If we now regard E as a function of S and V,

0E 0E

so that we can formally define

- (% __ (%
“\as), P \av)y

In these equations, the subscript indicates which variable is to be held
constant during the differentiation.

There are two further energies that will be of use to us here: the
enthalpy, H = E + pV, and the free energy, F = E — T'S. These are
measures of how much energy the gas has available to exchange with its
surroundings. Now dH = dE + pdV + Vdp, which, using the second law
of thermodynamics, (7.29), can be written as

dH = TdS + Vdp.

Regarding H as a function of S and p, we have

0H 0H
(), v-(2),
s/, p )

Assuming smoothness of the second partial derivatives of the enthalpy

gives
oT av
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A similar calculation for the free energy gives

ap (08
(ﬁ% = (W)T’ 730

a result that we will make use of shortly.

If the gas absorbs an amount of heat Q and its temperature rises by
dT, we can define the specific heat ¢ by the relation Q = ¢dT. The first
law of thermodynamics states that dE = ¢dT — pdV. If this absorption
of heat takes place at constant volume, we have ¢ = cy, the specific heat
at constant volume, and dE = ¢ydT, cy = (0E/0T)y. As we have seen,
for a diatomic ideal gas ¢y = %R. If the absorption of heat takes place
at constant pressure, ¢ = c,, the specific heat at constant pressure, and
dp =0, so we have ¢,dT = dE + pdV, so that

_ [ OE v d _ (oH
o= (), 20 (), o] - (3).

which we can use to derive a relationship between ¢, and cy. If we regard
E as a function of V(p, T) and T rather than V' and S, then

oH 0
c,,=<ﬁ> LAV (.. T) + pV)
_(9EN (v  (E v
—<a—v>T<a—T>,, (ﬁ)ﬁ”(ﬁ),

This means that
+ oF -I- G_V
- v Py\or),

Now, from the second law of thermodynamics, (7.29),
J0E N
=) =71(=) —
<6V>T <6V>T "
N ov
-+ 1(37), (),
6p av

For one mole of an ideal gas pV = RT. Evaluating the partial derivatives

Y _R (VYN _R
ar), v \oT /), p’

so that

and from (7.31)
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then gives ¢, = ¢y + R. For a diatomic ideal gas, ¢, = ZR.
From the second law of thermodynamics, (7.29),

ds =CvdTT +pg =CvdTT +Rd7V,

and hence
540 ()4
Cy T Cy |4 '

If we define y = ¢,/cvy, the ratio of specific heats of the gas, then this
relationship is easily integrated to give TV~ = 4e5/V for some constant
A. Using the ideal gas law, this gives

s = log <£> + constant, (7.32)
Ccy p’
and hence
p=xeSVpl (7.33)

for some constant, k. For a diatomic ideal gas, y = 1.4. This is the
equation we used in section 3.1 when we determined the speed of sound
in a gas. As we will show below, the entropy of a gas satisfies a very
simple equation, and the thermodynamics that we have studied in this
section is enough to allow us to investigate the properties of shock waves.
It is now clear that the internal energy E of a unit mass of gas can be
written as

p

E=CvT= .
(y—"Dp

(7.34)

7.2.2 Equations of Motion

We will now assume that the gas is inviscid and that the effect of gravity
is negligible, as we did in section 3.1, but we will not assume that the
motion of the gas is a small disturbance to a stationary body of gas. It
is most convenient to write the equations for the conservation of mass
and momentum in the form

Dp

D TPV u=0. (7.35)
Du 1

ST ;Vp =0. (7.36)

We now also need the equation for conservation of energy. The energy
per unit mass of the gas consists of the internal energy, E, and the kinetic
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energy, %|u|2. The equation for conservation of energy relates the flux of
this energy to the rate of working of the pressure forces and is given by

d 1
pn < plul® + pE) +V- { <§p|u|2 + pE +p> u} =0. (7.37)

This can be rearranged to give

D 1
o ( ~pluf® +pE) + (§p|u|2 +pE> V:u+V-(pu)=0,

and hence

D D D DE [1
|2 p+ —"+E—p+pD—+<§pIUI2+pE>V'u+pV'U+u'Vp=0-

If we now eliminate V - u and Du/Dt using (7.35) and (7.36), we obtain

Since we know that

TdSsz—pdedE—%dp,

we finally arrive at

DS

Dr
This is the simplest possible way of expressing conservation of energy
in an ideal, inviscid flow, and states that entropy is advected with the
flow, and hence is constant on streamlines. Physically, this result comes
directly from the notion of an ideal gas, where the molecular diffusivity
is zero. Consequently, no heat can be transferred between fluid particles,
and the entropy must be in thermodynamic equilibrium. This type of
flow is said to be isentropic. If the entropy is spatially uniform, the flow
is said to be homentropic. In particular, in a homentropic flow with no
shock waves, S = Sp, then p = kp’, where k = e/ is a constant. This is
the relationship between pressure and density that we used in chapter 3.
Equations (7.35) and (7.36) become

=0.

op

i + V- (pu) =0, (7.38)
Ju 5
— +u-V-u+kyp "Vp=0. (7.39)

ot
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For one-dimensional flows these are

dp | d(pu)

o + N 0, (7.40)
ou Ju ,20p
Fn + U= +kyp ol 0. (7.41)

7.2.3 Construction of the Characteristic Curves

Can we construct characteristic curves for the system (7.40) and (7.41)?
The easiest way to answer this question is to consider the system in terms
of u and the local sound speed,

1/2
Cc = (2—2) = \/'};kp'/—l.

s
In terms of ¢, (7.40) and (7.41) become

dc dc ou
ou ou 2¢ dc
- = 0. 7.43
ot + u@x y—10x (743)
If we now add or subtract appropriate multiples of these equations we

obtain
0

2¢ 0 2¢

L 4oy (u+ =0. 7.44
5t<u_v—1>+(u_c)%<u—v—1> (744
By analogy with our analysis of the equations for one-dimensional traffic
flow, we can see that the functions Ry = u 4+ 2¢/(y — 1) are constant on
the two sets of characteristic curves, X (t), where

ax.

—= =u+tec 7.45

dt HEe (7.45)

Note that these are not necessarily straight lines. The functions R (u,c)
are called the Riemann invariants of the system. To summarise:

— On the C. characteristics, given by dX . /dt = u+c, the C.. invariant,
Ry =u+2c/(y — 1), is constant.

— On the C_ characteristics, given by dX_/dt = u—c, the C_ invariant,
R_ =u—2¢/(y — 1), is constant.

For the solution of a given initial value problem to be well-defined, a
single C, characteristic and a single C_ characteristic must pass through
each point in the domain of solution. The values of u and p at each
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point can then be determined from the initial values of Ry on each
characteristic.

We have already seen in section 7.1 how shock waves may develop in
this type of system, but that not every mathematically plausible shock
solution is physically correct. How can we extend these ideas to shock
waves in ideal gases? One approach is to study the effect of viscosity
and heat conduction in the neighbourhood of a shock. We will do this
in section 10.2 by using the method of multiple scales to determine the
behaviour of a small disturbance of a uniform state. For general distur-
bances, it can be shown that characteristics must enter the shock locus, as
we found in section 7.1 for shocks in traffic. An alternative but equivalent
constraint is that the entropy of a fluid particle must increase as it passes
through a shock. Outside the shock, we have seen that DS/Dt = 0, but
the assumptions involved in the derivation of this equation break down
at the shock. In particular, molecular diffusivities cannot be neglected at
the shock, and entropy is generated there.

Example: The Generation of a Shock by a Uniformly Accelerating Piston.
Consider an ideal gas confined in a long, straight cylinder by a tightly
fitting piston, initially at rest at x = 0. In chapter 3, we showed how
small amplitude oscillations of such a piston generate sound waves that
propagate along the tube. We now consider the case where the gas and
piston are initially at rest, and the piston moves into the gas with uniform
acceleration a. The piston therefore lies at x = %atz, and the gas in the
region x > %atz, initially with sound speed ¢, as shown in figure 7.22.
We can anticipate some of what will happen here using linear theory.
Combining c(z) = y/p, and the equation of state pV = RT we have cj
proportional to \/T. When the piston starts to compress the gas the
temperature will rise. As this process continues the wave speed ¢y will
rise and waves produced at later times will catch up with those produced
earlier giving a multivaluedness to the solution. Let us now analyse this
more quantitatively. We assume that the C_ characteristics that originate
in the gas when t = 0 fill the domain. On these characteristics,

2¢ 2Co

R_: —_ = —_—
=17 Ty eT

and hence

1
c=co+ 50— Dhu,
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Fig. 7.22. The characteristics and shock path for the uniformly accelerating
piston.

throughout the gas. This also shows that all of the C. characteristics are
straight lines, since on these, R, and hence u, ¢ and dX/dt, are each
constant. In particular, the C characteristic that originates at the piston
when t = t satisfies

dx. 1
—_— = —(" 1
I u+c=co+ 2(/-1— )ato,

and hence
1, 1
X (t5t0) = zato +q¢c+ 5(“/ + 1atg ¢ (t — to).

The slopes of these straight lines increase with fp, and we therefore
expect them to intersect at some finite time t;, when a shock forms, as
shown in figure 7.22. As usual, we expect this to occur on neighbouring
characteristics. For 0ty < 1,

oX
X (t,to + to) ~ X4(t, 1) + 5t0?+(t, fo).
0
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Fig. 7.23. The local sound speed when a piston accelerates at 100ms~— into a
tube of air at atmospheric pressure and room temperature. A shock wave forms

when t = t; &~ 2.84s at x = x; &~ 969 m. Note that the initial sound speed is

co~ 341 ms.

Neighbouring characteristics therefore intersect when 0X . /dty = 0, and

hence
260 2“/

=———+ "4
aG+1)  y+1°
This first occurs on the characteristic for which ty = 0, when

_ 20 25

a1 T T Ay

The gradual acceleration of the piston causes the wave that it generates
to steepen until a shock wave forms in the body of the gas at x = x;. This
is illustrated in figure 7.23, which shows the local sound speed when the
acceleration of the piston is 100 ms—2. The local sound speed increases
behind the point x = ¢ot, until the gradient becomes infinite and a shock
wave forms.

If the motion of the piston is started impulsively when t = 0, so that
it lies at x = V't with ¥V > 0, a shock forms immediately at the face of
the piston (see subsection 8.1.1 for a qualitatively similar solution in the
theory of shallow water waves).

= I
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For the shock waves that we have encountered so far in traffic flow,
a simple application of conservation of cars sufficed to fix the position
of the shock for t > t; through an application of the equal areas rule
to the multi-valued solution obtained by the method of characteristics.
The significant difference for shocks in gases is that, as we discussed
above, the entropy of the gas changes across a shock. This means that
once the shock has formed, the solution obtained using the method of
characteristics is no longer valid, since it was obtained on the assumption
that the entropy of the gas is spatially uniform. A shock generates entropy
in its wake.

In the next subsection, we determine what conditions must be satisfied
at a shock in an ideal gas, and also demonstrate how the equal area rule
can be resurrected when the shock wave is sufficiently weak.

7.2.4 The Rankine—Hugoniot Relations

We can learn a lot about how the various quantities change at a shock
by considering the equations for conservation of mass, momentum and
energy, (7.35), (7.36) and (7.37), in the neighbourhood of a shock. As-
suming that the shock is planar and lies at x = s(t), we can write (7.35)
in integral form as

d [
E/ pdx + [pu]? = 0. (7.46)

We note that

d /S(t) /‘(2) ( s(t) .‘(2) ap
- + dx = / +/ —-dx + prS — pL3,
dt < Xy s(t) ’ X1 s(t) at Px o

where quantities immediately to the left and right of the shock are
denoted by subscripts L and R. Taking the limits x; — s(¢t) and x, — s(¢)
in (7.46) then shows that

(pL — pr) S = pLuL — pRUR.

If we define & = u — 5, the velocity of the gas relative to the shock, we
finally arrive at

pLUL = PRUR. (7.47)
Similarly, (7.36) and (7.37) show that

PLﬁzL +pL= pRa%( + PR, (7.48)

1 1
<§pL1_42L +pLEL + PL) i, = (Epkﬁ%z + prER + PR) UR. (7.49)
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Fig. 7.24. The various physical quantities on either side of a planar shock.

These are known as the Rankine—Hugoniot relations, and express the fact
that the flux of mass, momentum and energy must be continuous at a
shock, whilst the pressure, density and internal energy of the gas may not
be continuous. Figure 7.24 shows a planar shock in a frame of reference
moving with the shock, with spatial coordinate X = x — 3.

For an ideal gas, E = p/p(y — 1), so the equation for continuity of the
flux of energy, (7.49), can be written as

1, y pLY - (1, ) PR _
<2uL+y—1pL pLuL = 2uR+V—1pR PRUR.

Finally, using (7.47),

1, y pL 1, 7 DR
—U — =-u —. 7.50
PR S L e (7:30)

The Rankine-Hugoniot relations can also be written in terms of the local
sound speed, ¢ = \/yp/p, as

pLUL = PRIUR, (7.51)
_2 1 2 =2 1 2
pL | o + ;CL =pRr | Ug + ;CR 5 (7.52)
1_ 1 1_ 1
Eui + lci §u§ + yjcﬁ. (7.53)
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This is the usual form in which the Rankine—-Hugoniot relations are
written for an ideal gas.

Now that we have obtained (7.51), (7.52) and (7.53), what can we
find out from them? Since these are three equations in six unknowns,
L, pL, CL, URr, pr and cr, we can always eliminate two of these and
obtain a single equation that involves any four unknowns. For example,

to eliminate 7ir and cgr, we use equation (7.51) to write
T (7.54)
PR

and (7.53) and (7.54) to write
1 AW
R=c+30-1) < — p—;) i, (7.55)
PR

If we now use (7.54) and (7.55) to eliminate @ir and ¢} from (7.52) we
find that

pL\ o , 1 2 y—1 Pf =2
1— L z _ — 1— L )
pL ( pR) ug, + . (pL — pr) ¢l = pr 2 ( 2 ug,
If we remove the factor of (pr — pL), we obtain

1 y—1
PLuz__/

PR~ PR 2
and a final rearrangement gives

(pr +pu) T = —ci,

PL
1) = =y—14+ =k
(/+)pR P+

If we write this in terms of the local Mach number to the left of the
shock, My =i /cL, we obtain

R (p+DM

oL (p— DM +2
It is most useful to write this equation in the final form
y — 1) M? +2M?
pr_ (00— DM +2Mp (7.56)
pL (y—1)M{ +2
It is now clear that if Mf > 1 then pr > pr, and vice versa. In other
words, if the flow is locally supersonic (M? > 1), the density on that side
of the shock is lower than it is on the other. By symmetry, we can deduce
from (7.56) that

y— 1) M2 + 2M2
pr_ =1 My +2My (7.57)
PR (y— DMz +2
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and hence that M} > 1 if and only if M3 < 1. In other words, the flow
must be supersonic on one side of the shock and subsonic on the other.

Many other deductions can be made from the Rankine-Hugoniot
relations using similar manipulations. In particular, the entropies on
either side of a shock, S; and Sg, satisfy (see exercise 7.6)

Sr —SL zlog{(l-f—z)(z”/-i—("/— 1)2)7}
ey 2y +@+1)z)y '

(7.58)

where z = (pr — pL)/pL is the strength of the shock. When z < 1, we say
that the shock is weak. An expansion of (7.58) for z < 1 shows that

SR — SL “/2 — 123

Cy 12“/2 ’

(7.59)

This means that for sufficiently weak shocks very little entropy is gener-
ated. We will prove a similar result for the loss of energy across a shallow
water bore in subsection 8.1.2. Figure 7.25 is a graph of (7.58), which
shows that even when z = 1, (Sg — SL)/¢y = 0.01, and the change in
entropy is small. From (7.32), a small change in entropy across the shock
leads to a small change in the gas law across the shock. This means that,
for sufficiently weak shocks, to a good approximation we can assume
that the flow remains isentropic and apply the equal area rule to the
density predicted using the method of characteristics. This is the basis of
weak shock theory, which we shall discuss in more detail in section 10.2.

Figure 7.26 shows a shock wave in air interacting with a sharp edge.
The shock wave is generated using a shock tube and the air is at rest
ahead of it. Behind the shock the pressure initially increases to 2.4 bar.
From these measured quantities, the Rankine—Hugoniot relations give
the density behind the shock as 1.8 kgm™3, the shock speed as 550 ms~!,
and the gas velocity behind the shock as 250ms~'.

Example: Reflection of a Shock Wave at a Planar, Solid Wall. As a final
example of how the Rankine-Hugoniot relations can be used, let’s con-
sider the reflection of a shock wave that is incident normally on a planar,
solid wall, as shown in figure 7.27. This is the approximate situation
when the shock wave caused by an explosion hits a solid structure. We
are particularly interested in the pressure at the wall immediately after
the shock is reflected, since it is this that causes the force exerted on the
solid structure. If the shock is incident at a significantly oblique angle,
the situation is rather more difficult to analyse, and we do not consider
this case here.
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Fig. 7.25. The change in entropy across a shock of strength z.

The first equation that we need, which comes from eliminating pr and
pr from (7.51) to (7.53), is (see exercise 7.5)

2 N 2y \pL _
<V+ 1) up 4ty (ur —tip) (‘/—i- 1) oL =0. (7.60)

Just before the shock wave reaches the wall, propagating with velocity
U,, the gas pressure and density at the wall take the initial values py and
po. We also know that the normal velocity of the gas is zero at the wall.
If the gas pressure, density and normal velocity behind the shock wave
are ps, ps and ug, we have i, = us— U, and @i = —U... Substituting this
into (7.60) shows that

2 21
(y 2 1) (s — U ) — gty — Us) — (H’l) Do e
S

Immediately after the shock is reflected, its normal velocity is —U_, and
the gas pressure and density at the wall are the unknowns, p; and p;.
However, the normal velocity at the wall must still be zero. In addition,
the gas pressure, density and velocity on the other side of the shock are
still ps, ps and ug, as shown in figure 7.27. This means that @iy, = us + U_
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(a) (h)
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Fig. 7.26. A shadowgraph photo of a shock interacting with a sharp edge.

and g = U_, so that

2 2y '\ ps
—— ) (us + U_)? —us(us + U_) — [ —— ) = =0. 7.62
(27) o vop -t vy - (2) 2 (1.62)
Comparing (7.61) and (7.62), we find that ug — U, and us + U_ satisfy
the same quadratic equation, and must therefore be the two roots, whose
product is

(s — Up)us + U_) = — 5. (7.63)

N
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Fig. 7.27. The reflection of a shock wave incident normally on a solid wall.

The other equation that we need is

2 oL pr  y—1
=4 7.64
<~/+1> PL o y+1 (7:64)

which comes from (7.51) to (7.53) by eliminating #ix and pg. From the
values on either side of the shock before and after reflection, this implies
that

2 pLus—UL)?  po  7—1
_bo , 7.65
(y + 1> pL ps v+l e
( 2 ) pLus+U-P pi y—1 (7.66)
y+1 PL ps v+1

If we now multiply these two equations together and use (7.63) to
eliminate all the velocities, we find that

po  y—1\(pi  7—1 2\’
LA AT A Y (S = . 7.67
(ps V+1><Ps "/+1> <v+1> 7en
Finally, when an explosion causes a shock wave to be incident on a wall,

we expect that the pressure behind the shock wave will be much greater
than that in front of it, so that py < ps. Using this approximation in
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(7.67), we arrive at the strikingly simple result

P 3y—1

Ds y—1°
For atmospheric air, with y ~ 1.4, this gives p; =~ 8p;. Not only does a
solid structure, for example a bunker designed to protect its occupants
from a conventional or nuclear blast, have to cope with the high pressure
ps incident upon it, the instantaneous pressure is magnified by a factor
of eight by the dynamics of the reflection process.

(7.68)

7.2.5 Detonations”

When a shock wave passes through a gas, the temperature behind the
shock is greater than that ahead of the shock. We can see this for an
ideal gas by eliminating ur and u; from the Rankine—Hugoniot relations
(7.51) to (7.53). The gas law shows that prpr/pLpr = Tr/TL, and leads
to

n{_{w+ﬁmL+W—4mR}&s (7.69)

T. (v —Upo+ G+ UprJ po

Simple calculus shows that the right hand side of this expression is a
strictly increasing function of pr/pL, and hence that Tg > T when
pr > pL. For the shock shown in figure 7.26, the absolute temperature
initially increases from about 20°C to 110°C. In the limiting case of a
strong shock propagating from right to left, so that pr > pp (see exercise

7.6),
BNG;§@>L
To y+1) pL
The stronger the shock, the greater the temperature increase.
If the gas through which the shock travels is combustible, for example
a mixture of methane and air or hydrogen and air, the rise in temperature
across the shock may be sufficient to initiate a chemical reaction and
ignite the gas. Since the chemical reactions involved in combustion are
extremely rapid, there is a region where the mixture of gases is burnt,
and a region where the mixture is unburnt, separated by a thin deto-
nation wave. We will assume that this wave is sufficiently thin relative
to any geometrical length scales that we can model it as a surface of
discontinuity, just as we did for a shock wave.
We can distinguish two different situations where a detonation wave
can exist, in which, as we shall see below, it propagates in slightly
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Fig. 7.28. Soot deposited on foil after a CJ detonation wave in a mixture of
methane and oxygen has passed down a tube. The cellular pattern indicates that
in this case the wave was laterally unstable.

different ways. Firstly, a shock wave may be incident on a combustible
mixture and ignite it. Secondly, a combustible mixture may be ignited
at a point by a local source of heat, such as a spark, and a detonation
wave generated spontaneously by the violence of the chemical reaction.
In the second situation, there is also the possibility of a deflagration wave
propagating. These are rather similar to the chemical waves that we will
study in chapter 9, where there is a balance between chemical reaction and
diffusion of the heat generated. The dynamics of the compressible gas is
of secondary importance in deflagration waves, and there is certainly no
shock. The stability of deflagrations and detonations remains the subject
of lively debate (for example, Brailovsky and Sivashinsky (1997), Sharpe
and Falle (1999)). The effect of a passing detonation wave is shown in
figure 7.28.

The Shock and Detonation Adiabatics and the Chapman—Jouguet Point

In order to investigate the propagation of detonation waves, it is first
useful to consider the notion of the shock adiabatic for ordinary shock
waves. Eliminating the gas temperature from (7.69) in favour of the gas
density gives

o o+ Dpg' = —Dpr!

For given values of pp and pr!, this equation relates pr to pg' and
is known as the shock adiabatic. It takes the form of a rectangular
hyperbola, as plotted in figure 7.29. From the first two Rankine-Hugoniot

relations,
=B TPR (7.71)

PR — ot
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Fig. 7.29. The shock adiabatic for an ideal gas with y = 1.4 (solid line), along
with a typical straight line given by (7.71), (dashed line).

where j = priir = prLuy is the flux of mass through the shock. If
we consider the straight line joining the points (px',pr) and (pr', pL)
on the shock adiabatic, as shown in figure 7.29, its slope is there-
fore —j?. We conclude that, for a given state (py',pr) ahead of the
shock and a given mass flux j through the shock, the state of the
gas behind the shock, (pg',pr), can be determined graphically from
the shock adiabatic by drawing a line of slope —j> through the point
(pr',pL). The other point of intersection will then give the final state,
(PR'> PR)-

For a detonation wave, the Rankine—Hugoniot relations in the form
(7.47) and (7.48) still hold. The first modification to our analysis that
we need to make for a detonation wave is to take into account the
energy released by the chemical reaction in (7.49). The chemical reaction
is confined to a thin region behind the shock wave, which we treat as a
discontinuity in the internal energy of the gas. The second is to note that
the ratio of specific heats may be different on each side of the detonation,
since the chemical composition is different. The third Rankine-Hugoniot
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relation (7.49) therefore becomes

1o R PR _ 1o 71 p

2R Tyr—1pr 27" p—1lpL
where ¢ is the energy per unit mass released by the chemical reaction
and ygr and yp are the different specific heat ratios of the burnt and un-
burnt gases. If we now eliminate zig and @ from the Rankine-Hugoniot
relations for the detonation we arrive at the equation of the detonation
adiabatic,

+4q. (1.72)

ntlpe yrtlpr _pr PR

yo—1pL yr—1pr pr pL
In contrast to the shock adiabatic, the detonation adiabatic does not
pass through the initial point (pr,pr!). The shock and detonation adia-
batics are shown in figure 7.30. The detonation adiabatic lies at a higher
pressure for a given value of p~! than the shock adiabatic because of the
extra heat generated by the chemical reaction. However, (7.71) still holds,
since it is derived from conservation of mass and momentum only. This
means that the slope of the straight line from the initial state, (pr, p;")
to the final state, (pg, pgl), which now lies on the detonation adiabatic,
is still —j%. It is clear from figure 7.30 that there is now a lower bound
on the value of j?, corresponding to minus the slope of the detonation
adiabatic at the point marked CJ, called the Chapman—Jouguet point,
where the straight line (7.71) is tangent to it. Moreover, for j> greater
than this minimum value, the line (7.71) meets the detonation adiabatic at
two different points, B and C in figure 7.30. Only the state C corresponds
to a physically realisable shock. We could deduce this from arguments
involving entropy production at the detonation. There is, however, a
simpler, physical argument.

The internal structure of the detonation, which we neglect in idealising
it as a discontinuity, consists of a shock wave followed by a combustion
region. Across the shock, the initial state of the gas changes to that given
by the point D on the shock adiabatic, as shown in figure 7.30. Then,
across the combustion region, the chemical reaction releases heat and the
pressure of the gas decreases until it reaches the equilibrium state given
by C on the detonation adiabatic. Thus the state C rather than the state
B is reached across the detonation wave, simply because the associated
shock heats the gas and precedes the combustion, not the other way
around. We conclude that the set of possible states that the gas can reach
across a detonation wave is given by the part of the detonation adiabatic
lying above the CJ point.

=-2. (1.73)
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Fig. 7.30. The shock and detonation adiabatics for an ideal gas with yg =y =
1.4, along with a typical straight line given by (7.71), which meets the detonation
adiabatic at points B and C, and the unique line that meets the detonation
adiabatic at the Chapman-—Jouguet point CJ (dash—dotted lines).

At the CJ point, dpr/dpg' = —j*. Since dpr /dpr = ¢} and j* = pkiik,
this means that tig = cg at the CJ point. The detonation wave therefore
moves at the local sound speed relative to the velocity of the burnt gas
if its burnt state corresponds to the CJ point. This is not possible for
a shock wave, since the line given by (7.71) can never be tangent to
the shock adiabatic, as is clear from figures 7.29 and 7.30. We can also
note that on the part of the detonation adiabatic that lies above the CJ
point, for example point C in figure 7.30, —j> > dpr/dpR' = —pkck,
and hence iig < cr. We conclude that, in general, a detonation wave
moves at or below the speed of sound relative to the burnt gases behind
it, and that the uniquely determined detonation that moves at the local
speed of sound corresponds to the Chapman—Jouguet point, CJ, on the
detonation adiabatic, and hence the lowest possible pressure and density
in the burnt gases.

When a shock wave is incident on a combustible gas and becomes a
detonation wave, the strength of the detonation depends on the strength
of the incident shock, and the state of the burnt gases can lie anywhere on
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Fig. 7.31. A spherical detonation wave initiated using high explosives.

the detonation adiabatic above the CJ point. We say that the detonation
may be over-driven (see exercise 7.8). However, when a detonation wave
is ignited from within a combustible mixture by some local source of
heating, it usually corresponds to the CJ point. As an example of this,
we will consider the propagation of a spherical detonation wave away
from its point of ignition. This has some relevance to the behaviour of
supernovas (for example, Wiggins, Sharpe and Falle (1998)).

Example: a Spherical Detonation Wave. Figure 7.31 shows a spherical
detonation wave, initiated using high explosives. Let’s see if we can
describe such a wave mathematically. In spherical polar coordinates,
the equations for conservation of mass momentum and energy for a
spherically symmetric flow are

op | dpw) \ 20 (7.74)

at e T

Ju du  10p

aS as
5 Tuz-=0. (7.76)
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For a detonation wave generated at a point, there is no geometrical
length scale, and the only parameters in the problem are py and py,
the initial pressure and density in the unburnt gases, and ¢, the heat
generated by the chemical reaction. We can form just two dimensionless
groups involving r and t, namely por’/pot> and r?/qt*>. We conclude that
the solution will be of similarity form, with all the dependent variables
functions of n = r/t. We need to solve (7.74) to (7.76) for 0 < n < #o,
with a detonation at n = 59 and the gas at rest in its unburnt state for
n > no.
If we write p = p(n), u = u(n) and p = p(n), (7.76) becomes

(u—n)s' =0, (7.77)

where a prime denotes d/dn. Provided that u # , which we shall see below
does not occur, the entropy S must be a constant behind the spherical
detonation wave. We therefore have p’ = ¢?p’, and can eliminate p and p
between (7.74) and (7.75) to obtain

g {(u—zn)z _ 1}“ ¢ = —(y— 1= {(u =Ll 1}“.
n c cn c
(7.78)

These nonlinear ordinary differential equations determine how the gas
velocity u and local sound speed ¢ vary behind the detonation wave. We
can write (7.78) in dimensionless form by defining

x=" v=4 =%
Co Co €o

which gives
dUu 2U dc  (y—1CUU - X)

X~ X{(U—XP—1} dX  X{(U—-Xp-1} (7.79)

Since there are no sources of mass, the gas velocity must be zero at
X =0, and it is helpful to consider the solution when U <« 1,C ~ 1.
Provided X is not close to one, (7.79) gives at leading order

au U
dX  X(X2-1)

We can solve this separable equation and obtain

U=k<L—iJ, (7.81)

(7.80)

X2

where k is a constant. Since U — 0 as X — 1, we cannot in fact assume
that X is not close to one, and this solution is not valid. We have therefore



7.2 Compressible Gas Dynamics 263

1.5 T T T T T T T T T

1451

L4 . i

> 4 K=-1.1

121 - K=-1.2 7

1.05F L7 numerical solutions ]
4 -—-=-=- X=U+1

1 | | | | | | | | |

0 0.05 0.1 0.15 0.2 U 0.25 0.3 0.35 0.4 0.45 0.5

Fig. 7.32. Numerical solutions of (7.83) for various values of K.

shown that U can only be small in the neighbourhood of X = 1. To
proceed, we define X = X —1,C = C — 1, and seek a solution for U, C
and X small. At leading order

v U ac 1

=z —1=

— = — = S — (7.82)
X X-U dXx 2 Xx-uv-¢

This equation is linear in X, and has the implicit solution
X=KU-1(p+1)UlogU, C~1i(y—-1U,
which gives
X ~1-p+1)UlogU+KU, C~1+Lp—1)U, asU—0, (7.83)

for some constant K. This shows that U — 0 and dU/dX — O as
X — 1. We conclude that the solution has U =0,C =1for0< X <1,
with U and C given implicitly by (7.83) for (X — 1) small and positive.
We now need to consider how U and C behave for X > 1. Before doing
this, let’s consider where a detonation wave can exist. For X > U + C,
in terms of the physical variables, r > ut 4 ct. If the detonation wave
lies at r = ro(t) with ro(t) > ut + ct, the local speed of sound is less than
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Fig. 7.33. The position at which dU/dX becomes infinite as a function of K.

the velocity of the burnt gas relative to the speed of the shock. We have
already seen that this is not physically possible, and we therefore need
to insert the detonation at some point where X < U + C.

It is rather easier to treat X and C as functions of U. Some numerical
solutions of (7.79) are shown in figure 7.32 using (7.83) to begin the
integration at X = 1 + ¢ with ¢ < 1 for various values of K. From
(7.79) we can see that dX/dU = 0 when X = U + C. Each of the
solutions shown in figure 7.32 has X > U + C until it meets the line
X = U+ C at X = X, where it has a local maximum. Treating these
solutions as giving U as a function of X, they are valid for 1 < X < X,
at which point dU/dX becomes unbounded. Numerical integration of
(7.79) suggest that such solutions exist for each K < K, with Ky ~ —2.1.
For K > K, X becomes unbounded at a finite value of U, and does not
provide a solution appropriate to a detonation, since X > U + C. The
function X,(K) is plotted in figure 7.33 for K < K.

To complete the solution, we must insert a detonation wave at X = X,
across which U falls to zero, its initial value. This gives a family of so-
lutions with U = 0 for X < 1 and X > X¢(K), and U monotonically
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Fig. 7.34. A typical similarity solution for a spherical detonation.
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increasing for 1 < X < Xo(K). A typical solution is shown in fig-
ure 7.34. However, at X = Xy, X = U + C, and hence u = Xoco — c.
Since, the detonation lies at r = ry = Xocot and therefore moves with
speed Xocp, we conclude that the burnt gases behind the detonation
move at the local sound speed relative to the detonation, and hence
that the detonation corresponds to the CJ point on the detonation adi-
abatic. For a mixture of gases, this CJ detonation is associated with a
unique value of u, the velocity of the burnt gases behind the detonation,
and hence a unique value of X,. The appropriate similarity solution is
therefore selected by the Rankine-Hugoniot conditions at the detona-
tion, in particular, by the amount of heat generated by the chemical
reaction.

Physically, we can see that the solution consists of a stationary sphere
of gas of radius ¢yt centred on the point of ignition, r = 0, connected to
a spherical Chapman—-Jouguet detonation at r = Xycot by an expansion
wave across which u increases continuously from zero to Xocy — c.
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The Formation and Propagation of Shock Waves

Exercises
The flow of traffic along a single lane road is modelled using
ap
ot
where p(x, t) is the density of cars and v(p) their velocity.
If v(p) = vo (Pmax — P) /Pmax and

0
+ a(pv(p)) =0,

0 for x <0,
(@) p(x,0)=<{ pix*/L* for0<x<L,
01 for x > L,

(b) p(x,0) = p1 exp(—k|x]),

where L, k and p; < pmax are positive constants, determine
when and where the solution first becomes undefined and hence
a shock forms in each case. Sketch the solutions up to the
development of the shock. Use the equal areas rule to make
sketches of the progress of the shock in each case.
Using the model given in the previous exercise, the initial car
density is

p (x,0) = pg + H (n — |bx|) asin bx,

where pg, a and b are constants, with py > 0, |a|] < po and
po + lal < pmax, and H is the Heaviside step function.

Show that when ab is positive, a single shock wave forms
at time t = pmax/200lab|, and that if ab is negative, two shock
waves are formed simultaneously, again at time t = pax/2v0|ab|.
In each case, where are the shock waves when they form?

By fitting appropriate shocks to the multi-valued solution in
each case, show that for ¢t > 1 the maximum value of p is
approximately

T Pmax

ot olblt

when ab is positive, and

_2pmaxa
pot V vobt
when ab is negative.

The flow of cars along a single lane road can be described using
a continuous car density, p (x,t), with car velocity given by

[
v(p) = p2_0 (Pmax — ,0)2 s

max
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for 0 < p < pmax. Write down the equation satisfied by p, and
determine the kinematic wave speed, ¢ (p). Show that ¢ (p) is zero
at p = 1pmax and has a minimum at p = 2ppy.

At time ¢t = 0, the car density is

pL + pre/E

P60y ==

with 0 < pr < 1pmax and 3pmax < pL < Pmax. Sketch the
function ¢ (p (x,0)). Sketch the development of the car density
for t > 0. How does this solution differ from the solution with
v (p) = 0o (Pmax — P) /Pmax?

By considering the limit L — 0, show that the car density
changes discontinuously from pp to pmax — pL/2 at a shock
wave, which propagates with velocity ¢ (pmax — p1/2).

A piston confines a ideal gas within a semi-infinite tube of
uniform cross-section. When t = 0 the gas is at rest and has
sound speed c¢q. For t > 0:

(a) The piston moves with a constant velocity —V with V' > 0.
Show that the solution takes the form of an expansion
fan and determine the solution.

(b) The piston moves with velocity Aw sinwt, where A and
w are positive constants. Show that a shock wave first
forms when t = t; = 2¢o/Aw?(y + 1).

Derive (7.60) and (7.64) from the Rankine—Hugoniot relations.
A plane shock wave is propagating in an ideal gas with ratio
of specific heats y. In a frame of reference where the shock is
stationary at x = 0, the sound speed, gas pressure, density and
velocity are given by cr, pr, pr and iir for x > 0, and ¢, pr, pL
and #p, for x < 0. In addition, @ip > 0, so the gas passes from left
to right through the shock. Use the Rankine—Hugoniot relations
to show that

2y (ME —1)
=, (7.84)
o 2+ +1)z

PR_ZVTVWTJZ 7.85
oL 29+ —1)z ( )

Sk — S {(1+2)(2v+(“/—1)2)’}
SRTOL o g , 7.86
o @+ F D) (7.86)
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where z = (pr —p1) /pL, ML = @ /c}, Sp. and Sr are the en-
tropies on either side of the shock, and ¢y is the specific heat of
the gas at constant volume.

Using (7.86), show that d(Sg —Sp)/dz > 0 for y > 1 and
z > —1, and hence that for the entropy of the gas to increase as
it passes through the shock, z > 0. Now use (7.84) and (7.85) to
show that pr > pr, and that the flow is subsonic for x > 0 and
supersonic for x < 0.
A strong detonation wave is normally incident upon a rigid
plane wall. What is the pressure at the wall after the detonation
is reflected?
A piston initially at x = 0 confines an ideal combustible mixture
of gases in a straight, semi-infinite tube lying in x > 0. When
t = 0 the piston moves into the tube at speed V' > 0. If a
detonation wave forms immediately, show that an over-driven
detonation is formed if V' > ¥V, and determine V.



_8_

Nonlinear Water Waves

We begin our examination of nonlinear water waves by studying the
nonlinear shallow water equations. We looked at the linearised version of
these equations in chapter 4. The nonlinear equations are closely related
to those that we studied in chapter 7, and there is the possibility of
shock, or bore, formation. We then consider the effect of nonlinearity
on deep water, progressive gravity waves, determining in particular how
the wave speed and waveform depend upon the small amplitude of the
wave. When the competing effects of linear dispersion and nonlinear
wave steepening act in a shallow water flow, we will show that the
Korteweg—de Vries equation can control the leading order behaviour of
the waves. In the final section, we consider nonlinear capillary waves in
deep water, and demonstrate how complex variable theory can be used
to derive analytical solutions.

8.1 Nonlinear Shallow Water Waves

In section 4.7 we derived the equations, (4.80) and (4.81), that govern the
flow of shallow water, where the horizontal wavelength of disturbances
is much greater than the vertical depth. For shallow water flowing over
a horizontal bed, with hy(x) constant, these equations become

oh oh ou
5 Tt h_ax =0, (8.1)
ou ou oh
5 tug TEa T 0, (8.2)

where u is the horizontal velocity and h the vertical depth. We have
already looked at the linearised version of these equations. We now wish
to study the full nonlinear equations.

269
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We can analyse (8.1) and (8.2) using the same methods that we intro-
duced in section 7.2. As before, characteristic curves exist, on which there
are Riemann invariants. The local wave speed is ¢ = /gh, in terms of
which (8.1) and (8.2) become

dc Jc du

— 4+ u—+2c— =0. (8.4)
If we now add or subtract these equations we obtain

(%(ui%)-l—(uic)é%(ui%):o. (8.5)

The functions Ry(u, h) = u + 2c are therefore the Riemann invariants of
the system. To summarise:

— On the C. characteristics, given by dX./dt = u + \/g_h, the C.
invariant, R, = u + 2\/g_h, is constant.

— On the C_ characteristics, given by dX_/dt = u — \/g7h, the C_
invariant, R_ = u — 2\/g7h, is constant.

Note that this is equivalent to the equations of compressible gas dynamics,
(7.40) and (7.41) with y = 2 and k = g/2. However, the conditions that
determine the speed of a shock in shallow water are rather different from
those that apply for a gas dynamical shock wave.

We study two examples of what can happen in a nonlinear shallow
water flow: the dam break problem and a shallow water bore.

8.1.1 The Dam Break Problem

A semi-infinite expanse of shallow water has initial depth hy and lies
stationary in the domain x < 0, held back by a dam at x = 0. There
is no water on the other side of the dam in the domain x > 0. When
t = 0 the dam breaks. What is the height of the water for t > 0 as a
function of x? To answer this question, we need to solve the shallow
water equations, (8.1) and (8.2), subject to the initial conditions

h(x,0) = hoH(—x), u(x,0) =0, (8.6)

which are illustrated in figure 8.1.
On the characteristics that originate at t = 0 for x < 0, R = u +
2. /gh = 2. J/ghy = +2¢y, where ¢y = /ghy is the initial, linear wave
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Water D

Fig. 8.1. The initial water depth for the dam break problem.

X

Fig. 8.2. The characteristics in the undisturbed region of the dam break problem.

speed. Therefore, if a C; and a C_ characteristic from this region intersect,
u—+ 2\/@ = 2¢q, U — 2\/g_ = —2¢y, and hence u = 0, h = hy. In other
words, the water is undisturbed at that point. In addition, dX./dt =
u+ \/g_ = +¢¢. In other words, the characteristics are straight lines. Such
characteristics must lie in the region x < —ct, as shown in figure 8.2, and
hence h = hy, u = 0 in this region. Notice that the C. characteristics leave
this region and enter the domain x > —cot. We will now assume that
these characteristics fill this domain, and justify our assumption later.
For x > —cot, the C_ characteristics satisfy

B i ek (87)
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No information reaches

this region from x<0.

X

Fig. 8.3. The characteristics for the dam break problem.

and on each curve, R_ = u — 2@ is constant. However, since we
are assuming that this region is filled by C. characteristics with Ry =
u+ 2\/g_h = 2¢p, u and h must be constant on each C_ characteristic.
Equation (8.7) then shows that dX_/dt is constant on each C_ character-
istic, which must therefore be a straight line. Since the fluid only occupies
the region x < 0 when t = 0, these C_ characteristics must start at the
origin, as shown in figure 8.3, with X_(t) = (u— \/g_h)t. We have therefore
shown that Ry = u+2./gh = 2¢o and u — ,/gh = x/t at each point in
the domain x > —cot. If we now solve these two equations for u and h

we find that
ho x\? 2 X
h‘?(z_c_ot> , u—g(co-i—?). (8.8)

Note that this gives h = 0 when x = 2¢ot, suggesting that no C.
characteristics reach the region x > 2¢¢t, so that u = h = 0 there. The
solution is sketched in figure 8.4. Note that the leading edge of the water
travels forwards twice as fast as the effect of the dam break travels back
through the undisturbed water.

We can now determine the equation of the C, characteristics that
originate at t = 0 in x < 0, and show that they fill the domain x < 2¢t,
but do not reach the domain x > 2¢ot. For x < —c¢ot the C.. characteristics
are straight lines with slope ¢g, and are given by

X1 = —Xx0 + cot, for xo > 0, t < x¢/2¢o. (8.9)

When t = x¢/2¢o, X+ = —cot, so that for t > x¢/2co, dX . /dt =u+ /gh,
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Water

x=-g t x:2cot

Fig. 8.4. The solution of the dam break problem.

and hence, from the solution (8.8),

dX. 4 X,

a 30T 3

We can easily integrate this linear, first order equation, and the solution
that satisfies X, = —x(/2 when t = x¢/2¢q is

1 2/3
X (t) =2cot — 3 <§x0> (cot)'/3. (8.10)

These curves fill the domain x < 2¢¢t, and all satisfy X < 2¢ot. In other
words, our assumptions about these C. characteristics are justified. The
solution can be summarised as

h=hy, u=0, for x < —cot,
h X 2 X
h=30(2—c—0t)2, u=73 (c0+?) for —cot < x <2cot, » (8.11)
h=0, u=0, for x > 2cot.

This solution is in reasonable agreement with experimental observations,
as shown in figure 8.5.

In this example, one set of characteristics originating in the undisturbed
initial state fills the domain of solution. All of the information propagates
on the C_ characteristics. This type of solution, where only one set of
characteristics is involved in carrying the initial information, is known
as a simple wave. These are similar to kinematic waves. In this example,
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Fig. 8.5. An experimental dam break.

u=2(co— \/g7h) everywhere, so we can substitute for u in (8.1) and obtain

0h oh
E + (2(0 — 3\/gh)a = 0,

which is just a kinematic wave equation with kinematic wave speed
2¢o — 3,/gh. This explains why all of the C_ characteristics are straight
lines in the dam break problem.

More generally, a pair of simple waves is generated by any localised
disturbance to a stationary, uniform expanse of shallow water, as il-
lustrated in figure 8.6. After an initial transient, the water close to the
initial disturbance returns to the undisturbed state and the simple waves
separate, propagating to the right on the C. characteristics and to the
left on the C_ characteristics.
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Fig. 8.6. The generation of a pair of simple waves by a localised disturbance in
shallow water.

N\

Fig. 8.7. A turbulent bore on the river Severn.

8.1.2 A Shallow Water Bore

A bore is just another name for a shock wave when it occurs on the
surface of a fluid. These often occur on rivers when an unusually high
tide enters a narrowing estuary, the most famous example being the
Severn bore (see figure 8.7). We will study a particular mechanism for
generating a bore.
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Fig. 8.8. The solution of the moving wall problem.

Consider a semi-infinite expanse of shallow water initially lying sta-
tionary in the domain x > 0, held back by a wall at x =0. When t =0
the wall starts to move into the water with velocity V. This situation
is illustrated in figure 8.8. What happens when ¢ > 0 in the domain
x > V't? The initial-boundary value problem that we must solve consists
of equations (8.1) and (8.2) along with the initial conditions

h(x,0) =hy, u(x,0)=0, forx>0, (8.12)
and boundary condition
u=V, atx=Vt (8.13)

When t = 0, the slope of the C, characteristics that originate in
the fluid is dX./dt = u+ Jgh = \/gh, whilst the slope of the C.
characteristics that originate at the moving wall is dX . /dt =V + . /ghy >
\/gTo. This means that the C characteristics from the wall immediately
intersect with those from the fluid, and hence, as we have seen for traffic
flow, a shock, or bore, must form immediately, moving with velocity 3.
The C. characteristics and shock locus are sketched in figure 8.9. In
order to fit the shock, we must consider the integral conservation laws
for mass and momentum at the shock, just as we did in subsection 7.2.4
for compressible gas dynamics. Note that, since equations (8.1) and (8.2)
involve only two dependent variables, only two independent quantities
can be conserved. As we shall see, energy is dissipated at the bore.

We know that conservation of mass is given by (8.1) or, in conservation
form, (4.81). By integrating (4.81) over a finite length of the fluid, we
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Fig. 8.9. The C; characteristics for the moving wall problem.
obtain the integral conservation law
d [*
—/ phdx + [puh]? = 0. (8.14)
dt |, H

To obtain a similar law for conservation of momentum, we note that the
rate of change of momentum in a finite length of the fluid is equal to the
net flux of momentum plus the forces acting on the fluid, which we write

as
d X2 5 1% h(xy) h(x2)
E/ phudx = — [pu h]xl +/0 p(x1,y,t)dy —/(; p(x2, y,t)dy.

Since the pressure in a shallow water flow is hydrostatic, we have p =
pg(h—y), and hence

X2

X2
% / phudx + [puzh + %pghz} =0. (8.15)

X1
Using the same argument as we did for compressible gas dynamics,
the quantities uh and u’h + %gh2 must not change across a shock, in a
frame of reference moving with the shock. If the shock is at x = s(t), we
can see this explicitly by noting that

d X2 d s(t) X2
E /,; hdx - a <[1 * /-S;Z)> hdx
s(t) X2
=</ +/ >%dx+h+s—h_3,
X1 S([) at
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where ht and h~ are the values of h to the right and left of the shock.
Using this in (8.14), taking the limit x; — s and x; — s, leads to

s [T = [uh]® . (8.16)

A similar argument for (8.15) leads to
1 +
$[uh]”™ = {uzh + Eghz] (8.17)
These are the equivalent for shallow water bores of the Rankine—
Hugoniot relations (7.47) and (7.48). For the moving wall problem, this
means that

WV =8 = —hos, WV — 5P+ 3ght =hoi + g, (818)

where h; is the height of water behind the shock, which must move with
the wall at velocity V. If we eliminate the shock speed, $, we arrive at

(1—H)*(1+ H) = 2Fr’H, (8.19)

where

h 14
H=-" Fr=—

W Jeh
When the Froude number, Fr, is large, gravitational forces are small, and
vice versa. By plotting the left and right hand sides of (8.19), as shown
in figure 8.10, we can see that there are two solutions, one with H > 1,
one with H < 1. For the moving wall problem it is clear that we need
H > 1, since

5 H

VEHoT (8.20)
and we need § > 0. In terms of the physical variables, the shock is
therefore at

Vv

hy — ho

For Fr € 1, H — 1 < 1, so if the wall has a small velocity relative to
the local sound speed, there is only a small change in depth across the
shock, whilst for Fr > 1, H > 1, as we might expect.

Finally, we can consider the rate at which energy is dissipated across
the shock. For an isolated bore, generated by some mechanism other
than a moving wall, it is the requirement that energy is dissipated at the
bore that selects the appropriate solution of (8.19). The density of energy
in the fluid is the sum of the kinetic and hydrostatic potential energies,

s(t) = t> VvVt
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Fig. 8.10. The left and right hand sides of (8.19) for Fr = %

1phu* + Lpgh®. The rate of change of this energy in a finite length of
fluid is equal to the net flux of energy plus the rate of working of the
hydrostatic forces acting on the fluid minus the rate of energy dissipation,
L(t), assuming that there is a single shock lying within the length of fluid.
This leads to

d (/1 5 1 , B 1 5 1
7 /x] <2phu —l—ngh)dx— {Ephu +§pghu

x2

X1
h(xy) h(x2)

+ / p(x1, y, u(xy, y, t)dy — / p(x2, y, hu(xy, y, t)dy — L,

0 0

and hence

4 [
a J,,

1 1 1 2
<§phu2 + ngh2> dx + {zphu‘3 + pghzu] +L=0. (821
The usual argument then gives
RSP ST L, 2 17
L(t)=3% Ephu + ngh — Epu‘h + gh“ul| . (8.22)

For the moving wall problem,

1 1
L=p {E(V —35)%h + (V —5)ght + ES% + sghg} ) (8.23)
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Fig. 8.11. An undular bore.

By using (8.19) and (8.20) we can reduce this to

1 . (hl - h0)3
_ 1 = h)
L= gpes—p

For weak bores, where (hy — hy)/hy < 1, the rate of dissipation of
the energy is cubically small, echoing the result (7.59) for the rate of
production of entropy in gas dynamical shock. For an isolated bore, the
requirement that L should be positive means that we need h; > hy for
5§ > 0. In other words, the depth of fluid must always increase across a
bore moving into undisturbed water.

The discontinuous bore that we have considered here is not the only
type that is observed. If conditions are right, there is the possibility of a
continuous undular bore, as shown in figure 8.11. This type of bore, and
its relation to nonlinear waves and the discontinuous bore, are discussed
by Benjamin and Lighthill (1954).

(8.24)

8.2 The Effect of Nonlinearity on Deep Water Gravity Waves: Stokes’
Expansion

In subsection 4.2.1 we determined the leading order solution for progres-
sive gravity waves of small amplitude. By assuming that the amplitude of
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the wave was much smaller than its wavelength, we were able to linearise
the governing equations. In this section, we develop this solution as a
formal asymptotic expansion, and show how the waveform and wave
speed are affected by the amplitude of the wave. This analysis was first
carried out by Sir George Stokes in 1847.

Consider a periodic wave moving from right to left on deep water,
with height H (equal to twice the amplitude) and wavelength A. The small
parameter upon which we base our asymptotic expansion is ¢ = H/A.
For typical waves generated by the action of the wind, ¢ ~ 0.05, whereas
the rather bigger, but still non-breaking, waves generated by a storm may
have € ~ 0.13. The maximum value of e for which an irrotational theory
is valid is € ~ 0.14. At higher values of e the waves may break, or other
physical effects, such as vorticity, could be important (Lamb, 1932).

The flow we consider here can be made steady by choosing a horizontal
axis moving with the phase velocity of the wave. This induces a uniform
horizontal flow of speed ¢ at great depths. The passage of the wave past
any fixed point may induce a change in mean water depth at that point,
which is unknown a priori. We choose our vertical axis so that the free
surface is at y = 0 in the absence of wave propagation. We will actually
calculate the change in mean depth. Suitable dimensionless variables are

X y ¢ n

Y=l Tty

=l

In terms of these variables, the nonlinear free boundary problem given
by (4.3), (4.4) and (4.6) becomes

V2p=0 fory < e, (8.25)

%e (63 +¢2) +Kij =B, aty = ef, (8.26)
by = epsilx, at y = efj, (8.27)

b~ g as J — —n, (8.28)

where K = Jg/c?. The Bernoulli constant B in (8.26) is to be determined,
and represents the energy in the fluid. Finally, the solution must be
periodic, with period one, whilst the definition of the wave height as the
difference in water depth between the peak and the trough gives

n(0) —i(3) = —1. (8.29)
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At leading order, the velocity potential must be ¢ = X/e, which gives
B ~ 1/2¢ in (8.26). We therefore pose asymptotic expansions

X
$=="+go+ehi+ +€2py + 0(€®), 1 =no+en + €'+ 0(ed),

dropping the bars on the variables for notational convenience. We must
also pose expansions for the unknown constants B and, more importantly
since it is related to the unknown wave speed, K as

1
B =5 +By+eBi +0(€). K =Ko+eKi+eKy+0(e).

Now at leading order,

Vipo=0 fory<O0, (8.30)
¢ox + Koo = By, aty =0, (8.31)
$oy = nox, at y =0, (8.32)
¢o — 0, asy — —oo, (8.33)

1
10(0) — 110 <§> =—1. (8.34)

The harmonic solution that decays as y — —oo and has period one is
¢o = Ae*™ sin 27x.

If we eliminate 1o from the boundary conditions at the free surface, we
find that

¢0xx + K0¢0y =0 at y= 0,
and hence Ky = 2n. This gives

B
no = 20 _ Acos2nx.
2n

Finally, (8.34) shows that 4 = J, and hence
1 . B 1
o = =*™sin2nx, 1y = 20~ cos 2nx, Ko =2m. (8.35)
2 2r 2

This is just the linearised solution that we obtained in subsection 4.2.1.

We can now consider the boundary value problem at next order. Note
that we must be careful to take into account the small displacement of the
free surface by Taylor expanding the terms in the boundary conditions,
for example

Po(x, eno + O(€%)) = do(x,0) + enoghoy(x,0) + O(€?).
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We find that
Vip =0 fory<0, (8.36)

1
¢1x + Ko = By — 3 (o3, + ¢(2)y) —nooxy — Kimo, aty =0, (8.37)

¢1y —Nix = ¢0x’70x - 770¢0yya aty = 0, (838)
¢1—0, asy — —on, (8.39)

1
m0) —m <§> =0. (8.40)

Making use of the leading order solution (8.35) in the boundary condi-
tions leads to

1 1
$ix + 21 = By + znz cosdnx — SKycos2nx, aty =0,  (841)

b1y —Mix = n*sin4nx 4+ nBysin2nx, at y = 0. (8.42)

The terms proportional to cos2nx and sin2zx in (8.41) and (8.42) give
rise to terms proportional to x cos 2zx in the solution, which are secular.
In order to keep our expansion asymptotic, we must therefore remove
them by taking K; = 0 and By = 0. The homogeneous problem has
solutions of the same form as the leading order problem, (8.30) to (8.34),
but (8.40) shows that these are not appropriate. We must therefore take
the solution forced by the sin4nx and cos4nx terms in (8.41) and (8.42).
These arise from products of sin2nx and cos2nx terms. The solution is

B
p1=0. m=5-+ %cos4nx, K, =0. (8.43)

Although we have found the functional form of the correction to the
free surface displacement, we have not yet determined the constant Bj.
In addition, since K; = 0, we can see that the correction to the wave
speed, which is determined by K, is of O(e¢?) and as yet undetermined.
To summarise,

1, .
¢ = X 56’2’” sin 27x + €2y + O(e?),
€

1 B
n= 3 cos2nx + € <2_7lz + % cos 4nx> + €2 + 0(e),

1 2
B = 7 +€B; +€’By +0(e?), K = C—;g =271 4 e’K, + O(e%).
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However, we can now see a pattern in the solution procedure. The
constants By and K; were determined by the condition that no secular
terms should appear in the free surface boundary conditions. If we
determine the boundary value problem at the next order, we can fix B
and K, in exactly the same way, without having to actually determine
the solution. The coefficient of cos2nx in the Bernoulli condition, (8.26),
at O(e?), which must be zero, is
—nB; + %Kz + %7‘53 =0.

The coefficient of sin2zx in the kinematic condition, (8.27), at O(e?),
which must also be zero, is

nB| + §n3 =0.

We therefore find that

5
K2 — —27133, Bl = ——TCZ.

8
This gives us the corrected solution as
p=2— %em sin 27x + O(e?), (8.44)
€

— Leosamxte [ Ecosanx— 2% ) 4 0(e) (8.45)

=3 4 16 : ‘
k=S o1 (1+7%€%) + 0(e?) (8.46)

gl 2m ' '

The weakly nonlinear effect of the finite height of the wave is that the
wave speed increases, with

A H?*7?
ot (1 +2E ) , (8.47)

whilst the solution for # indicates that the troughs broaden and the crests
become narrower as the amplitude increases, as shown in figure 8.12.

We can see from (8.45) that there is a change in mean depth of

St H .
67 + 0 T due to the passage of the wave. If the particle paths
are calculated it is found that they are not closed, which indicates that
there is a weak mass transport, or drift, in the horizontal direction.

In recent times there has been much interest in the use of numerical

methods to investigate the properties of nonlinear water waves. Padé
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Fig. 8.12. (a) The weakly nonlinear solution (8.45) for various values of e.

approximants have been used to give some interesting results for ex-
treme waves (Longuet-Higgins, 1973, Cokelet, 1977). Bloor (1978) used
a conformal mapping technique to investigate capillary—gravity waves
in a computationally efficient manner. Integral equation methods have
been successfully applied to interfacial waves between fluids of differ-
ent densities by Turner and Vanden-Broeck (1988) and King and Moni
(1995).

The stability of progressive gravity waves to small disturbances has
been the subject of many recent studies. The most straightforward results
concern the the stability of waves to small amplitude sideband distur-
bances. Using asymptotic methods similar to those used in this section,
it can be shown that resonant interactions between modes take energy
from the main wave and may eventually cause it to disintegrate. This is
known as Benjamin—Feir instability (Benjamin and Feir, 1967).

8.3 The Korteweg—de Vries Equation for Shallow Water Waves: the
Interaction of Nonlinear Steepening and Linear Dispersion

An analysis of the propagation of waves on the surface of a body of water
usually leads to a relationship between wave speed, ¢, water depth, h,
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Fig. 8.12. (b) Experimentally observed waves in a channel and their (particle)
drift.

wave amplitude, a, wavelength, A, gravity, g, and possibly surface tension,
a. In the linear theory of water waves, which we studied in chapter 4,
two of the main simplifying assumptions are that the wave amplitude is
small compared to the mean depth of the water and that the wavelength
is large compared to the amplitude. This leads to the dispersion relation

2 gh g (2
C _Zntdnh( 7 ),

for gravity waves. We can see that waves with different wavelengths
propagate at different speeds, but that the amplitude of the wave does
not affect the wave speed — the waves are dispersive but linear. One
exception is in the limit of shallow water, h < A, when ¢> ~ gh and
hence no dispersion occurs. In the theory of shallow water waves, we
took the amplitude of the disturbance of the surface to be comparable
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to the depth of the water and neglected vertical accelerations. This leads
to a theory in which the governing equations are nonlinear and the
wave speed is dependent on the amplitude of the wave (see Peregrine
(1967)). However, waves in shallow water are not dispersive. In these
two different analyses of the equations that govern the behaviour of
water waves there are two important geometrical parameters: € = h/4
and o = a/h. By choosing appropriate magnitudes for € and o, we can
consider a theory in which dispersion and nonlinearity are in balance,
essentially combining the two effects that we studied in the first two
sections of this chapter. Nonlinearity tends to steepen wavefronts, whilst
dispersion tends to spread them out. As we shall see in chapter 12,
when these two effects are in balance, some remarkable waves, known as
solitons, can be observed.

8.3.1 Derivation of the Korteweg—de Vries Equation

The full equations that govern the propagation of disturbances on the
free surface of a body of inviscid water over a flat bed of mean depth h
are

Gxx + ¢y, =0 for —oo <x <0, 0 <y <n(x,t), (8.48)

¢y =M + Pl
at y =n=h+aH(x,t), (8.49)

di+ 3(¢3 + ¢3) + gn = B(1)

¢y =0 aty=0. (8.50)

It is now convenient to make these equations dimensionless using the
scaled variables
X y

x:I’ y:

(8.51)

We can gain some insight into why these are appropriate variables by
noting that ,/gh is the linear, non-dispersive wave speed for small-
amplitude disturbances. Since the wavelength A is the typical horizontal
length scale, 1/ \/g_h is a time scale during which a fluid particle moves
one wavelength in the horizontal direction. Using the scaled variables
(8.51) in (8.48) to (8.50) we obtain

Edix+ Gy =0, for —0<x<0,0<y<14aH(X,D), (852
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¢y = €? (H; + oc(fﬁ,\—.H;.) at y =1+ aH(X,1), (8.53)

b + 102 + €292 + H = (B(t) — gh)/ag, at y =1+ aH(X,0),
8.54)

(
$y=0 aty=0, (8.55)

where € = h/J and o = a/h. At this point in our analysis it is convenient
to make the right hand side of (8.54) zero using the transformation

- t /B(s)—gh
oo | ()

which does not affect the velocity field, i = V.

We must now examine the double limiting process, € < 1, o < 1.
This is always a rather delicate business which can lead to mathematical
complications. Fortunately there is a transformation of the equations
that completely removes € from the problem so that we can analyse the
equations for o < 1 and forget about € for the moment. Although this
transformation can be found systematically in a straightforward way, we
will omit the details and define

/2 B2 o2

r=r—(—1), 1=—1, O=—-—¢, (8.56)
€ € €

so that z is a coordinate centred on a point moving left to right at the
linear shallow water wave speed and initially at the origin. The scaled
velocity potential, ®, and scaled time, 7, are simple multiples of ¢ and 7,
whilst the vertical coordinate, ¥, is unscaled. Using the scaled variables
(8.56), (8.52) to (8.55) become

oD, + Py =0 for —0 <z <00, 0<y <1+4+aH(z,1), (8.57)
Oy =a(—H: +oH; +0®.H.) aty=1+4+0oH(z,1), (8.58)
H—-0, +00, + %(d)% +a®?) =0 aty=1+aH(z,1), (8.59)

;=0 aty=0. (8.60)
We now pose asymptotic expansions of the form

O = By + oa®; + o> + o(a?), (8.61)

H = Hy + oH; + o(2), (8.62)
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for the velocity potential and position of the free surface. Substituting
expansion (8.61) into (8.57) yields at leading order

q)O,jfv = 0= @y = By(z,7),

at O(a)
G55 = —Dp.. = —Bp.. = O = —%?230,22 + Bi(z,7),
and at O(o?)
e %?230,:::: — B
=0, = ij}“Bo_,_,_,_, — 1)7231 -z + Ba(z,7).
24 ’ 2 ’

Note that in solving each of the above equations we have made use of
the boundary condition (8.60) at the flat bed, y = 0. We shall find below
that these three terms are sufficient for our purposes, and turn now to
the boundary conditions (8.58) and (8.59) at the free surface.

At leading order the Bernoulli equation, (8.59), gives

Ho(z,7) = @ = By, (8.63)

a result that also allows the kinematic boundary condition, (8.58), to be
satisfied both at leading order and at O(«). From (8.59) at O(«) we obtain

1 1
Hy = Bi: + 5Boz=: + Boz + 533,5 =0, (8.64)

whilst from (8.58) at O(«*) we obtain

—H()B(),:: + —Bozzzzr — Bl,ZZ = —HL: + H(),T + B(),:H(),Z. (865)

If we now differentiate (8.64) we find that

1
Hl,z - Bl,z: = _EBO,*"* - BO,Z‘L’ - BO,2B0,227

which allows us to eliminate H; and B; from (8.65) and arrive at
1
_HOBO,ZZ - §BO,zzzz - BO,zr - BO,ZBO,ZZ = HO,‘E + BO,:H0,2~
Finally, (8.63) gives By in terms of Hy, and hence

2H0,‘l + 3H0H0,: + %HO,::: =0. (866)

This is the celebrated Korteweg—de Vries (KdV) equation, which includes
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dispersive effects through the term Hy... and nonlinear effects through
the term HoHy ., and governs the behaviour of the small amplitude waves,
with o < 1, that we are considering here.

It is now reasonable to ask when and where the independent variables,
z and 1, are of O(1), in order to determine more precisely the region in
physical space where the KdV equation is valid as an approximation of
the actual flow. If we consider (8.56), which defines z and t, we find that
if o = O(€?), then 7>> 1 and X =7 + O(1). This leads us to interpret any
waveform that arises as a solution of the KdV equation as the large time
limit of an initial value problem. As we shall see in the next subsection,
both nonlinear periodic wave and solitary wave solutions exist. Such
waves must travel at a speed that is asymptotically close to the linear
shallow water wave speed in order for them to lie in an O(1) region about
the point X = ¢, or equivalently x = \/gh t.

8.3.2 Travelling Wave Solutions of the KdV Equation

The KdV equation has two qualitatively different types of permanent
form travelling wave solution. These are referred to as cnoidal waves and
solitary waves, for reasons that will become clear below. Before embark-
ing upon an analysis of these waves we must consider what we should
expect to find in (z,t)-space, having made the various transformations
that led up to the KdV equation. In terms of the physical variables,
a periodic, permanent form travelling wave with wavelength 1 has an
elevation that satisfies the relationship

nix—ct)y=n(x—ct+2).
After the first change of variables, X = x/A, t = \/g7 t/2, this leads to

c - ¢ -

H(Sc——t) =H<5<——t+1>.
Jgh Jgh

In order to be consistent with the requirement that these waves travel at

a speed close to the linear shallow water wave speed, we write

c=+/gh(l1+7V),
where V' < 1. This gives us
Hx—t—Vi)=H(x—t—Vi+1).

1/2

Since we have also assumed that o = O(e?), we can write a!/? = ege,

where ¢ = O(1) for ¢ < 1, and hence, in terms of the final scaled
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H(z—Kr> =H<Z—KT+€0).
o o

It is now clear that the wavelength of a periodic solution of the KdV
equation is €p, and for the wave speed to be of O(1) we require V = O(x),
and hence can write V' = Vo, with Vy = O(1) for o < 1. Similar remarks
apply to the wave amplitude, and we write this as ayp = O(1) in the
(z,7)-plane.

If we now substitute H = H(z — Vy1) into the KdV equation (8.66), we
obtain

variables

—2VoH: +3HH: + %Hcfcfcf =0, (8.67)

where ¢ = z — V{7 is the travelling wave coordinate. This equation can
be integrated twice to give

1 1
GHE=Vol® — SH +D\H + Dy = f(H.Vo.D1.D2),  (8.68)

where Dy and D, are constants of integration. The function f is a cubic
polynomial in H, and we will assume that it can be factorised into the
form

f = 5(H — H)(H — Ho)(Hs — H), (5.69)
Note that
Vo = %(H1 + Hs + Hs). (8.70)

There are two physically important cases that we need to consider,
characterised by the nature of the roots H;, H, and H; of f = 0. Both
cases occur when f has three real roots and, if we assume that these are
ordered so that H3 > H, > Hy, they are (see exercise 8.5):

(i) Hz > H, > Hy, as shown in figure 8.13.
In this case, f > 0 for H, < H < H;.

(i) H, = H; = 0, as shown in figure 8.14.
In this case, f >0 for 0 < H < H;.

Case (i) is a subcase of case (i), and we will return to it when we
have completed our analysis of case (i). We are only interested in the
solution of (8.68) for H, < H < Hj, where f is positive, and can sketch
the (H, H)-phase plane in figure 8.15. The choice of both positive and
negative square roots establishes the existence of a closed curve in this
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f

Fig. 8.13. The function f in case (i).

f

Fig. 8.14. The function f in case (ii).

phase plane, which we can parameterise by the values of Vy, H, and Hs.
Standard results on the phase plane then allow us to deduce that this
represents a periodic solution in (&, H)-space, with period or wavelength

”3 dH

=2
CT fy BH—H)H - W) (H, — H)

and wave amplitude
oy = H3 — Hz.
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s

Fig. 8.15. The solution of (8.68) in case (i), plotted in the (H, H:)-phase plane.

We now consider the solution of the differential equation (8.68) in more

detail in order to obtain a representation of its solutions in terms of
standard functions from which we can deduce more quantitative detail.
If we define X = H/Hj3, (8.68) becomes

X? =3HyX — X1)(X — Xo)(1 — X), (8.71)

where X; = H;/H; for i = 1 or 2. We take the crest of the wave to be at
£ =0, so that

which fixes the phase of the wave. If we define a further variable Y via
the relation

X =1+ (X, —1)sin’Y,

we find that

YC?:%H_;(I—Xl){l—<1_§2>sin2Y}, (8.72)
— Aa]

and
Y (0) = 0. (8.73)

In order to get this into a completely standard form we define

_=X §H3(1 —X)).

2
k T1=X 4
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Clearly 0 < k> < 1 and | > 0. A simple quadrature of equation (8.72)
subject to the condition (8.73) then gives us

/YL—M (8.74)
0 1 —k2sin’s ’ ’

The real-valued Jacobian elliptic function y = sn(x;k) can be written in
the form

for 0 <k <1,

Y dt
¥ _/0 J1— 21—k’

or equivalently
[
1— k2 sin’ s

We can therefore write (8.74) as

sinY =sn(\/I &;k),
and hence
X =14+ (X, — Dsn’(JI &;k).

It is conventional to write this in terms of the Jacobian elliptic function
cn(x;k), hence the term cnoidal wave. Using the result cn” +sn”> = 1, our
final result can be expressed in the form

1/2
H =H, + (Hs — Hy) en’ ({%(Hz—Hﬂ} é;k>- (8.75)

The values of the function cn(x;k) have been tabulated, and can also
be found using standard computer software. Some typical cnoidal waves
are shown in figure 8.16. Note that the wavelength is a function of the
amplitude of the wave, and that the greater the amplitude, in other
words, the further we are from the small amplitude, linear case, the less
sinusoidal the wave appears, with a tendency to narrow peaks and broad
troughs, as we found in section 8.2 for weakly nonlinear waves on water
of infinite depth (see figure 8.12). The expression for the dimensionless
wavelength can also be manipulated into a standard form using the above
series of transformations. It is straightforward to show that

4K (k)

4 ds
€ = — — N
T B —H) Jo Jl—kisints B —H)

where K (k) is the quarter period of the function sn(x;k), which has also
been tabulated, or can be calculated by standard software.

(8.76)
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Fig. 8.16. Some typical cnoidal wave solutions.

Our analysis has given us three relationships for the travelling wave

system, namely
4K (k)

3(H; — Hy)’
These are a parametric representation of the dispersion relation for our
travelling waves, and can best be understood as follows. For a given
wave amplitude, oy, wavelength, ¢y, and uniform perturbation of the
depth, H,, we can see that H3 = o9 + H,. H; can be calculated from a
single transcendental equation involving K (k) to give the relationship

1
0o = H3 — Hz, €0 = V() = E(Hl + H2 + H3) (877)

1
Vo= 3 {2H, + H; (2, €9) + o} -

This is the dispersion relation between phase speed, wavelength, depth
and amplitude. The appearance of the wave amplitude in the disper-
sion relation is in contrast to a linear theory, in which wave speed is
independent of amplitude.

In order to compare this analysis with the linear theory, we can consider
the limiting case, (H3 — H;) < 1. In this case k is small and positive, and
from the definition of sn(x;k), sn(x;07) ~ sinx and K(0%) ~ n/2. At
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leading order
2n

J3H, —Hy)’

This leads to the expression

1
€y = V() = E(Hl + 2H2).

1 1 2

H =H, + -0y + sy cos —né .
2 2 €0

This harmonic wave is the expected solution of the linearised problem.

We can also manipulate the dispersion relation into a more standard

form. We have

2
Ho=H,_ ™
3¢5
so that
1 472
c=+/gh{l+ zu 3»H2—i2 .
2 3¢g

Since, by definition, ey = «!/?/e, we can write this in the form

2
c=\/g_h{1—2—§2<?> +0(cx)}.

But this is precisely what we get if we take the usual dispersion relation
for linear gravity waves,

,2_@ 2nh
c —2ntanh< 7 ),

and expand it as an asymptotic series for h < A. In other words, our
nonlinear theory is consistent with the linear theory in the limit of small
amplitude waves.

We are now in a position to examine case (ii) in detail. As H; and
H, tend to zero through positive values, k — 1~. The elliptic functions
and their periods also simplify in this limit, with sn(x;1~) ~ tanh x and
K(k) — oo as k — 17. The cnoidal wave therefore loses its periodicity
in this limit and becomes a single hump. The expression for the wave

profile becomes
3 1/2
H = Hj sech? (<1H3> 5) , (8.78)

which is illustrated in figure 8.17, and the wave speed is

1 1




8.3 The Korteweg—de Vries Equation 297

091

0.8

“wno

0 172
075 )¢

Fig. 8.17. The solitary wave solution given by (8.78).

Alternatively, we could note that when the cubic (8.69) has a repeated
root, the direct integration of (8.68) is straightforward. This type of
solution is known as a solitary wave. It is instructive to write the wave
speed in terms of the physical variables, when we find that, to our order
of approximation,

c=\/g_h<1+%H3rx>.

This shows explicitly how the speed of the solitary wave is related to
the height of the hump. A typical solitary wave is shown in figure 8.18.
The physical existence of this type of wave was first reported in 1834
by John Scott Russell, who observed a solitary wave with an amplitude
of about a foot and a width of about thirty feet on the Edinburgh to
Glasgow canal. It was formed when a canal barge stopped suddenly, and
he followed it on his horse for a couple of miles.

It is worth noting that although the periodic solutions we have obtained
are subject to the Benjamin—Feir instability, which we described in the
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Fig. 8.18. A solitary wave in a channel.

previous section, which will cause them to disintegrate, the solitary wave
solution is not, and, as Scott Russell’s observations suggest, we can expect
them to propagate over long distances. As we shall see in chapter 12, it is
possible to show that these solitary waves have the remarkable property
of being able to collide and pass through each other without changing
their form. Solitary wave solutions of a nonlinear equation or system of
equations which have this property are known as solitons. Although this
would not be surprising for a linear equation, for which the principle
of superposition holds, remember that the KdV equation is nonlinear.
Indeed, we will see in section 12.1 that the interaction of solitons is
intrinsically nonlinear, and not simply the result of adding the solutions
for individual solitary waves, which would not satisfy the KdV equation.
The collision of two solitons is illustrated in figure 8.19.

8.4 Nonlinear Capillary Waves

In this section we again consider two-dimensional nonlinear water waves,
with surface tension acting as the only restoring force, propagating from
right to left with wave height H, wavelength . and phase speed c¢. We
take the depth of the water to be infinite and suppose that the effect of
the passage of the wave is negligible deep down in the water. Again, this
is an unsteady flow problem that we can convert into a steady one by
using a coordinate system moving from right to left with the phase speed
of the waves. In this coordinate system, the fluid down at infinite depth
flows horizontally from left to right with speed ¢. The full nonlinear
boundary value problem appropriate to this type of flow was derived in
chapter 4, and is given by

Vi =0 for —o0 < x < 00, —00 < y < 5(x), (8.80)
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Fig. 8.19. A two soliton solution of the KdV equation.

¢ ~cx asy — —oo, (8.81)
1 2 [ 1 2
dy = nxdn FIVEP = Zx =3¢ ony=n(x), (882)

where « is the curvature of the free surface, which is at y = 5(x), and we
seek a non-trivial periodic solution with wave height H = #crest —Hirough 7
0. At first sight it seems impossible to solve this free boundary problem
analytically, except by approximate methods appropriate to linear waves
(H < A). However, by reformulating the problem, it is possible to write
(8.80) to (8.82) as a boundary value problem on a fixed domain and
find an analytical solution. This was first done by G.D. Crapper in 1957
by exploiting an idea due to Stokes in 1847, which exactly locates the
position of the free surface.

As the problem is two-dimensional, we can introduce a stream function,
p = y(x,y), which is harmonic and takes the value zero on the free
surface and has p — —o0 as y — —oo. From the definition of the stream
function and the velocity potential, we have

bx =y, ¢y =—yx.

Under sensible assumptions about the smoothness of y and ¢, these are
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just the Cauchy—Riemann equations, which are satisfied by the real and
imaginary parts of the analytic function w = ¢ + iy. The quantity w is
called the complex potential, and is an analytic function of the complex
variable z = x 4 iy in the domain occupied by the fluid.

Let’s consider in more detail the properties of this complex potential.
We will look for a periodic wave solution, symmetric about x = /2,
so that the flow must be horizontal beneath the crests and troughs.
This means that ¢, = 0 on straight lines extending vertically down to
infinity from a crest or a trough. As these vertical lines head off towards
a uniform horizontal flow, ¢ ~ cx as y —» —oo, we can see that the
change in ¢ over a single wavelength is ¢A. We now concentrate on the
single wavelength of the flow labelled ABCDE in figure 8.20(a). This
wavelength occupies the vertical strip A’'B'C'D'E’ in the w = ¢ + iy
plane, as shown in figure 8.20(b). Note that we can choose to take ¢ =0
at the point A4 since the problem is unchanged by the addition of an
arbitrary constant to ¢. The key step in this method is to interchange
the role of the variables z = x 4+ iy and w = ¢ + iy and regard ¢ and
p as our independent variables, since w = ¢ + iy provides a one-to-
one correspondence between the physical and complex potential planes.
This is an example of a hodograph transformation. The power of this
transformation lies in the fact that it locates the unknown free surface at
the known position p =0, 0 < ¢ < ¢4 in the w-plane.

We now define the complex velocity,

d_w = ¢ + iy, =u—iv, (8.83)
dz
where (u,v) are the horizontal and vertical components of the fluid
velocity field. If ¢ is the speed of the flow and 6 the angle that it makes

with the horizontal, u = g cos and v = ¢ sin 0, so that

D e, (8.84)
dz

Since the derivative of an analytic function is itself analytic, dw/dz is
analytic in the flow domain. If we assume that there are no stagnation
points in the flow, then similarly, log(dw/dz) = logq —i0 = t —i0 is
analytic. The quantity log(dw/dz) is an analytic function of ¢ + iy, so
7 = log g must be harmonic in the strip —o0o < p <0, 0 < ¢ < cA. We
will now write all of the boundary conditions in terms of 7, so that we
can formulate the problem as a boundary value problem for 7 in the

(¢, w)-plane.
The kinematic boundary condition, ¢, = 1.¢y, takes the form g sin 0 =
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Fig. 8.20. (a) The physical domain occupied by a single wavelength of the wave.
(b) The corresponding complex potential plane.

nxq cos B, which is identically satisfied in this new formulation, since
ny = tan 6. To deal with the Bernoulli condition, 3¢> —a1c/p = ¢, recall
that the basic definition of curvature is k = df/ds, where s is arc length
along the free surface. By the chain rule,

_ e 20 (dx s0dr) 20

"= o0ds  ap\axds ayds) o4

using the fact that d¢/0x = gcosf, d¢p/dy = qsinb, dx/ds = cos0
and dy/ds = sin0. As t and 0 are the real and imaginary parts of an
analytic function they must satisfy the Cauchy—Riemann equations in the
variables ¢ and y. In particular, t,, = 04, so that the Bernoulli condition,
applied on p =0, is

Lo 0,0t 1o
2 p oy 2
and hence
cdt 1,5, .
Sap =3 (e €).

It is now convenient to write the problem in dimensionless form. The
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quantity ¢/pc* has dimensions of length, so we write

pc? .
o (8.85)

T=1—loge, q’)——¢ = v

-el

>

)=
o
w = M’ 7 = ¢ Z’ ,7] p 1/’
ag g g
Note that § = ¢/c is the natural way to make the flow speed dimension-
less, which leads to T = log g = logq —logc¢, as used above. Having done
all of this work, we can now state precisely the problem that we must

solve in terms of the new variables as

Top +Tpp =0 for0 < <1, —o0 <P <0, (8.86)
subject to
T, =sinhT on p=0for 0 < ¢ < 1, (8.87)
7, =0 on ¢ =0, 3, A for —o0 < p <0, (8.88)
T—0 asp > —oofor0< ¢ < (8.89)
The other Cauchy—Riemann equation, Ty = —0y, leads to (8.88), since

0 = 0 beneath the crest and trough of the wave, which we now assume
lie at ¢ =0, $1 and 1.

We now have a linear partial differential equation to solve in a straight-
forward domain, as shown in figure 8.21. The difficulty lies in the non-
linear boundary condition, T = sinh7. To deal with this we look for a
solution that satisfies

%, = f(p)sinh (8.90)

throughout the domain, with f(0) = 1. Equation (8.90) can be integrated
once to give

log tanh %f = F(p) + G(),

where F'(p) = f(ip) and G(¢) is a constant of integration (with respect
to ). This can be rearranged into the form

) (w)+Y(¢>)}
=1 -7 "7 8.91
i Og{ XF) - Y(9) (8.1)

where X () = exp {—F(i)} and Y (§) = exp {G(¢)}. If we substitute
(8.91) into Laplace’s equation, we find that

X(@)X’(@)(YY&;) LY@ <X ((;’))) —o. (8.92)
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A

A B D
=sinh
B >0 C’

Fig. 8.21. The dimensionless boundary value problem given by (8.86) to (8.88).

It is now sufficient for our purposes to notice that (8.92) can be satisfied
by taking Y” = —k’Y and X” = k’>X, with k a real constant. We find
that by using the solution

X = Acosh(kip + D), Y = Asin(k¢ + B), (8.93)

we obtain a three parameter family of solutions that is sufficient to enable
us to construct a solution of the nonlinear boundary value problem.

Since the condition f(0) = 1 is equivalent to X’(0) = X(0), we need
k = —coth D. The condition that 7, = 0 when ¢ = 0 and /2 becomes
Y’(0) = Y'(4/2) = 0, which can be satisfied by taking B = —n/2 and
k = 2m/J. The solution then takes the form

e — 1o {cosh(kq‘) + D) —cosk¢ }
N cosh(k(p + D) + cosk¢ |~

(8.94)

from which we note that T — 0 as {p —» —oo, as required. We can now
calculate 0 by integrating 05 = 7, which gives

6 — 2 an! { sinkd } - {sinh(k@ + D) —sinhik }‘/2
B sinh(kp + D) | sinh(k{p + D) + sinh ik ¢
(8.95)

To find the actual shape of the free surface we will need the complex
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velocity, w. Using log(dw/dz) = 7 — i), we have

o (d_w) 1o [{ cosh(k(p + D) — Coské}
E\az) =8 cosh(kip + D) + cosk¢

y { sinh(k + D) — sinh ik }1/ 2]

sin(k®p + D) + sinh ik¢

Use of the half angle formula and some further simple manipulation,
noting that ikw = —ki{p + ik¢, finally allows us to write

dw 5 ((ikw—D
log<E>—log{tanh< 3 )},

and hence
dw Ce 4 1\°
ViR (m) ) (8.96)
where we have written C = —e~?. This is now easily integrated to give
o 4 1 4i

where we have chosen the constant of integration so that w = Z when
C = 0, which corresponds to a flat surface with no waves. To obtain
the equation of the free surface we put ¢ = 0 in (8.97), which gives a
parametric representation in terms of the physical coordinates,
2iCe2n® }

_eer (8.98)
(1 + Cei?m?)

x+iy=41 {(}5 +
where ¢ = ¢/l = ¢/ c.

We must now deduce the dispersion relation, and determine any re-
strictions on the range of values that the parameter C can take. Currently
we have

2n

7
To these we must add a relationship involving the wave height. In the
physical plane we have #crest — Hrough = H. Since our unit of length is
o /pc?, we need

=k, k=—cothD, C=—e7P. (8.99)

1. 2H
7(0) —7i <§2> = p‘a : (8.100)

noting that the assumption that the wave has turning points at x = 0
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and x = %;1 requires that C is real. By taking the imaginary part
of (8.98) at ¢ = 0 and 1 we find that
2
pc H —8C
= . 8.101
o k(C*—1) ( )
Now note that (8.99) gives
215 C? —1
2
= 8.102
¢ pl C2+1 ( )

Equations (8.101) and (8.102) show that we need C < —1 for H and ¢?
to be positive. In addition, eliminating ¢? gives

H  —4C
. m(C:—1)
and hence
2 H*r?
=——|1 1+ —.
C HTC ( + + 4)L.2 )

Substituting this into (8.102) gives, after some manipulation, the disper-

sion relation
2no H2n2\ 2
= o (1 + W) ) (8.103)

We emphasise that this result is exact! When H < 4, (8.103) reduces to
¢? = 2na/p/, the linear result given by (4.57) in chapter 4.

There is a surprise when we investigate the nonlinear wave profiles,
which are shown in figure 8.22. As the waves become steeper, there is a
limiting configuration with H/A = H./A ~ 0.73, such that for H > H,
the free surface is self-intersecting and no longer physical. When H = H,
the free surface just touches itself and entrains a bubble of air, as shown
in figure 8.22. This has some application to the mixing of air and water
in microgravity environments, but is not particularly important when
compared to air entrainment by plunging or spilling breakers under
normal gravitational conditions.

Nonlinear capillary waves can also be used to probe the structure of a
Wigner lattice. Such a lattice is formed when ions are placed just below
the surface of superfluid helium, typically at a depth of about 40 nm.
Superfluid helium is a substance that (because of quantum effects) has
no viscosity, and allows capillary waves to persist on its surface for
far longer than in ordinary fluids. The ions organise themselves into
a hexagonal lattice, and, by shaking the ions with an external electric
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Fig. 8.22. Nonlinear capillary waves of various amplitudes.

field, capillary waves are generated. These are quantised, and known as
ripplons. The structure of the lattice can then be deduced by studying
how it scatters capillary waves. The technique is known as capillary wave
spectroscopy (see Barenghi, Mellor, Muirhead and Vinen (1986)). Another
application of nonlinear capillary waves, to local measurement probes, is
given by Billingham and King (1995).

Exercises

8.1 Shallow water of depth h = h lies stationary in the region x < 0

and a vertical plate with height greater than hy is stationary at

x = 0, holding back the water. There is no water in the region

x > 0. When ¢ > 0 the plate moves into the region x > 0 with
constant speed V, where V' < 2¢( and c(z) = ghy.

Show that the height of the water behind the plate is given by

h=hy, forx< —cot,

1 x\2
h=%<260—?)a for —cot <x < (3V —co) 1,
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2
h= gl (co—%V> , for 3V —c)t<x< Vi
A rigid wall is located at one end of a long tank of water of
depth h, with a free surface. When t = 0 the wall moves into
the water with constant acceleration, 4. Use nonlinear shallow
water theory to find the form of the wave when ¢t > 0.

For the moving wall problem discussed in subsection 8.1.2 show
that the shock speed satisfies

5~ ¢ for V < ¢,
1
S~V +—cy forV > ¢,

V2
where ¢y = \/gho.
Periodic waves with finite amplitude a and wavelength A prop-
agate with phase speed ¢ from right to left in water of depth
h. Show that the velocity potential, free surface elevation and
phase speed can be written in the form

_ wacoshk(y + h) cosh 2k(y + h)

. 2
K snhkn Smeted0—anon

Sin2¢ 4+ -+,

n =17 +acos ¢ +ka*P cos 2¢,

. g 22 1 9—2tanh’kh) |
c —Etanhkh[l—i-ka {1+sinh2kh+ S sinh® kh } ],
where ¢ = kx — wt, ij = —3ka’cosech kh, P = % cothkh, Q =
%coth kh cosech® kh. What is the limiting form of these waves as
h — o0?

Explain why only cases (i) and (ii) section 8.3.2 are physically
relevant.

We derived the KdV equation in subsection 8.3.1 for gravitational
body forces, based upon a balance between wave steepening and
dispersion. How is the derivation affected by the inclusion of
surface tension?

By using the exact solution for finite amplitude capillary waves
given in section 8.4, find the differential equations satisfied by
the particle paths. Determine the asymptotic solution of these
equations for a < A, up to O(a®/2%).
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Chemical and Electrochemical Waves

Chemical waves arise when reaction and diffusion occur simultaneously.
We shall see that chemical reaction is represented in the governing
equations by nonlinear source terms. Molecular diffusion tends to smear
out chemical concentrations, whilst suitable chemical reactions tend to
sharpen them. We will concentrate here on chemical reactions occurring
in solution, which are not strongly exothermic. We have already seen in
subsection 7.2.5 that exothermic reactions can generate detonation waves.

We begin by examining the effects of molecular diffusion and chemical
reaction in isolation. Even without molecular diffusion, many chemical
reactions exhibit surprising nonlinear behaviour, including limit cycles
and chaos. The most famous of these is the Belousov—Zhabotinskii reac-
tion or BZ reaction. When the reactants are mixed in a beaker, the colour
of the solution changes repeatedly from red to blue with a period of the
order of minutes. We then consider the mathematics of diffusion, before
combining these two processes to obtain systems of reaction—diffusion
equations. Travelling wave solutions of this type of equation describe the
propagation of many chemical waves, and form the basis for the analysis
of more geometrically complex chemical waves. From these travelling
wave solutions we can determine the speed and stability of the waves.
A typical chemical wave is shown in figure 9.1. We also consider an
example of the use of the method of matched asymptotic expansions to
construct an approximate solution. Finally, we consider the propagation
of waves in the nervous system. After a brief introduction to the biology
of nerves, we use distributed circuit theory, based upon Ohm’s law and
Kirchoff’s laws, to derive the Fitzhugh-Nagumo equations. These equa-
tions represent a caricature of electrochemical activity in a nerve. Their
solutions exhibit threshold effects, travelling waves and limit cycles which
we analyse in some detail.

308
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VALENCY Aluminium (A1) Oxygen (O}
The number of chemical has a valency has a
d: ke i valency

of 2.

whnen the compound alumirmum
oxide {AlzO3) is made, 2 atoms of
afuminium combine with 3 of oxygen.

Fig. 9.1. The wavefront in the iodate/arsenous acid reaction. A starch indicator

turns the solution black behind the wavefront which is moving at 37 ums~!.

9.1 The Law of Mass Action

Consider a chemically reacting system that consists of m chemical species,
C1,Cy,...,C,. The law of mass action, which can be derived from statis-
tical mechanics (Mandl, 1971), states that if these species react together
through

2MC1+ G+ + AnCp > i Cr G+ + vy G, 9.1
the rate at which the reaction proceeds is
i =k[C{]"[Ca)™ ... [Cul™, (92)

where [C;] is the concentration of C;. The reaction rate - has dimensions
of mol m—3s™!, k is a dimensional constant and /; and v; are the stoi-
chiometric coefficients. In a typical solution phase reaction, i lies between
about 1077 and 107 mol m—3s~!. Conservation of total mass can be

stated as
m

zm: /lim,- = Z vim;, (93)
i=1 i=1

where m; is the molar mass of the ith chemical species. This is an intrinsic
measure of the mass of the substance and is the mass of one mole of the
chemical. A mole is the chemist’s preferred unit for amount of substance,
and is equal to N4 molecules, where Ny ~ 6.02 x 10?* is Avogadro’s
number.

Conservation of mass for each individual chemical can be written as
d[Ci]
dr

For example, the combustion of hydrogen follows

2H; + O, — 2H,0, 9.5)

= (vi — Ai) i 9.4)
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with reaction rate proportional to [H,]*[O,]. In reality, most seemingly
simple chemical reactions, such as (9.5), take place via a large number
of intermediate steps, involving ionised and fragmented states of the
chemical species, particularly for gas phase reactions. The law of mass
action can, however, often give some insight into the rate at which the
reaction proceeds. Moreover, in solution phase reactions, particularly
those involving only two species per reaction step, the law of mass action
is an excellent model for the rate of reaction.

Example 1: Decay of a Single Reactant. Consider a chemical P that decays
to a product A via the simple reaction step

P — A, rate k[P].

If we define p = [P] and a = [A4] to be the concentrations of the two
chemicals, then in a well-stirred, spatially uniform reaction vessel the
reaction rate equations are

dp da

T —kp, = kp. (9.6)

If we know that p = py and a = ap when t = 0, we can solve these simple,
first order, separable, ordinary differential equations to give

p=poe ™, a=ay+py(l—e™). 9.7)

A typical solution is shown in figure 9.2. Note that p — 0 and a — ao+po
as t — oo. All of the chemical species P is consumed by the reaction and
converted into A.

Example 2: Quadratic Autocatalysis. Consider a chemical species 4 that
reacts with a chemical species B via the single reaction step

A+ B — 2B, rate k[A][B].

This is known as an autocatalytic reaction step, and B is an autocatalyst.
The greater the concentration of B, the faster B is produced. We say that
B catalyses its own production. If we let a = [4] and b = [B], we can
write down the reaction rate equations for a spatially uniform reaction
as

da db

- = —kab, = = kab. (9.8)

Adding these two equations shows that d(a + b)/dt = 0, and hence, if
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Fig. 9.2. The solution (9.7) of equations (9.6) when ay = 0.5, pp = 1 and k = 1.

a = ap and b = by when t = 0, that a + b = ag + by. Eliminating a then
gives

db
— =kb by — b).
i (ao + bo — b)
We can solve this separable equation to give the solution
b bo(ag + bo)ek @t ag(ag + bo) 9.9
- ag + bgeklaotbo)r - ag + bgeklaotbol” 9.9)

Note that a — 0 and b — ap + by as t — oo. A typical solution is shown
in figure 9.3. The chemical 4 is completely converted into B. Since this is
true for all by > 0, even a tiny initial amount of the autocatalyst, B, sets
off the autocatalytic reaction and eventually converts all of the species 4
into B.

Example 3: A Clock Reaction. As an example of what can happen when
there is more than one reaction step involved, consider the system
P — A, rate kop,
A+ B — 2B, rate kjab,
B+ C — D, rate kybc,

where p = [P], a = [A4], b = [B] and ¢ = [C]. Since the species P is only
involved in the simple decay step, P — A,
dp

Lok
i (28
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Fig. 9.3. The solution (9.9) of equations (9.8) when ay = 1, by = 0.1 and k = 1.

and hence
—kot
p =poe ",

where p = po when t = 0. The concentrations of the species A, B and C
are therefore governed by

da db dc

b kopoe " — kyab, o kyab — k»bc, o
It can be shown that when k; > ki, the concentration of the autocatalyst
B remains small for a well-defined time, before suddenly growing rapidly
whilst the concentration of A falls rapidly to become small. This type
of reaction is called a clock reaction, because of the long induction
period before the autocatalyst is produced. A typical solution is shown
in figure 9.4.

Other spatially uniform chemical systems can show all of the complex
behaviour associated with nonlinear ordinary differential equations, from
nonlinear oscillations through to chaos. We will not go into this here, since
we are interested in the chemical waves that can arise when chemical
reaction and diffusion interact in an unstirred, spatially non-uniform
chemical system, but the interested reader can consult Murray (1993).

= —ksbe.  (9.10)

9.2 Molecular Diffusion

Let c¢(x,t) be the concentration of a chemical, measured in mol m—3. Let
q(x, t) be the flux of the chemical, measured in mol s~!. The equation for
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— a

Fig. 9.4. A typical solution of equations (9.10).

conservation of the chemical is
dc
at
This is derived in exactly the same way as the equation for conservation
of mass in fluid mechanics, current in electrodynamics, and cars in traffic
modelling.
Fick’s law of diffusion states that gradients in ¢ cause a diffusive flux,
with

+V-q=0. (9.11)

q=—DVc, (9.12)

where D is the diffusion coefficient. For the chemical to diffuse away
from regions where c is large, D must be positive. Combining (9.11) and
(9.12) leads to

dc

5 =V (DVo). (9.13)

If D = D(c), this is a nonlinear diffusion equation. We will only consider
the spatially homogeneous, linear case, where D is constant, and hence

dc )
— = DV-c. .14
o Ve (9.14)

This is known as the linear diffusion equation. It is also a good model for
the flow of heat in a uniform medium, with ¢ replaced by temperature,
T.
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Fig. 9.5. The initial source solution of the one-dimensional diffusion equation at
various times.

In order to get a feel for how solutions of the diffusion equation,
(9.14), behave, we consider some typical solutions that depend on just
one spatial variable, x. We can find the solution of the general initial
value problem of solving (9.14) subject to

¢(x,0) = co(x) for —oo < x < o0, (9.15)

using Fourier transforms, as

. (x—X)?
c(x,t) = \/ﬁ / co(X)exp { W} dX. (9.16)

When the initial condition is a localised source of chemical, ¢o(x) = d(x),
(9.16) becomes

e—x2 /4Dt

JanDt

The solution is Gaussian, and spreads out as time increases, having a
typical width of O(./4nDt) and maximum height 1/./4nDt. Note also
that diffusion transports the chemical to infinity instantaneously, since
¢(x,t) > 0 for all x when t > 0. For |x| > 1 and t < 1, the corresponding
chemical concentrations are negligibly small, and we should not regard
this feature of the solution as unphysical. Typical solutions are shown in
figure 9.5.

c(x,t) =

(9.17)
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Fig. 9.6. The initial step function solution of the one-dimensional diffusion equa-
tion at various times.

If ¢o(x) = H(—x), the solution is

e(x,t) e ds. (9.18)

1 o0
NG //@
The initial discontinuity in ¢ at x = 0 is smoothed out by the diffusion
for t > 0, as shown in figure 9.6. As with the initial source solution,
(9.17), diffusion transports matter to infinity instantaneously.

9.3 Reaction—Diffusion Systems
Consider a fixed volume V within which chemical species C;, i =
1,2,... ,m, with concentrations c;(x, t) are created by chemical reaction at
rate Ri(x, t) whilst being transported by molecular diffusion. Conservation
of mass shows that

i/ci(x,t)de/ Dn-Vci(x,t)dS+/ Ri(x,t)dV, (9.19)
dt 1% 1% 4

where D is the diffusion coefficient and n is the outward unit normal at
0V, the surface of V. The divergence theorem then gives

/{%—V'(DVC,')—R,'} dv =0. (9.20)
v Lot
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Since this holds for any fixed volume V, the integrand must be zero, so
that

6c,—

= V- (DV¢;) + R (9.21)
This is a system of reaction—diffusion equations for the m chemical species.
We begin by considering the simplest example that leads to chemical
waves.

Let A and B be two chemical species that react via the single autocat-

alytic step

A+ B — 2B, rate kab, (9.22)

where a = [A] and b = [B]. In addition, we assume that molecular
diffusion acts on A and B with constant diffusion coefficient, D. Finally,
we assume that spatial variations only occur in the x-direction. This is a
good model for a reaction proceeding in a long, thin tube. The governing
equations for the one-dimensional chemical system are
2 2

% = D% — kab, % = D% + kab. (9.23)
It is now convenient to make these equations dimensionless. We define
dimensionless variables

otzl'l/a()s ﬁzb/a()a ZZX/X*v th/t*a

where x* and ¢* are quantities with the dimensions of length and time
respectively, which we must determine, and ao is the spatially uniform
initial concentration of the reactant, 4. The governing equations, (9.23),
become

Ge = D—t@ % = Dt 62_ﬁ + kagt”ap.

ot x*2 0z2 ot X*% 0z2
In order to obtain a pair of equations that contain no parameters we
choose

— kagt*ap,

ol . [D
o ka()’ B ka()
so that
ka
T =kagt, z=x FO,
and hence
do. 0% B *p
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Fig. 9.7. Solution of equations (9.23) when f(x,0) = 1 for —1 < x < | and
T=12.

Note that the length scale x* is an order of magnitude estimate of
the distance that a chemical diffuses during a period of time over
which the reaction (9.22) consumes a significant quantity of the chemical
species.

We will also assume that the concentration of B is initially only non-
zero for —L < x < L, where L is a non-zero positive constant. This
localised initial input of the autocatalyst seeds the reaction when t = 0.
Numerical solutions of this initial value problem show that a pair of
travelling waves is always initiated by the presence of the autocatalyst,
B. These waves propagate away from the origin at a constant speed, as
shown in figure 9.7 for the initial condition f(x,0) =1 for —1 < x < 1.
Physically, diffusion transports a small amount of B into the unreacted
expanse of A, and the autocatalytic chemical reaction then causes this
small amount to increase. At the wavefront the spreading caused by
diffusion is balanced by the steepening caused by the chemical reaction.

We can now try to find out whether an analysis of (9.24) confirms
the existence of permanent form travelling wave solutions. We define
y = z — vt and seek solutions o = a(y), f = B(y). This will be a right-
propagating travelling wave solution, which we expect to describe the
solution for z > 1 after a pair of waves have been initiated by the
localised input of B. The constant v is the wave speed, which we will try
to determine. Using the chain rule,

Ju  do 6_oc_doc

o U@’ oz dy’



318 Chemical and Electrochemical Waves

and hence

d*o do d’p dp
d_y2+b@ —af =0, d—yz-i‘va
Adding these equations gives
2
d*(a+ p) +Ud(oc+ﬁ) _
dy? dy

+ap =0.

03

and therefore
a+f=cotcre?,

where ¢ and ¢; are constants of integration. We expect that the chemicals
are unreacted far ahead of the wave so that a + b — ag, and hence
o+ f — 1 as y - oo. We also expect the solution to be bounded as
y — —oo. We therefore take ¢o = 1 and ¢; =0, so that « + f = 1 and
hence

&g dp
o Ty
If we now define y = dff/dy, we can write this nonlinear, second order
differential equation as the second order system
@ =1 d'y
dy i dy
For a physically meaningful solution we need « > 0 and f > 0, and
hence, since o + f§ = 1,

+p(1—p)=0. (9.25)

=—vy — B(1 = B). (9.26)

0<p<l. (9.27)

We can now consider (9.26) in the phase plane, and try to determine
whether solutions that satisfy (9.27) exist.

The system (9.26) has equilibrium points at (0,0) and (1,0) in the
(B,7)-phase plane. A local analysis reveals that (0,0) is a stable node
for v > 2 and a stable spiral for v < 2, whilst (1,0) is a saddle point
with stable and unstable separatrices leaving the equilibrium point in the
directions e+ = (1, u+)", where

e = % <—v + V0 + 4) : (9.28)

are the eigenvalues. This local analysis shows that the only integral paths
on which f is bounded as y — —oo are the unstable separatrices of
the saddle point. Moreover, only the unstable separatrix that enters the
region where < 1, which we will refer to as S, is physically meaningful
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Fig. 9.8. Local behaviour in the phase portrait of the system (9.26).

because of the constraint (9.27). This local behaviour is illustrated in
figure 9.8.

If S remains in the region 0 < f < 1 for —o0 < y < o, it represents a
physically meaningful solution. Now, since dy/dy < 0 at y =0 for § > 0,
as shown in figure 9.8, S cannot pass through the positive f-axis, and
must therefore either pass through the negative y-axis, which violates
(9.27), or terminate at the equilibrium point at (0,0). When v < 2, the
point (0,0) is a stable focus, and hence f locally becomes negative. We
conclude that there is no physically meaningful permanent form travelling
wave solution for v < 2.

For v > 2 the point (0,0) is a stable node. Does the integral path S
enter (0,0) without  becoming negative? Consider the domain R defined
by

R={(.7) | B<1, —kp <y <0},

where k is a positive constant, which is illustrated in figure 9.9.

On the line f =1, dfi/dy < 0 for y < 0, and hence integral paths enter
R there. On the line y =0, dy/dy < 0 for 0 < < 1, and hence integral
paths enter R there. On the line y = —kp, integral paths enter R if and
only if dy/dp < /P, since df/dy < 0 for y < 0. However,

dy v paA—p) vy _ 1.,
— - =—yp——"—->=—(k"—vk+1-—0
g p Y Bk ( )
when y = —kf. Integral paths will therefore enter the domain R if

k? — vk +1 < 0. Since k? — vk + 1 = 0 has real roots for v > 2, we can
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1|' (1,0)
R

Fig. 9.9. Definition of the region R, along with the behaviour of integral paths
on its boundary for the system (9.26).

Fig. 9.10. The permanent form travelling wave solution of (9.26) when v = 2.

choose such a value of k. For example, if k = %v,

%-%:-% (%vz—l—i—ﬁ) <0 aty=—1lop.

All integral paths therefore enter R. Since S enters R and cannot leave
R, by the Poincaré—Bendixson theorem it must terminate at the stable
node, (0,0), and hence has f - 0,2 > 1lasy oo, and f > 1,0 > 0
as y — —oo. There is therefore a physically acceptable permanent form
travelling wave solution for all v > 2. The solution when v = 2 is shown
in figure 9.10.

We can get some further insight into the form of the travelling wave



9.3 Reaction—Diffusion Systems 321

by considering the solution for v > 1. In terms of the scaled variable
Y = y/v, (9.25) becomes

1 d?p  dp
subject to
p—0ayY 5o, f—>1 asyY — —oo. (9.30)

We expand f as
1 1
ﬁ=ﬁ0+;ﬁ1+0<v—4>,

and substitute into (9.29). At leading order, i, = —fo(1 — fo), which has
the simple solution

1
o= e

with Y, an arbitrary constant. Without loss of generality, we choose
the origin so that Yy = 0. At first sight this appears to be a regular
perturbation problem, with (9.31) satisfying the boundary conditions
(9.30). However, on solving the equation satisfied by f;, we find that

ﬁlleog L , (9.32)
(1+e) (1+e)

again setting the constant of integration to zero. This means that

Y 1
p~1—¢Y <1_ﬁ>+0<v_4> as Y — —oo,

p~e ¥ (1 - UY—2> +0 (%) as Y — oo. (9.33)

(9.31)

There is therefore a non-uniformity in the expansion when |Y| = O(v?).
To deal with this non-uniformity when Y > 0 we define

A Y 2 {r
— — U p(Y)
Y= v_z’ B=e ¢ >
with ¥ and ¢ of O(1) as v — co. Equation (9.29) becomes
1, 1, 2
1—¢' + v—2¢>2 — 59" =0( 9. (9.34)

An asymptotic expansion for ¢ that matches with the solution for Y =
O(1) as Y — 0 is easily found to be

A 14 1
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and hence
B =exp{—f/ (> +1 +o(1))}. (9.35)

This expansion remains uniform as Y - oo, and reproduces the be-
haviour that we would expect from our earlier analysis in the neigh-
bourhood of the equilibrium point (1,0). A similar analysis sorts out
the non-uniformity as ¥ — —oo. In terms of the original variable, for
y = o(v?), the solution tends to a constant value as y — o0 over a length
scale v, with the solution for |y| = O(v?) representing an adjustment to
the far field behaviour. Our main conclusion is that the width of the
wavefront is of O(v) when v > 1.

Having shown that a family of travelling wave solutions exists, we can
now ask whether any members of the family are stable. We have already
seen that numerical solutions of initial value problems where the initial
input of the autocatalyst is localised show the evolution of a pair of
diverging, minimum speed, travelling waves. This strongly suggests that
the minimum speed wave is stable, since the numerical error inherent in
any such calculation would surely destroy any unstable solution. However,
we must be careful with this line of argument. We have seen that there
is a family of travelling wave solutions, with a member for each v > 2.
In particular, the local phase plane analysis in the neighbourhood of the
stable node of the system (9.26) shows that

Bu(y) = 0(e™™) as y — o, (9.36)

where
Av) = % (v = 4) (9.37)

and f,(y) is the permanent form travelling wave with speed v > 2. How
might one of these faster waves be generated in an initial value problem?
This can occur when the initial input of the autocatalyst has

B(z,0) = O(e™*) for z > 1,

which generates a travelling wave with, from (9.37), speed v = (1> +1)/2,
provided that A < 1. This is borne out by numerical solutions, and is
consistent with solutions obtained by Billingham and Needham (1992)
using the method of matched asymptotic expansions. Going back to the
stability problem, this suggests that small perturbations of O(e ")) as
y — oo with vy > v will destabilise the wave and transform it into a
wave of speed vy. Numerical error will not generate such perturbations
in solutions with localised initial inputs of autocatalyst, so we cannot
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deduce that the minimum speed travelling wave is stable to all small
perturbations.

A formal, rigorous stability analysis of this problem is actually surpri-
singly difficult, and the interested reader should consult Needham ().

9.4 Autocatalytic Chemical Waves with Unequal Diffusion Coefficients”

In section 9.3, we studied the chemical waves generated by the addition of
a small amount of autocatalyst, B, into a uniform expanse of a reactant,
A, when each chemical diffuses with the constant diffusion coefficient,
D. We now consider what happens when the diffusion coefficients are
different, D4 and Dpg, for A and B. We use almost the same dimensionless
variables as in section 9.3, with

. D4
ka() ’

The governing equations are now

0o 0% ap ’p
where
Dp
°=D,

is the ratio of the diffusion coefficients.

9.4.1 Existence of Travelling Wave Solutions
We now define a travelling wave coordinate, y = z—uvt, and seek solutions
o =a(y), B = p(y). This leads to

d*o do. d*p dp
b Ty T oty

When 6 = 1 we recover the problem studied in section 9.3, where we
were able to add the two equations and show that o + = 1. This is no
longer possible, and the problem is rather more difficult.

We know that the chemicals are unreacted ahead of the wave, so that

+op =0. (9.39)

a—1, f —>0asy— oo,
whilst behind the wave the chemicals are fully reacted so that

«—0, f >1lasy— —o0.
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We are still able to add equations (9.39) and integrate once to obtain

do_dp

o —1—55 +o(a+f) =0,
but a further integration is not possible. If we now define
dp
Y= E,

we can write the boundary value problem for «, f and y as

oy =v(l —a— B) — 9oy,
By =7, (9.40)
7y =—0""(af +vy),

subject to

o—1, f—0,7—>0asy— o0, } (9.41)

«o—0,f—>19y—>0asy—> —oo0.

For each positive value of 6 we want to know for what values of v
a solution exists with o« > 0 and f > 0 for —o0 < y < 0. Such a
solution represents a physically acceptable travelling wave. When 6 = 1
we were able to use phase plane methods to address this problem, firstly
by determining the nature of the two equilibrium points, and secondly
by constructing a trapping region to show that an integral path connects
the equilibrium points for v > 2. When 6 # 1, we must analyse the
boundary value problem given by (9.40) and (9.41) in (o, f8,7)-phase
space. Fortunately, we find that exactly the same techniques work.
Equations (9.40) have two equilibrium points, (1,0,0) and (0, 1,0). In
order to determine their type, we must calculate the Jacobian matrix at
each point, just as we do for an equilibrium point in the phase plane.
The Jacobian is
—v —0 —0
J= 0 0 1 . (9.42)
—071B =67t —571

At the equilibrium point (0, 1,0) the eigenvalues of J are

PR /12=—1(v+ u2+4),z3=—%(u— 2 +4).

5’ 2

There is therefore a two-dimensional stable manifold associated with
the two negative eigenvalues, 2; and A, composed of integral paths that
asymptote to (0, 1,0) as y — oo, and a one-dimensional unstable manifold,
associated with the positive eigenvalue, 13, that consists of two integral
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paths that asymptote to (0,1,0) as y — —oo. The eigenvector that gives
the direction of these unstable integral paths close to the equilibrium
point is

e; = (A3(673 +0v),—1,—43)"

The only integral path that satisfies the boundary condition (9.41) as
y — —oo and has o > 0 is therefore the unstable manifold of (0, 1,0) that
lies with o > 0 in the neighbourhood of the equilibrium point, which we
label as S. This fixes S as the only integral path that can be a solution
of the boundary value problem.

At the equilibrium point (1,0,0) the eigenvalues of J are

Uy = —, U =——(v+\/ ) Uz = — 22( 02—4(3).

All of these have a negative real part, and hence the equilibrium point is
stable. For S to represent a solution of the boundary value problem, it
must enter the stable equilibrium point (1,0,0) as y — co. We now note
that u, and u3 are complex when v < 26'/2. This means that integral
paths in the neighbourhood of (1,0,0) approach the equilibrium point in
an oscillatory manner, with § becoming negative. We conclude that there
is no physically acceptable travelling wave solution for v < 25'/%.

We now need to construct a trapping region to show that a travelling
wave solution exists for each v > 2§!/2. By analogy with the region of the
phase plane used for the case 0 = 1 in section 9.3, we define the wedge
shaped region R to be

R={(@p.y) | 0<a<1, 0<B<1, —uvB/26 <y<0}.

The governing equations (9.40) show that all integral paths at the five
bounding planar surfaces of R are directed into R. The integral path
S lies within R in the neighbourhood of (0,1,0) and the only stable
equilibrium point within R is (1,0,0). Although there is no equivalent
of the Poincaré—Bendixson theorem for third order systems, y = ., <0
in R, so that  is monotone decreasing. Therefore, S must asymptote to
(1,0,0) as y — oo. We have now shown that a unique, physically acceptable
travelling wave solution exists for each v > 26'/>. We expect that a pair of
minimum speed travelling waves, with v = vy, = 26172, will be generated
by a localised input of B into a uniform expanse of 4. Note that this is
consistent with the results we obtained in section 9.3 when 6 = 1. When
we use this result to obtain the dimensional minimum travelling wave
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speed, v, = UminX"/t", we find that
Vmin = 2 (Dgkao)'/?,

independent of D 4. The rate of diffusion of A does not affect the minimum
wave speed, although it will affect the form of the travelling wave solution
through the parameter 6. This means that it is the rate at which the
autocatalyst is transported that determines the wave speed.

Figure 9.11 shows the minimum speed travelling wave for various
values of 4. As d becomes small, the concentration profiles become
increasingly asymmetric, with o varying over a much longer length scale
than . As 6 becomes large, the concentration profiles remain symmetric,
but both vary over a long length scale. The solution for 6 < 1 is the
more interesting, and we will construct an asymptotic solution using
the method of matched asymptotic expansions. This limit is physically
relevant to enzyme reactions, where the autocatalyst may have larger
molecules than the other reactant, and therefore diffuse more slowly. It
is also possible to immobilise enzymes in a gel or membrane, so that
Dp =0, and hence ¢ = 0. In this case the minimum wave speed is zero,
consistent with the fact that no wave can be generated if the autocatalyst
cannot diffuse.

9.4.2 Asymptotic Solution for 6 < 1
When § < 1, the minimum wave speed, vy, = 26'/2, is small. We

therefore write

v=20"2V,

and look for travelling wave solutions with V' = O(1). In this case, the
positive eigenvalue of the equilibrium point (0,1,0) is A3 ~ 1, and the
associated eigenvector is e3 ~ (V6'/2,—1,—1)T. This suggests that we
should rescale o so that

a =524,
with A = O(1). The governing equations (9.40) are now

Ay =V(1 =524 —B)—5'%,
By =1. (9.43)
612y, = —(AB + Vy).
We will refer to the region where z, 4, f, y = O(1), as region 1. At
leading order for § < 1 in region 1,
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Fig. 9.11. The minimum speed travelling wave for 6 = 0.0001, 0.01, 1 and 100.
The solid line is  and the dashed line is o.

y=—AB/V,
A, =V(1—p), (9:44)
By =—AB/V.

The leading order problem is one that can be analysed in the (4, f)-
phase plane. There is a unique equilibrium point at (0,1), which is a
saddle point. We are therefore interested in the appropriate unstable
separatrix of this point, so that 4 - 0, f —> 1,y — 0 as z — —oo. This
is not surprising since we determined the appropriate scaled variables by
considering precisely this limit. We can determine analytical expressions
for A, f and y by noting that
2
=1 h)
We can integrate this separable ordinary differential equation subject to
A =0 when f =1 and 4 >0 to obtain

A=V\208 —1—logh), (9.45)
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and hence i
- =212 —1-—1 .
0 BB —1—Togp

This gives us

—212(y — yy) = / ' R (9.46)
12 5(s — 1 —logs)"?

where yy is the constant of integration. Note that we have arbitrarily
chosen s = % as the lower limit of our integration, since the integrand
has a non-integrable singularity at the more natural choices, 0 or 1. We

can rewrite the right hand side of this equation as

Y S
1/25(s —1 —logs)!/? 128 L(s—1—1logs)? (—logs)/?

+/ﬁ ds _/ﬁ 1{ 1 1 }ds
1/25(—logs)/? 1285 L(s—1—1logs)? (—logs)"/?

—2(—logp)!/* +2(log2)"/%.

This integral can now be evaluated at f = 0, since we have subtracted
out the singularity, which now appears as the term 2(—log f8)!/2. This
means that we can rewrite (9.46) as

1/2 /}1
—2/(y—y1)=/ !
0 S

1 1
X — ds—2(—log B)"/?,
{(s—l—logs)W (_1ogs)1/z} $=2(~logf)

(9.47)

where y; is a new constant which absorbs the various constants that
emerge during the course of the above manipulations. This constant
appears because the system of equations has a translational invariance.
In other words, the travelling wave solution remains a solution, however
far we shift it to the left or right. This means that we can choose to
put the origin of our coordinates wherever we want to, and hence y; is
arbitrary, so for convenience we let y; = 0. This completes the leading
order solution in region 1. The solution with V' = 2, the minimum speed
travelling wave solution, is illustrated in figure 9.12. In this region the
concentration, f§, of the autocatalyst falls to zero over an O(1) length
scale, independent of 0.

Equation (9.46) shows that y — oo as § — 0, and hence A — o0,y — 0
as y — oo. More precisely, (9.47) shows that

A~TVy, p~ e_%-"z, Y~ —ye_%-"'2 as y — oo. (9.48)
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Fig. 9.12. The asymptotic solution in region 1 for V = 2.

Since we have assumed that 4 = O(1), and hence that « = O(5'/?), there
must be a non-uniformity in the solution as y — oo. Since we need o — 1,
p — 0,y — 0 as y — oo, this suggests that we need to introduce another
asymptotic region, within which y = 0(61/?), & = O(1), log f = 0(571)
and log(6'/2y) = O(6~"). We therefore define scaled variables

y=0""2Y, p=exp{—¢(Y)/5}, y =" exp{—yp(Y)/5},

and let region 2 be the region where o, ¢, v, Y are of O(1). In terms of
these new variables, (9.40) becomes

ay = V(1 —a—e 9/%) — e ¥/9,
R (9.49)
_wye_u'/s e _O(e_(/)/‘s — Ve_‘l'/é.

The solution of these equations must match with the solution in region
1 as Y — 0. By rewriting (9.48) in terms of the region 2 variables, we
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find that
a~VY, ¢>~%Y2, w~%Y2, as Y — 0. (9.50)
The leading order equation for o is
;—; =V — ),
and the solution that satisfies (9.50) is
a=1-—¢"". (9.51)

This also satisfies the boundary condition, « — 1 as Y — oo.
Turning now to the equations for ¢ and vy, these show that ¢ = y at
leading order. We therefore expand ¢ and y as

¢ =do+ 31 +0(6°), w=¢o+ 0y +0(5%).
On substituting these and (9.51) into (9.44) we obtain
—poye P =V, —goye V' =—(1—e " )e P — Ve ¥,
We can eliminate ¢; and y; between these equations and arrive at
sy —Voy +1—e"Y =0.

Solving this quadratic equation for ¢y, making use of (9.50) to determine
the appropriate root, gives

b =3 {v—\r—si—em}, 952)

Note that the quantity under the square root is positive for all Y > 0,
provided V > 2, which we know is precisely the condition for a physically
acceptable travelling wave to exist. We can integrate (9.52) subject to
(9.50) to obtain

1 1Y
¢0=1Po=§VY—§/O \/V2—4(1—e—Vs)ds. (9.53)

Note that ¢g — o0, g — o0 as ¥ — oo, and hence f — 0, y — 0 as
Y — oo. The solution in region 2 therefore completes the asymptotic
solution for 6 < 1. For the minimum speed travelling wave, V = 2, we
can calculate the integral in (9.53) analytically, so that

bo=wo=Y +e ¥ —1. (9.54)

In region 2 the concentration of the autocatalyst, 3, is exponentially small,
and the behaviour of ¢ simply adjusts this from O(e—-"z/z) as y — oo out
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of region 1, to O(e~Y/%) as Y — oo out of region 2, consistent with the
local analysis at the equilibrium point (1,0,0). The concentration, «, of
the reactant increases from O(J!/?) leaving region 1 and has o — 1 as
Y — oo over a length scale where Y = O(1), and hence y = 0(6~'/?). All
of these features are consistent with the numerical solutions with ¢ < 1
shown in figure 9.11, and we conclude that our asymptotic solution
correctly captures all the features of the travelling wave solution in this
limit.

9.5 The Transmission of Nerve Impulses: the Fitzhugh—-Nagumo
Equations

The brain and central nervous system (c.n.s.) control the limbs and
organs of living creatures using two distinct methods. The hormonal
system consists of glands, which release chemicals into the bloodstream.
These chemicals then influence particular organs, transported by the
circulation of the blood. The nervous system, which we will be studying
here, is electrochemical, and works by the transmission of electrochemical
pulses down specific paths between the brain and limb or organ to be
controlled. These pathways are referred to as nerves and, when examined
microscopically, are found to consist of thousands of sub-units called
neurons. Motor neurons, which act upon signals from the c.ns., are
attached to muscles or glands. Sensory neurons relay a signal from the
sensory receptors back into the c.n.s. and hence the brain. Interneurons
connect together the c.n.s. and motor or sensory neurons. For each
sensory neuron in the body there are roughly ten motor neurons and one
hundred interneurons.

A typical neuron consists of a long, thin tube called the axon, which has
a dendritic cell body at one end, and is branched at the other, as shown in
figure 9.15. The dimensions of a neuron vary depending on the creature
and the location in the body. Typical lengths lie in the range 0.01-
0.1 mm, with diameter 1-20 um for vertebrates, so these neurons are long
and thin. The axon is surrounded by a chemically permeable membrane
of thickness 50 A (angstrom). This can be further enveloped and isolated
from the surrounding tissue by a segmented myelin sheath. In general,
unmyelinated neurons have a larger diameter than myelinated neurons.
The discovery by the biologist Young in 1921 of a very large axon in
the giant squid, on which experimentation was relatively easy, marked
the beginning of the development of the theories that we will discuss in
this section. The difference in size between myelinated and unmyelinated
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Fig. 9.13. Unmyelinated and myelinated neurons.
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Fig. 9.14. A giant squid.

axons is illustrated in figure 9.13. The gross anatomy of the giant squid
is outlined in figure 9.14, and schematic diagrams of myelinated and
unmyelinated neurons are shown in figure 9.15. Any electrical signal that
travels down the axon to the branched end is relayed across the synaptic
gap to the next neuron by chemicals called neurotransmitters. The speed
of these signals is astonishingly fast, and has been measured at 120ms~!.

Experimental measurements of the chemical and electrical activity that
occurs when a signal passes down the axon reveal that:

— In the absence of a signal, there is a resting potential of about
—70mV in the axoplasmic material relative to the material outside
the membrane.

— A nervous signal consists of a succession of voltage pulses. Each of
these raises the potential very quickly to about +25mV. There is
a somewhat slower return to about —75mV, and then a very slow
relaxation to the resting potential. A typical nervous signal is shown
in figure 9.16

— The stage at which the voltage is raised rapidly corresponds to an
influx of positively—charged sodium ions (Na™) across the membrane.
The return to —75 mV corresponds to a transfer of positively charged
potassium ions (KT) out from the axoplasm to the exterior of the
membrane. The final relaxation phase is associated with the passage
of negatively charged ions (for example chlorine ions, CI7) into the
exterior of the membrane. As there is a flow of charge during these
processes, there is a flow of current, which will change sign according
to the type of charge on the ions and the direction in which they flow.
A typical current—voltage relation is sketched in figure 9.17.

Our picture so far of the propagation of signals along the nerves is
of an electrochemical process, during which there is a ‘firing’ of the
signal at a cell body, chemical changes across the axon membrane and
propagation of a waveform down the axon. This is actually a rather
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Fig. 9.15. Schematic diagrams of myelinated and unmyelinated neurons.

simplistic picture, but it will suffice for our introductory treatment of the
subject. There is a further feature that is important in the assessment of
the firing mechanism that initiates wave propagation. If a current is made
to flow across the membrane in the laboratory, this mimics the flow of
ions in a working neuron. It is found that there is a firing of the neuron
only when the imposed current is greater than a threshold value. Below
this value, the stimulus just dies away and fails to propagate as a wave.
It is found that the current caused by the greatest possible flux of Na*
ions that could occur during the time that the voltage rises to 25mV is
below this threshold value. For this reason, there must be a feedback
effect on the membrane whereby the passage of Na™ ions increases the
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Fig. 9.16. A schematic of measured voltage as a function of time during the
transmission of a nervous signal. The frequency of the pulses is usually related
to the intensity of the stimulus to the sensor, or the urgency and complexity of
the command from the brain.
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Fig. 9.17. A typical current—voltage relationship due to the motion of ions across
the membrane.

permeability of the membrane, or equivalently, decreases the resistance
to the flow of Na™ ions, allowing even more to flow in until a sufficient
current has built up.

Before we consider the propagation of waves in the nervous system, it is
worth considering the gross anatomy of the giant squid in more detail. In
figure 9.14 it can be seen that the longest nerves are the thickest, and vice
versa. The reason for this lies in the fact that wave propagation speeds
are directly proportional to nerve diameter. This is easily deduced by
considering an electrically conducting nerve of radius a with a resistance
R and capacitance C. If we assume a relationship between wave speed
and the other properties of the nerve in the form u = u(a,R,C), a
dimensional analysis immediately gives u = uoa/RC. The giant squid
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moves through the water by using a form of jet propulsion. It does this
by taking in sea water and ejecting it through a siphon by contracting
its mantle muscles very rapidly. This process is at its most efficient if
all of the mantle muscle contracts simultaneously. It can be seen from
figure 9.14 that the short and long nerves, with their different radii and
hence wave speeds, are arranged to allow this coordinated contraction.

9.5.1 The Fitzhugh—Nagumo Model

The first mathematical models of these phenomena were made by
Hodgkin and Huxley in 1952. They considered in detail the different
ionic flows across the membrane and the associated voltage changes.
We will consider a somewhat simpler model due to Fitzhugh (1961) and
Nagumo et al. (1962), which should be regarded as a caricature of the
electrochemical processes that we have described. It is based upon stan-
dard electric circuit theory for the axon, and assumes that we can model
the membrane as an imperfect insulator across which current can flow.
When considering travelling waves later on, we will concentrate on single
pulse solutions only. We will be considering unmyelinated axons, so we
ignore the effects of the myelin sheath. This in itself is a further simpli-
fication, as the nodes in the sheath lead to a modified form of electrical
impulse conduction called saltatory conduction (see Weiss (1996)).

We consider the axon to be a long, thin, cylindrical fibre of radius
a, which is electrically conductive, as shown in figure 9.18(a). The outer
surface of the fibre is covered by an imperfect insulator, through which
charge can move. We denote the density of current flowing along the
fibre by i(x, ), and its resistivity by r. If the potential is v(x, ), Ohm’s law
applied to a slice of the fibre of thickness dx, shown in figure 9.18(b),
gives

v(x 4+ 0x, 1) —v(x, 1) = —i(x, )na*dx r.
On taking the limit 6x — 0, this gives

S—i = —na’ri. (9.55)

If there is also a loss of current through the imperfect insulator, j(x,t)
per unit area, shown in figure 9.18(c), conservation of charge in the same
slice of the fibre gives

na® {i(x,t) — i(x + 0x,t)} — 2madxj(x,t) = 0.
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Fig. 9.18. (a) A cylindrical axon of radius a and resistance r per unit length, (b) a
slice of the axon showing the changes in potential, (c) a slice of the axon showing
the flow of current, (d) the circuit equivalent of the imperfect insulator.

In the limit 6x — 0, we find that

.

% - —2 j. (9.56)
We will regard the loss of current through the imperfect insulator to
the surrounding tissue as due to both capacitive losses, jc, and resistive
losses, jr, as shown in figure 9.18(d). By Kirchhoff’s first law, j = jr + jc.
By definition,

Jc = CE’
where C is the constant capacitance.

In order to model the resistive current loss, jr, we must account for
the experimental observations described earlier. The transport of sodium
and potassium ions across the insulator and the recovery phase will make
the resistive current a function of the voltage. We tentatively write

i = @) +w,

where R is the resistance of the insulator, f(v) is a function that must
account for the observed voltage variations due to ion transport and w
is a recovery variable that allows the axon to return to its rest state. At
this stage it is useful to eliminate i between (9.55) and (9.56) to give

0% ov 1
a—xz = 2nar {CE + ﬁf(l)) + W} .
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Since we initially expect an inward flow of current, to coincide with the
flux of sodium ions, then a reversal to an outward current, to coincide
with the flux of potassium ions, and no current at all in the rest state,
we will take f(v) to be a cubic polynomial of the form

f(v) = ow® — po.

We assume that the recovery variable, w, varies slowly compared with the
axon voltage, v, and that it does not vary along the length of the axon.
We also choose the simplest possible linear form for its evolution. This
has w = 0 when v is at its rest state, v = —y, so that

w
E—e(v—i—y—éw),

where o, 5, y, 0 and € are constants, with e < 1. Further justification of
this choice can be found in the original paper by Nagumo et al. (1962).

By taking a different origin and scales for the v and w variables, it is
possible to write the Fitzhugh—-Nagumo equations in the more convenient
form

ou u

il +u(l —u)(u—a)+w, (9.57)
ja]
% = bu— cw, (9.58)

where 0 < a < 1 and b, ¢ > 0. There are some other restrictions on the
parameters a, b and ¢ that we will investigate as and when we encounter
them. Note that the rest state isu =w =0.

9.5.2 The Existence of a Threshold

We now consider an experimental situation in which the neuron has
a fine, conducting wire inserted along its axis so that there are no
axial variations in the voltage. This is referred to as the space-clamp by
experimentalists, and illustrates the need for the large diameter neuron of
the giant squid. In this situation, the Fitzhugh—Nagumo equations reduce
to the pair of nonlinear ordinary differential equations

du

i u(l —u)(u —a) —w, (9.59)

dw
o= bu — cw. (9.60)
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The equilibrium points of this system are the solutions of the cubic
equation

u{uz—(1+a)u+a+§}=0, W=§”- (9.61)

Since u = w = 0 represents the unique rest state of the axon, we require
that the quadratic equation u?> — (1 +a)u+a+b/c = 0 has no real roots,
and hence that

4b
(1—a)P< - (9.62)
The linear approximation close to the rest state (Ju| < 1, [w| < 1) is
d d
d_Ltl =—au—w, d_v: = bu — cw. (9.63)

The eigenvalues associated with this system are

pp- % {—(a +o)+(a—cp —4b},

which have negative real part for b > 0. The origin is therefore stable,
and for 4b < (a—c¢)? is a stable node, for 4b > (a — c¢)? a stable focus. By
considering the direction of the trajectories of the full nonlinear system,
(9.59) and (9.60), on the lines w = 0, u = a and u = 1, we can sketch
the phase portrait, shown in figure 9.19. Trajectories that start between
the resting potential u = 0 and u = a enter the equilibrium point with u
initially decreasing monotonically. Those that start between u = a and
u = 1 make an excursion with u increasing before finally returning to the
rest state, u = w = 0. This means that u = a is a threshold, above which
the voltage increases, as observed experimentally. It is worth pointing out
that there remains the possibility that there are one or more closed orbits
surrounding the equilibrium point. However, this can be ruled out by a
simple application of Dulac’s extension to Bendixson’s negative criterion
(see exercise 9.7). It is also possible to simplify the model further by
replacing the cubic polynomial in (9.59) with a piecewise linear function
of u (see exercise 9.8).

9.5.3 Travelling Waves

As we have seen, neurons are typically long and thin. By taking the radius
of the axon as our unit of length, we can regard the length of the axon
as very large. Accordingly, we now consider a semi-infinite axon, with
—o0 < x <0, and the origin at the cell body. If a firing event occurs at
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Fig. 9.19. The phase portrait of the space-clamped system, showing the existence
of a threshold at u = a.

the cell body, a change in electrical potential travels down the axon. After
a suitably long time this may asymptote to a permanent form travelling
wave. We consider here a waveform with a single local maximum, which
asymptotes to the rest state far ahead of and far behind the wave.

We introduce the travelling wave coordinate, y = x + ut, where p is
the wave speed, and seek a permanent form travelling wave solution,
u =u(y), w = w(y). The Fitzhugh—-Nagumo equations show that

du  d*u
'ud_y = W +u(l —u)u—a)—w, (9.64)
dw

/1% = bu — cw, (9.65)
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to be solved subject to
u—>0, w—0 asy— too. (9.66)

For some of the following analysis, it is convenient to write this as a
system of first order ordinary differential equations,

X1 = x2, (9.67)
X2 = puxy — xi1(1 — x1)(x1 —a) + x3, (9.68)
= 2y — S (9.69)
T
with
(xlax27 x3) — 0 as y = "_i_OO, (970)

where (x1, x2, X3) = (u, du/dy, w). The solution that we are looking for is a
‘loop’ in the three-dimensional phase space, which begins and ends at the
origin, as shown in figure 9.20. This is referred to as a homoclinic orbit
of the dynamical system, and we are faced with the task of proving that
one actually exists for some value of u. This is difficult, and we will not
attempt it here. Instead we will content ourselves with finding a lower
bound on the wave speed, finding a simple region of the (a, b)-parameter
space where a homoclinic orbit does not exist and finally giving some
references to numerical calculations that show the evolution of initial
data to a travelling wave.

(a) A Lower Bound for the Wave Speed

In the preceding sections on chemical waves, we found the minimum
wave speed by insisting that the solution should be positive, since the
independent variables were chemical concentrations. In the Fitzhugh—
Nagumo model we are working with voltages, which can be positive
or negative. To obtain a bound on the wave speed for this system is
therefore rather more difficult. We start by multiplying (9.64) and (9.65)
by u and w respectively, and integrating between y = +oo. This gives

ve} d 2 © o
/_OC (d_;l> dy = /—x W21 —u)(u—a)dy—/_oc uwdy, (9.71)

c/ wldy =b/ uwdy. (9.72)

—0 —0
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A

Fig. 9.20. A homoclinic orbit of the travelling wave system.

This process can be repeated using du/dy and dw/dy to multiply (9.64)

and (9.65), which gives
/OC du 2 dy + /DC w@d =0
H " dy y o dy y - Y%
/OC dw 2al = b/OC d—wd
flLo\a) @0 ™

“dw “ du
u—dy+/ w—dy =0,
/_m dy — Ay

(9.73) and (9.74) show that

© L du\ > © L dw\
of (&) o= [ (%) @
N\a) YT\ @

Finally, multiplying (9.65) by u and integrating gives

Now since

b/ wdy = ,u/ ud—wdy +c/ uwdy.
—0 —o0 dy —0

(9.73)

(9.74)

(9.75)

(9.76)
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We can now use (9.76) and eliminate the integrals of uw and udw/dy
using (9.71), (9.74) and (9.75), to give

o0 2 _ w0 2 o0
b / iy = - =¢ / (d_W ) dy +c¢ / (1 — u)(u — a)dy. (9.77)
—0 b —0 dy o0

This can be further rearranged, using

2
%—(l—u)(u—a)z{u—%(l—i—a)} +§—%(1—a)2,

to give

© o, 1 S| ) E—c [* [dw\’
/_Oou l{u—z(l +a)} +E_Z(1 —a) ] dy = be /_OC <E> dy.
(9.78)
Now, since we saw in the previous section that (9.62) must hold for the
equilibrium state to be unique, all of the integrands in (9.78) are positive.
We conclude that y > | /c. This is a lower bound on the size of the wave
speed. Of course, unlike the chemical waves we have studied, we have
not shown that a travelling wave exists for all u > |/, simply that, if a
travelling wave does exist, it must travel more quickly than /c.

(b) The Nonexistence of a Homoclinic Orbit

For simplicity, we will consider the case ¢ = 0. The origin is an equilibrium
point of the system (9.67) to (9.69), and the linear approximation close
to the origin is

J X 0 10 X1
d_ x | = a w1 x2 |- (9.79)
Y X3 b/u 0 0 X3

The eigenvalues of the equilibrium point are therefore given by the roots
of the cubic equation

B — it —al— % =0. (9.80)

As a, b and yu are positive, it is straightforward to show that there is one
positive real eigenvalue, 4;, and two eigenvalues with negative real parts.
The eigenvector, n;, associated with A; has three components of the same
sign, and therefore points into either the positive or the negative octant
(x1, X2, x3 > 0 or xy, X, x3 < 0). The straight line through the origin in
the direction of n; is the local approximation to the unstable manifold
(solutions leave the equilibrium point at a tangent to this), whilst the
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plane perpendicular to n; is the local stable manifold. If a homoclinic
orbit exists, it must leave the origin on the unstable manifold and return
on the stable manifold. Now the part of the unstable manifold that leaves
the origin and enters the negative octant must remain within it, since,
when ¢ = 0, X;, X, and X3 are always negative there. The only possible
candidate for a homoclinic orbit is therefore the part of the unstable
manifold that enters the positive octant.

We can now demonstrate a simple nonexistence result for the homo-
clinic orbit. If we define

1 xi()
L(y) = Ex% + / x(1 — x)(x — a)dx, (9.81)
0

then L — 0 as y — 400 on the homoclinic orbit, since x; — 0 and
x, — 0. By differentiating (9.81) and using (9.67) to (9.69), we find that

L _ x5 + x2x3. (9.82)
dy
As the homoclinic orbit leaves the origin and enters the positive octant,
L is therefore a positive, increasing function of y. If L is to return to zero,
as it must on a homoclinic orbit, dL/dy must vanish at some point y = y*
and become negative, so that L starts to decrease. This can happen if
x2(y*) = 0 or x3(y*) = —ux2(y*). If we follow the homoclinic orbit into
the positive octant, then, directly from the equations for x; and X3, (9.67)
and (9.69), x; and x3 remain positive while x, does. In particular, x; will
only start to decrease when x; changes sign. Similarly, x; will only start
to decrease when x; changes sign, so the variable x; will be the first to
become negative. In this case, with x, — 0 as y — y*, x3 is still positive,
so we cannot have x3 = —ux,, and hence

x1(y*)
L(y*)=/0 M1 — ) (x— a)dx > 0. (9.83)

For 0 < x < a or x > 1, the integrand is negative, whilst for a < x < 1 it
is positive. This means that

1
L(y*)s/0 x(l—x)(x—a)dx=é(1—2a).

For a homoclinic orbit to exist we therefore require 1 —2a > 0, otherwise
the trajectory that we have been considering heads off to infinity. There
can therefore only be a homoclinic orbit, and hence a travelling wave
solution, if 0 < a < % For a > % there cannot be a homoclinic orbit.
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V(1) = Vi (mV)
100

50
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Fig. 9.21. A comparison between measured and predicted waves in an axon from
a giant squid.

At this stage you may be wondering whether travelling wave solutions
do exist. They do, but the details of the calculations are beyond the scope
of this textbook. We content ourselves with showing a typical travelling
wave and the corresponding experimental measurements in figure 9.21
(see also exercise 9.10).

Electrochemical mechanisms are very common in physiological studies.
A description of some applications of these to the function of the kidney
and heart can be found in the books by Keener and Sneyd (1998) and
Murray (1993). A more comprehensive biophysical description of the
material in this section can be found in the book by Weiss (1998).

Exercises

9.1 A thin tube extends from x = 0 to x = L. The concentration,
¢(x,t), of a chemical is held constant at the value ¢y at x = 0,
and there is no flux of the chemical through the closed end
at x = L. Initially, there is no chemical in the tube. Assuming
that the behaviour of the chemical can be modelled using a
one-dimensional diffusion equation with diffusion rate D, write
down the appropriate initial-boundary value problem. By writing
¢ = ¢o+f(x, t) and looking for separable solutions of the equation
for f, determine the solution in terms of a Fourier series in the
x-direction. Show that ¢ — ¢y as t — oo.

9.2 For well-stirred, spatially uniform systems, write down the gov-
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erning ordinary differential equations for the chemical concen-
trations given by the following chemical reaction schemes.

(a)
A+ 2B — 3B, rate constant, k,

(b)
24 — B, rate constant, ki,
B — 2C, rate constant, k»,

(c)
P - A, rate constant, ki,

P+C—-A+C, rate constant, k»,
A — B, rate constant, k3,
A+ 2B — 3B, rate constant, kg4,
B — C, rate constant, ks,
C > D, rate constant, kg.
Solve, as far as possible, the governing equations for reaction
schemes (a) and (b) for general initial conditions. Reaction
scheme (c) is known as the cubic cross-catalator and has solu-
tions that exhibit bistability, mixed mode oscillations and chaos.
9.3 Write down the governing equations for the well-stirred system
P — A, rate constant, ki,
A+2B — 3B, rate constant, ko,
B — C, rate constant, kj.
If p = po when t = 0, solve the equation for p = [P]. By finding

suitable dimensionless variables, show that the equations for o
and f, the dimensionless concentrations of A and B, can be

written as
de —€T 2
i he ap”,
g
dr =B,

where 7 is the dimensionless time, and u and € are constants to
be determined.

When € € 1, ¢e¢* ~ 1, and this system of equations is au-
tonomous. Show that there is a unique equilibrium point, and
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determine the nature of this point for each p > 0. What would
you expect to happen as u slowly decreases?
For the quadratic autocatalytic system (9.24), ahead of the wave-
front, « & 1 and < 1, so that the equation for f is, at leading
order,

op %P

7%= 2 +p. (9.84)
Using the transformation = e'B, show that B satisfies the
diffusion equation. Hence, write down the general solution of
equation (9.84). If the initial distribution of f§ is zero outside some
finite region of the real line, show that, when z/7 is a positive
constant and T >> 1, log f oc T—z?/4t at leading order. At which
velocity does this suggest that the wavefront will propagate in
the full problem?
A reaction—diffusion system is governed by the equation

op P

ot 0z
where p is a constant with 0 < u < % By looking for solu-
tions that are a function of a suitable variable, y, write down
a system of first order ordinary differential equations satisfied
by permanent form travelling wave solutions that propagate at
speed v > 0. Show that this system has three equilibrium points,
and determine the local behaviour at each. Show that there is an
exact solution of the form

By = (1+e¥)7",

for a particular pair of values k = ko(1) and v = vo(u). Sketch
the phase portrait in this case, and show that there is another
solution with f# — 0 as y —» —o0, and f — u as y — oo.
Consider the reaction—diffusion system that we studied in sec-
tion 9.4, augmented with the reaction step

+ B(1 = B)F — ),

B — C, rate k)b,

which represents linear decay of the autocatalyst.

(a) Show that the equations satisfied by permanent form
travelling wave solutions are
do do. d’p dp

W"‘U@ 9([320, W"‘U@*‘Oﬁﬁ—fﬁ:(),
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where ¢ is the dimensionless decay rate, which you should
determine.
(b) Appropriate boundary conditions are

a—1, B—>0 asy—o, a—>a, B—0 asy— —o0,

where o is an unknown constant. Make a sketch of what
you would expect the solution to look like for € < 1.
(c) We now write expansions

o= +eu +0(e?), p=po+epi+0(?) fore < 1.

When v = 2, so that the leading order solution is the
minimum speed travelling wave that we studied in sec-
tion 9.4, determine the equations satisfied by «; and ;.
Hence show that

a~ oz exp { (V2= Dy} {1400}

1
[f~1+§€y+0(62) as y — —oo,

where o, is a positive constant.

(d) This suggests that there is a non-uniformity in the expan-
sion for B when —y = O(e7'). If Y = ey, ¢(Y) = —eloga
and B(Y) = B, with Y, ¢, B = O(1) for € < 1, determine
the leading order equations for ¢ and f. Solve these equa-
tions, matching your solution carefully with the solution
in the previous asymptotic region as Y — 0. Hence show

that
| A
loga® = —— 1+e5—1 1).
ogo 6/ ( + e )ds—i—O()

—0o0
Use Dulac’s extension to Bendixson’s negative criterion, with
weighting function p = ¢’ for some constant ¢, to show that
there are no limit cycle solutions of the space-clamped system
(9.59) and (9.60).
When an external current, I, is applied to a space-clamped axon,
the Fitzhugh—Nagumo model becomes

%=u(a—u)(u—1)—w+1m
i—V:=bu—cw,

where 0 < a < 1 and b, ¢ and I, are positive constants. The u
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nullcline has a local maximum at u = uy,, and a local minimum
at u = Uiy, Determine upm,y and ugi, in terms of a and I,.
We can define a new model with

du

E =W (u) w,
dw

i bu — cw,

where the term u(a — u)(u — 1) + I, in the original model has
been replaced by a continuous, three section, piecewise linear
function, wy(u), which you should determine, that has the same
local maximum and minimum as the u nullcline and has w{(0) =
wi(l) =1,.

By considering the slopes of the u and w nullclines in this new
model, show that for there to be just one equilibrium state for
all I, > 0 we require that

é > z(az—a—i-l).
c 9
If this condition holds, show that this state is unstable if

2
§(a2—a+1)>c,

and
b 2
Umin z +a— (a + 1)umin + Unin | < Iﬂ
b 2
< Umax - +a—(a+ Dumax + Uy | -

Use Bendixson’s negative criterion to show that if a limit cycle
solution surrounds the unstable equilibrium point then, at some
point on this solution, either u > upyax Or u < upi,. Note that
it can be shown that there is a range of values of the external
current, I,, for which a limit cycle solution does exist.

Taking the travelling wave equation for the Fitzhugh—-Nagumo
model,

2
uj—l;=%+u(l—u)(u—a)—w,
dw:bu—cw,

Yay
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show that the wave speed p satisfies the inequality

2, ¥
Foi=a ™"
By writing the time derivatives as forward differences and spatial
derivatives as central differences, show that a discrete form of
the Fitzhugh—Nagumo equations is

Uijp1 =Uij + (v — 2uj + uier )

At
(Ax)?
+ {u,;j(l — u,;j)(ui,j —a)+ Wi,j} At,
Vij+1 =Vij + (buij — cwij)At,
where u; ; = u(iAx, jAt). For the initial-boundary value problem

u(x,0) =w(x,0) =0 for x>0,
u—0, w—0 asx— oo fort>0,
u(0,x) = f(t) fort>0

try to discover what ‘impulse functions’ f(¢) give rise to a wave
that propagates into x > 0 from the initiation site at x = 0.
(Note that it is a good idea to choose At = i(Ax)2 to get
a stable numerical scheme, and that you will need a suffi-
ciently long numerical domain to capture the development of
any waves.)



Part three
Advanced Topics

Now that we have studied the basic ideas that underlie the generation
and propagation of waves in the most commonly occurring situations,
we will focus our attention on some more advanced techniques and more
difficult problems than those that we have encountered so far in parts
one and two. In chapter 10 we study Burgers’ equation, which arises in
many different areas of applied mathematics. It is the generic example of
what happens when there is competition between nonlinear steepening
and linear diffusion. As we shall see, Burgers’ equation often controls the
leading order behaviour of systems in which a linear dissipative process
modifies the effect of nonlinear steepening. The examples that we study
come from traffic flow, and weakly nonlinear, compressible gas dynamics.

Chapter 11 is concerned with scattering and diffraction — the in-
teraction of waves with solid objects. We show how the solution of
linear diffraction and scattering problems, involving either scalar or vec-
tor waves, can be approximated using integral representations. For the
diffraction of a scalar wave by a single straight edge, we can use the
Wiener—Hopf technique to construct the exact solution. We also examine
a series solution for the scattering of water waves by a cylinder. In the
final chapter we study the remarkable inverse scattering transform as it
applies to the Korteweg—de Vries equation, which we met in chapter 8§,
and the nonlinear Schrodinger equation (NLS), which we will derive in
the context of pulse propagation in weakly nonlinear optical fibres. In
all of the other examples that we study in this part of the book (with
the exception of the Cole—Hopf transformation for Burgers’ equation)
no analytical solution technique is available for the governing nonlinear
partial differential equations. However, such a technique is available for
the KdV and NLS equations, along with a wide variety of other im-
portant nonlinear equations. By associating it with a scattering problem
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and determining the evolution of the scattering data, the solution of the
KdV equation can be reduced to the solution of a linear integral equa-
tion. The methods used are far from obvious, and seem almost magical
when first encountered. In particular they show that the solitary wave
solutions that we studied in chapter 8§ are actually solitons. Solitons arise
in many different physical systems, and perhaps most importantly today,
are often used to transmit information along optical fibres. They have
some remarkable, particle-like properties. In particular they can retain
their individual identities after collisions and persist over long distances.



Burgers’ Equation: Competition between Wave
Steepening and Wave Spreading

By making some dramatic assumptions about the flow field and pressure
gradients in a particular class of fluid flow, Burgers (1948) derived a
simple equation with which he hoped to model some aspects of turbu-
lence. Burgers’ equation is

Ur + Uy = V. (101)

This is an evolutionary partial differential equation that models the
competing effects of wave steepening (uu,) and diffusion (vu,,). Rather
similar systems of equations had been studied prior to this by those
working in one-dimensional gas dynamics, see for example the collected
works of G.I. Taylor (1963). That turbulence itself is still an open problem
puts the Burgers model into historical perspective. The equation is,
however, still important in its own right and crops up in various branches
of applied mathematics. We begin by considering how Burgers’ equation
arises in a modified version of the simple model for the flow of traffic that
we studied in section 7.1. In particular, by introducing an extra physical
process into our model, we are able to justify the shock fitting method. We
will also demonstrate a transformation that exactly linearises Burgers’
equation. Next, we turn to a classic fluid flow problem and examine
how Burgers’ equation arises in the study of weak, gas dynamical shock
waves. Finally, we examine the asymptotic solution of Burgers’ equation
as v — 0, and use the method of matched asymptotic expansions to
construct the solution of a simple initial value problem.

10.1 Burgers’ Equation for Traffic Flow

When we introduced the notion of shock fitting in section 7.1, the
main assumption that we made was that the solution given by just one
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particular characteristic curve is the actual solution in the multi-valued
region. We can justify this for our example problem by considering
an appropriate change of our model that modifies the solution when
large gradients in density start to be formed. We have assumed the
q(p) = pv(p). However, it seems reasonable to assume that, if a driver
sees a large positive gradient in density, in other words she sees that cars
are starting to become more closely packed ahead, she will slow down.
This suggests that we should change the model for the flowrate of cars to
q(p) = pv(p) — vpy, where p, = dp/dx. We will consider the case where
v < 1, so that this gradient effect only becomes significant when p, > 1,
in other words, when a shock wave starts to form. If we substitute this
new model for g(p) into (7.3) we obtain

2

g—€+c(p)g—i =v§—x§. (10.2)
This is an advection—diffusion equation, with ¢(p)p. the advective part
and vp,, the diffusive part. For v <« 1, the diffusive term will only
be significant where there are large density gradients. For our example
problem, where ¢(p) is a linear function of p, we can easily rewrite (10.2)
in terms of ¢, and arrive at Burgers’ equation,

dc dc 0%

—te—=v—.

ot 0x 0x?
This is the generic example of a combination of steepening due to
nonlinear advection and dissipation due to linear diffusion. Even more
importantly, it is one of the few nonlinear equations for which an exact,
analytical solution is available, and we will now derive it.

Define a function ¢(x,t) via ¢ = —2vd(log ¢)/dx. This is known as the
Cole-Hopf transformation. On substituting this into (10.3) we find that
¢ satisfies the linear diffusion equation

0 0*
9 _,79 (10.4)
ot ox?
The Cole-Hopf transformation therefore maps Burgers’ equation to an
equation that we can easily solve. The initial conditions are

(10.3)

c(x,0) =co(x), (10.5)

which maps to the initial condition

b (x,0) = o (x) = exp (—% /0 o(s) ds> . (10.6)
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The solution of the diffusion equation subject to the initial condi-
tion (10.6) is

1 * _(x—X)z}
¢ (x,t) = —\/m /_30 b0 (X)exp{ BT dx, (10.7)

which can be derived using Fourier transforms. We can write this as

1 o0
X, 1) = —— exp{—G(x,X,t)/2v}dX, 10.8
b0 =7 | ewl-Gux.0 /) (108)
where G is given by
2 X
GuX.n= =X, / co () ds. (10.9)
2t 0
We can now use the fact that ¢ = —2vd(log¢)/0dx to show that the

general solution of Burgers’ equation is

g e () exp (=G (x, X, 1) /2v} dX
clen= [~ exp{—G(x,X,t) /2v} dX

(10.10)

Now we want to know what this solution looks like for v < 1. Do we
recover the solution that we have already obtained using characteristics
and shock fitting when v = 0? In order to proceed, we must estimate
each integral in the solution (10.10) for v < 1. In this limit, each integral
is dominated by the contributions from the local maxima of —G(x, X, t).
If we can calculate these, we can estimate the integral by approximating
G using the first couple of terms in its Taylor series. This is known as
Laplace’s method, and can be justified rigorously (King, Billingham and
Otto, 2003). So where are the local maxima of —G? Since

oG <x —-X

X T)"‘CO(X),

the turning points of G occur at X = X, where X, satisfies

x = Xo + co(Xo)t. (10.11)
But this is just the equation of a characteristic. To determine whether
this point is a maximum of —G, note that

2G 1,

m = ? + CO(X). (10.12)
If ¢j(Xo) > 0, then each turning point must be a maximum of —G and
hence there can only be a single maximum, in agreement with the fact that
a single characteristic passes through each point in this case. If ¢;(Xo) < 0
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a turning point is only a maximum if t < —1/¢'(Xj), corresponding to the
well-defined solution that we obtain using characteristics for ¢t < Tiy;.
So, for a single maximum, what is the approximate solution?

In the neighbourhood of a maximum at X = X, we can approximate
G using its Taylor series as

1 1,
G5 X.0) = Glx o)+ 5.0 = X0 { § 65 0
and hence

/OO exp {—G (x,X,t) /2v} dX ~ exp {—G(x, Xo,t)/2v}

—0

x/_ ‘exp{—% (% + ¢ (Xo)) (X—Xo)z} dX,

/OC (X _X) exp{—G (x, X, 1) /2v} dX

o t

and

~ (x _tX°> exp {—G(x, Xo,1)/2v}

x/_‘ exp{—4—lv (% +c6(X0)> (X—Xo)z}dX.

Substituting these into (10.10) gives
X — X()

(x,1) ~ ~ ¢o(Xo). (10.13)

So, if a single characteristic passes through a given point, (x,t), there is
a single dominant contribution to each integral for v < 1, and

c(x, 1) ~ co(Xo),

where X satisfies
x = Xo + co(Xo)t.

This is precisely the characteristic based solution that we have already
constructed for the case v = 0. However, what we are really interested
in is what happens when the solution becomes multi-valued, and three
characteristics pass through each point in the multi-valued region. This
corresponds to three turning points of —G. The turning point that cor-
responds to the middle branch of the multi-valued solution, shown in
figure 7.15, has t > 1/¢/(X), since this is just the condition given earlier
for neighbouring characteristics to have intersected, and hence is a min-
imum of —G. The other two characteristics, at X = X; and X = X,
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correspond to maxima of —G, and we must consider the contribution of
each to the integrals.
Using Laplace’s method for each of these maxima we find that

c(x, t) =~ {Kl (

X—Xl

>exp {=G(x,X1,t) /2v}

+K, (x :X2> exp {—G (x, X, 1) /2v}]

x [Kl exp{—G (x,X1,1) /2v} + K> exp {—G (x, X2, 1) /2v}]
(10.14)

where

1
2

K1=<%+C()(X1)>_ , Ky= <%+cg(Xz)>_ .

This is a well-defined, single valued solution. When v <« 1, if
G(x, X1,t) > G(x, X2, 1) then ¢ = (x—X2)/t = co(X>), whilst if G(x, X»,t) >
G(x,X1,t) then ¢ ~ (x — X1)/t ~ co(X1). In other words, the solution
takes the value given by one or other of the characteristics through
the point, and the changeover between the two states occurs rapidly in
the neighbourhood of the point where G(x,X»,t) = G(x, Xy,t). This is
the position of the shock wave when v = 0, which is represented by a
discontinuity in p and hence c¢. For v small but non-zero it becomes a
rapid change over a thin region. But where is this shock? The condition
G(x, X5, t) = G(x, X1,1) gives

(x—X;)? /Xl (x—X? [
= = 4 ¢ (s)ds=7+/ co (s)ds,
2t o 0 2t A

and hence, using ¢o(X) = (x — X1)/t and ¢p(X2) = (x — X3)/t,

1
2

X
[ eotshds = 50— X0 feo (X0) +0 (). (10.15)

If we can show that this condition corresponds to the equal area rule
that we discussed earlier, we have justified our shock fitting procedure.
In order to achieve this, we firstly note that, since c is a linear function
of p for the specific case that we are considering, the equal area rule for
the behaviour of p is equivalent to the equal area rule for the behaviour
of ¢. Now let’s assume that the equal area rule is correct and see if we
can deduce (10.15). Consider the initial profile, ¢o(x), and the profile after
a shock has formed, as illustrated in figure 10.1. Let A’ and B’ be the
points in the (¢, x)-plane at the top and bottom of the shock, as shown in
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c c
(a) (b)
A Shock
Equal
areas Equal
/areas
B A
D C
X | X X X

Fig. 10.1. (a) An initial profile, co(x). (b) The profile and fitted shock some time
later. Equal areas are indicated, and the line AB maps to the line A'B’.

figure 10.1(b). These points correspond to A and B in the initial profile,
¢o(x), shown in figure 10.1(a). Since the line A’B’ can be obtained from
AB by translating it a distance co(x)t to the right in the same way that
¢(x, t) is obtained from co(x), the areas indicated in figure 10.1(a) map to
those indicated in figure 10.1(b), and are therefore equal. This means that
the area of the trapezium ABCD is equal to the area under the initial
profile between X; and X,. This is, however, precisely what (10.15) says.
We conclude that the equal area rule can be deduced from our analysis
of Burgers’ equation in the limit v < 1. The detailed structure of the
solution for v < 1 is the subject of section 10.3.

10.2 The Effect of Dissipation on Weak Shock Waves in an Ideal Gas

In this section, we consider the development of a small, one-dimensional
disturbance of a uniform, ideal gas initially in equilibrium. At leading
order, such disturbances are the linear sound waves that we studied in
chapter 3. However, in section 7.2 we showed that nonlinear steepening
can lead to the formation of shock waves, even for small disturbances, if
they propagate for a long enough time. We therefore include in the model
the main dissipative processes that are important in the neighbourhood
of the shock — viscosity and heat conduction. We shall see that Burgers’
equation appears again at leading order.
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The governing equations for this flow are

ap du 6_,0_0

L +ud o, (10.16)
ou ou 0dp 4 0u
pa +puax + Fri §’“ﬁ’ (10.17)
S S 2 u [ou\® 1 T
R B 10.18
ar T Mox 3pT <6x> pT 0x? ( )

All of these variables are as defined in section 7.2. In particular, T is
the absolute temperature and S the entropy. The additional terms on the
right hand sides of these equations model, in (10.17), the effect of viscosity
on the momentum in the x-direction, and in (10.18), the effect of viscosity
and heat conduction on the entropy, with 4 the thermal diffusivity of
the gas. Viscosity acts to diffuse the momentum and generate entropy.
In addition, the local sound speed, the gas law and the equation for the
entropy are

2= %, p=pRT/m, S=cylog (5) . (10.19)

We wish to solve these equations subject to the initial conditions

p(x9 0) = PO{I + €f()(X)}, p(X, 0) = p(){l + fg()(x)}’ u= GhQ(X), (1020)

where € < 1 is dimensionless and the O(1) functions fy, gy and hy are
zero outside the range —L < x < L. These initial conditions define the
orders of magnitude of the variables in the uniform state and of their
initial perturbations. The initial temperature, entropy and sound speed
are determined by (10.19). We therefore define the dimensionless variables

R [ S
P=p—0,,0=%,5=;,
O I O S (10.21)
Ty ¢ L L’

where c(z) = ypo/po and Ty = po/Rpo. In terms of these variables (10.16)
to (10.19) become

£ pa_)_c +i— =0, (10.22)

(10.23)
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L o o, .
Bpal 2Dy 18T o)
ot 0x 3 Re ox Re Prp 0x2
p=pT, S=log (%) +log <@> . (10.25)
p’ Po

The dimensionless groups in these equations, apart from the ratio of
specific heats, y, are

L
Rezﬁ, pr = Hv.

1 A

The Reynolds number, Re, is a measure of the size of typical viscous
forces relative to inertia, whilst the Prandtl number, Pr, is a measure of
the rate of diffusion of momentum relative to the rate of diffusion of
heat.

We can now restrict our attention to the three independent variables
@, p and S, using (10.25) to eliminate p and T from (10.22) to (10.24).
After some simple manipulations of the governing equations we arrive at

on _on N exp(S/y) op 4 0%u

= = 10.26
et 5 ox 3Reow (10.26)

op  _op, _da
Lral s =M, (10.27)

oS oS 1
e (10.28)
where
29(p—1) [on\? 1 & (p

M= (2 ~—_(£). 10.2
3Re ox +Re Prox? \ p (10.29)

In order to investigate the behaviour of the perturbations to the initially
uniform state, given by (10.20), we define

i=el, p=1+ep, S=log (p—?> + €8,
Po
with &, p and § of O(1) as € — 0. In addition, we assume that Pr = O(1)
and Re = 1/cge, with ¢ = O(1). Physically, this means that the effects
of viscosity and heat conduction appear at the same order, both being
small, with the initial perturbation small enough that these effects are
still significant.
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On substituting these new variables into (10.26) to (10.29), we find that

ow  1op _ [ .on 1 % 4 0% X
a - yox [ YTy ( S) 2z 73733 2] +0(e%),  (1030)
6[3 aﬁ . Aaﬁ 6“ 625 62'\ )
6_?+V£—6l—u£— 6x+ {6’ >+ 1) + 0(e?),
(10.31)

& & 2 2
%—? —¢ [—ag—; + % {Z‘j (y 1)6—} +0(e). (10.32)
Note that the term proportional to (0#/0%)? that appears in (10.29), which
is due to the generation of entropy by viscous dissipation, is of O(e?)
and does not appear in the leading order or correction terms of these
equations. This is related to the observations that we made in section 7.2
concerning the very small amount of entropy generated by weak shocks.
Viscous dissipation is a very ineffective generator of entropy in weak
flows such as this.

It is now convenient to write the governing equations in terms of the
linearised Riemann invariants,

Rl ='))1/:l+ﬁ, R2=“/ﬁ_l3a

so that
+ {5__(/ 1)}651? {;‘25 +0(e%),  (1033)
R e 8 e {5 - ZL(v—n}azR

wol2e o) ?R, ¢ 38
713 " 2pr X2 Proxt

a8 { 1
2y

+0(€), (10.34)

—_— = —(R; + Rz)—

ot
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( _ )82R1 _1 )62R2 028
’ o2 ' ox2

At leading order

+0(€?). (10.35)

A

OR, OR,  OR, OR, _ 05 _
N A

This means that R; is a function of X —7 only and R; is a function of
X +t only, whilst the entropy is independent of 7. This just represents
left- and right-travelling simple waves, as we would expect considering
that these are just linear sound waves.

In order to study the effect of the dissipative processes, we use the
method of multiple scales. We define characteristic coordinates, X| = X+1
and X, = x—1, and a slow time scale, T = ¢t, and expand the independent
variables as

Ri = Rio(X1,X5,7) + €Ry1 (X1, X2,7) + O(€7)
Ry = Roo(X1, X2, 7) + €Roi (X1, X2,7) + O(€?),
§ = So(X1, X2, 7) + €81(X1, X2,7) + O(€).

As we have seen, the governing equations at leading order show that
Rio = Rio(X2,7), Rao = Rag(X1,7), So = So(x, 7).
At O(e), we find that

+{ y:;l 10+“/:—1 20+2 So} ZI;(ZO-FO'{%-I—zll)r(V—l)}a;;;zO
+a{§ el )} aa)’;j;’ +%% (1036)
—2%1;(221 = _5;20 + {y;)lRm— V:;leo— 2%&)} (ZLX};
+{y4_y3R 0—%1320-1- 50} %I;(m +o {g—%(“/— 1)} 6(;1220
+a{§+%(?—l)} 6@)’2} —Pir% (10.37)
% =—6S0 (R10+Rzo)a—§O

ot 0t



10.2 The Effect of Dissipation on Weak Shock Waves 363

g 1 82R10 1 62R20 823‘0
—<=(y—1 —=(y—1 —— - 10.38
Tr {2” oxz 20 Ve T e (10.38)

Although the right hand sides of these equations are a ghastly mess, in
order to solve for R;;, Ry; and S'l we simply have to integrate once, since
Rio, Ry and 30 are the known simple wave solutions. Consider equation
(10.36). When we integrate with respect to X;, any terms on the right
hand side that are independent of X; will integrate up to a term linear
in X, which will be unbounded as X; — +4oo. These are therefore the
secular terms. All the other terms involve derivatives with respect to Xj,
and integrate up to functions that are bounded at infinity. The behaviour
of Ry is therefore fixed by the condition that the secular terms must be
zero. Similar considerations apply to the other equations, and we finally
arrive at

é’Rw Vi +1 6R10 2 1 62R10
R = - y—1)p — 10.
g Tay Roox, T T e 109
0Ry y+1 0Ry 2 1 62R20
R = -+ —0—-1) =— 10.40
Ee + o 20 oX, 0'{3 + 2PI‘(/ )} aXf > ( )
63‘0 g 62.§0
—=__= 10.41
ot Prox?’ ( )
to be solved subject to the initial conditions
Rio(X3,0) = 7fo(X2) + ho(X1),  Rao(X1,0) = pfo(X2) — hO(Xl)»} (10.42)
So(%,0) = fo(X) — 780(X). ‘

The entropy is governed at leading order by a simple linear diffusion
equation. The two Riemann invariants, which determine the velocity and
pressure perturbations, are each governed by Burgers’ equation, which
explicitly displays the effect of competition between nonlinear steepening
and thermal and viscous dissipation. There is no coupling between the
three dependent variables R;g, Ry and §0. In addition, although we chose
the richest limit in the governing equations by assuming that ¢ = O(1),
if o is asymptotically smaller than this, the same equations govern the
leading order development. In this case, as we shall see section 10.3, the
leading order solution can be found using the method of characteristics
with shock fitting, and dissipation is active only in shocks and corner
regions at leading order.

However, we can say rather more about these equations. Since the
initial conditions are such that these perturbation are confined to the
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region —1 < X < 1 and the solution develops on an O(e~!) time scale,
characterised by the slow time variable, 7, the initial conditions lead
to the development of two simple waves, as shown in figure 8.6, with
the initial input of entropy essentially confined to the region of the
initial disturbance. More precisely, for 1 = 1) = ‘1) Therefore,
when X; = O(1), X ~ —e 1, so when X, = O(1), X ~ e 't. Far from
each simple wave region, the equations for Ryy and Ry are dominated by
diffusion, and these Riemann invariants are exponentially small. Similarly
for the entropy far from the initial region, where X = O(1). This means
that at leading order for © = O(1), the perturbation to the entropy
is exponentially small in each of the simple wave regions. All of this
confirms that the picture that emerged from our analysis of d’Alembert’s
solution in section 2.3, of an initially localised disturbance splitting into
a left- and a right-propagating wave, is correct for one-dimensional
sound waves, but that over a long, O(e™!) time scale, the simple waves
steepen and form shocks, governed by Burgers’ equation through (10.39)
and (10.40). In addition, the assumption of isentropic flow, which we
made throughout chapter 3, is shown to be appropriate, since any initial
disturbance of the entropy is left behind by the diverging waves.

Focusing our attention on the right-propagating simple wave, we can
write (10.39) in terms of the physical variables, noting that Ryy) < 1 at
leading order, and hence that p ~ yii, as

dp  y+1 ap 1 (2 1 ) %p
E"’m(l’— )377 %{gﬂ‘l' 5(“/—1);}6—,727 (10.43)

where n = x —¢ot. This equation can be mapped onto the canonical form
of Burgers’ equation, (10.1), by the transformation

1 (2 ) v+1
v=—{ rio-nt } u= 2 x=a (1044)
Po 3t Cy 2poco

Looking ahead a little, the analysis of the travelling wave solutions of
Burgers’ equation, which is the subject of the following section, shows
that the thickness of the shock is of order

2v 4c¢o 2 A
P ur = G+ i { 300 } 1o
where p; is the magnitude of the initial disturbance of the pressure. A
discussion of the thickness of shocks using a more intuitive, physical
approach is given by Lighthill (1978), and reproduces this estimate. In
addition, Lighthill discusses a third contribution to shock dissipation, a
time lag in the redistribution of the energy in a gas between its various
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modes of molecular vibration and rotation, which we have not studied
here.

10.3 Simple Solutions of Burgers’ Equation
10.3.1 Travelling Waves

Consider the solution of (10.1) subject to the boundary conditions
U— UL as X — —o0, U —> UR as X — 00, (10.46)

and initial conditions compatible with this. We can now consider what
the large time development of this solution is, after any initial transient
behaviour has decayed. If we assume that the solution takes the form of
a travelling wave with constant speed, ¢, and u(x,t) = u(x — ct), we find
that

vurr +ug(c —u) =0,
subject to
u—u, as{ — —oo, u—>ugr as{ — oo, (10.47)

where { = x — ct is the travelling wave coordinate. Integrating this once
leads to

1
vur 4 cu — §u2 =C, (10.48)

where C is a constant that we can fix in two different ways. Firstly,
u; — 0asu — ug gives C = cur — %u}z{. Secondly, u; — 0 as u — uy, gives
C = cur, — uf. For consistency we must have cugp — Suf = cup. — 1uf or
c= %(uR + ug), which is precisely the shock speed that we determined in
subsection 7.1.4. Equation (10.48) can now be written as

1, 1 1
vup = Su” — S(ug +uL) + SurtL

= %(u —up )(u — ugR). (10.49)
If ur > ur, then u is a decreasing function of { for ug > u > uy. Since
this is not compatible with the boundary conditions as { — +o0, we need
ur, > ug for a travelling wave solution to exist. This is consistent with the
results of section 7.1, where we showed that the solution of the Riemann
problem when v = 0 for ug > ur. is an expansion fan, whilst the solution
for up > ugr is a shock. When up, > ug, (10.49) is separable, with solution

I +exp {5 (ur —ur)({ + o)} ur
1+exp {5 (uL —ur)( +40)}

where {j is a constant of integration.

(10.50)
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Fig. 10.2. The initial conditions given by (10.51).

The above analysis, informative as it is, does not tell us

(i) whether a smooth monotone decreasing travelling wave is the only
structure that can emerge from the initial data,

(i1) what the role of v is in the solution structure,
(iii) the significance of the constant (,
(iv) why the particular wave speed %(uL + uR) is selected.

10.3.2 Asymptotic Solutions for v < 1
In order to shed some light on points (i) to (iv), it is sufficient to consider
the initial value problem

U + Ully = Viiyy on —o0 < x < oo, fort >0, withv <1,

ur for x< —a,
u(x,0)=<¢ uy for —a<x<a, (10.51)
ugr for x>aq,

and up > ug, as shown in figure 10.2.

The outer solutions

If x, t, ur, ur and a are of O(1), we can start our perturbation procedure
with the expansion

u = up(x,t) + 0(v),

so that ug, + upup = 0 at leading order. The solution of this first order
hyperbolic system with the top hat initial conditions given above is
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readily obtained by the method of characteristics as

UR for —o0 < x < —a + urt,
u(x.1) = (x+a)/t for —a+ urt < x < —a+urt, (10.52)
’ uL for —aturt<x<a+ %(uL + ur)t,
UR for a + $(uL + ur)t < x < oo

It is clear from figure 10.3(a) that there are diverging characteristics
spreading out from x = —a, t = 0. The solution for —a+ugrt < x < —a+
upt is therefore an expansion fan which connects two uniform regions.
The characteristics on either side of x = a converge so that a shock
wave is formed when ¢ = 0. Using the shock speed that we determined
in subsection 7.1.4, the path of the shock is given by x; = %(uL + up)t,
and separates two uniform regions. A sketch of this solution is given
in figure 10.3(b). We conclude that we have determined, in the usual
nomenclature of matched asymptotic expansions, the outer solution.
There is a need for further consideration of the perturbation process in
the neighbourhood of the shock, where u, and u,, are large, and also at
the two corners of the expansion fan, where u, and u, are discontinuous.
It should also be pointed out that when t = t; = 4a/(ur — ur), the
expansion fan catches up with the shock and modifies its path for ¢ > t;.
We give further details of the large time behaviour later in this section.
For now, we restrict attention to times t < tj.

The shock structure

To examine more closely the solution in a region close to the shock, it is
convenient to introduce the new coordinate X defined by

1 ,
XxX=a+ E(u]‘ + ur)t + v*X, (10.53)

so that X = O(1) when x —a — %(uL + ur)t = O(v*). The thickness of the
shock region, determined by the value of o, is to be found by balancing
terms in the transformed version of (10.51). Under the transformation
(10.53), with u = @u(y, t), Burgers’ equation becomes

1 \
v, — z(uL + up )iig + Gty = v ligx. (10.54)

The choice o = 1 gives the richest balance in (10.54), so the shock has
thickness of O(v) and we must solve

1
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/i

(b) u

t

—a+ugt —a+uyt a+(uprug)ti2 X

Fig. 10.3. (a) The characteristics and (b) the solution, when ¢t < t;, of (10.51) with
v=0.

subject to the matching conditions # — up as X — —oo, I — uR as
X — oo. As these conditions indicate that # = O(1) throughout the region
we try to solve (10.55) by an asymptotic expansion of the form

u(x,t) = up(x,t) + O(v), (10.56)
which, upon substitution into (10.55), gives at leading order

1
Up,x {a() — E(UL + UR)} = ljl(),g—x—. (1057)

This is essentially the same as (10.47), and has solution

__uptexp {3(uL —ur)(X + Xo(1)) } ur

, 10.58
1+ exp { §(uL — ur)(X + Xo(t))} 1o

where Xo(t) is an unknown function of time which arises in the integration
of (10.57).
To determine the value of X((t), we first integrate (10.55) with respect
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to X between —co and oo. This leads to
/ i dx =0, (10.59)
—o0

which is only possible if X(z) is a constant, say Xo. To fix the value of X
we must consider what happens to the initial data for small times since,
in the current scalings, we have lost the temporal evolution of the initial
data. To examine the small time behaviour, we define ¢ = /v which,
upon substitution into (10.55), gives

subject to the initial conditions

wioo foup for X <0,
M(X’O)_{ ug for x>0,

and boundary conditions
ft—>u, asx — —oo, ol — ur as X — oo, (10.60)

for all 1 > 0, where & = #i(x, 7). This initial value problem has a solution
that evolves to a steady state as ¢ — oo, which will be @y, as given
by (10.58). The solution of this problem must be found in general by
numerical methods. However, this can be avoided here as we are really
only interested in #(0,7). As ¢ — oo this must match with y(0,t) as
t — 0 and hence fix the value of Xo. We now find #(0,7) by developing a
symmetry argument.
Define & = &t — 3(ur + ug) so that

07 + 00y = Dxx,
subject to initial conditions

1 -

ne s(up —ugr) for x <0,
-1 2

5(x.0) { %(uR —ug) forx>0,

and boundary conditions

1 1
ﬁ—>§(uL—uR) as X — —oo, ﬁ—»z(uR—uL) asx —»oo.  (10.61)

As the equation and boundary conditions are invariant under the trans-
formations ¥ — —b, X — —X, we can deduce that ¥ is an odd function of
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X so that 9(0,7) = 0 for all 7 > 0. Hence #(0,7) = %(uL + uR), matching
requires
ur +exp { 3(ur — ur)Xo } ur

1 +exp {%(uL — uR))_C()} ’
and therefore Xy = 0. Our solution in the neighbourhood of the shock is
now complete.

1
E(ML +ur) =

The corner region

We now consider the right-most corner of the expansion fan in detail, as
we currently have a solution that is not differentiable there. The situation
at the left corner of the expansion fan is very similar to this. Again,
we will resolve this by constructing an inner solution with sufficient
differentiability in the neighbourhood of the corner. We define x* by

x=—a+upt+vPx", (10.62)

and consider the transformed equation when x* = O(1). Working with
u = u"(x",t), Burgers’ equation transforms to

viuy —upul +utul = vl (10.63)

If we write an expansion of the form
u'(x*, 1) = uL +vPu; + 0(vP),

guided by the form of the expansion fan solution, a balance occurs in

the equation if f =1 — f8, and hence f = % At leading order we obtain

(10.64)

*

* L
Uy Ty =1

WX x*
subject to the matching conditions u; — x*/t as x* — —oo and u; — 0
as x* — oo. Thus we have the full Burgers equation and two boundary
conditions, but without the parameter v. Rather surprisingly, the form
of these boundary conditions actually allows us to solve the problem
by using a similarity reduction of the partial differential equation to an
ordinary differential equation. To perform this reduction we first note that
the partial differential equation and the boundary conditions are invariant
under the one parameter (k) group of transforms (u, x, t) {-k_%ﬁ, k2%, kt).
The quantities x/ t2 and ut? are therefore invariants of the transformation
so that standard theory indicates that we can find a solution of the form
up = ui(x*/t3)/t: (see, for example, King, Billingham & Otto (2003)).
Substitution into Burgers’ equation gives

1 1
_Erlul,n - Eul + Uiy = Utyys (1065)
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subject to u; — 0 as 4 — o0 and u; ~ 5 as § —» —oo, where 1 = x*/t%.
This ordinary differential equation is readily integrated once to give

1
Uiy = 5“1(“1 —n).

This can be linearised by putting v = 1/u; to give

n - 2’7 2a
with solution
1 12 ["
v=——eil / e 1% ds, (10.66)
2 —

Returning to the original variables, we have constructed a solution, valid
in a region of thickness O(v%) about the corner, in the form

2y 1 e—x“ /4t

00, (10.67)
t%f:x(” e~ 15 ds

u'(x*,t) =up —

which possesses the smoothness properties that the outer solution lacked.

Finally, we consider what happens to our solution for ¢t > 4a/(up —
uR) = ty, after the expansion fan collides with the shock. Using the meth-
ods of section 7.1, we can see that the shock path curves to accommodate
this collision. In fact, it takes the form x = urt — a + 4a (t/tl)% and the
velocity to the left of the shock is u = ug + 4a/ (tlt)%. This indicates that
the solution structure we can expect as t — oo is a weakening shock
whose path approaches that of the ug characteristics. Behind the shock
there is an expansion fan whose slope becomes flat as t — co. Rather
similar methods to those above can be adopted to match together the
different parts of the large time development of this initial data. Further
details on this and other issues associated with initial value problems for
Burgers’ equation can be found in Crighton and Scott (1979).

Exercises

10.1 Use the Cole—Hopf transformation to show that the solution of
Burgers’ equation with initial conditions

u; for x <0,
u, for x>0,

u(x,0) = {
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10.2

Burgers’ Equation

with u; > up, can be written in the form

[T x—y (x—n)?
u(x,t)—/ . H(n)exp{ o }dn

)2
// n)eXP{( n)}dn,

where

exp (—%) for x > 0.

Show by manipulation of these integrals that this can be recast
in the form

u(x,t) = (ug — up)

X

erfe (_L“ﬂ> -
: 2. /vt {(u1 —uz)(x—ct)}
+ exp .
erfc (_x—u1t> 2v
N
where ¢ = (u; + u)/2. Verify that this satisfies the initial condi-
tion, and show that for fixed values of x — ct,

. -1
fim 1) = s o — ) [ 1 exp { ==

Interpret this result.
Verify by substitution that the function

p(x,t)=1+ \/ge—xz/‘*vr,

with a a positive constant, is a solution of the diffusion equation
09 _ 3¢
o o’
Use the Cole—Hopf transformation to obtain the corresponding
solution, ¢ (x,t), of Burgers’ equation,
oc N dc . 0%
ot ox  o0x2

Show that this solution of Burgers’ equation is anti-symmetric,
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and that the area, 4, under the solution for x > 0 is given by

A(t) = 2vlog (1 + \/g) .

Use this expression to eliminate a and show that the solution
can be rewritten as

X ex2/4vt -
c(x,t) = - (1 + T 1)

Determine and sketch the approximate solution when v < 1 and
A (t) is bounded.

Construct an asymptotic solution of Burgers’ equation, valid as
y — 0, for the initial conditions

_ 1 for |x| > 1,
u(x,0) = { x| —1 for |x| < L.

Hint: The form of the shock changes twice.

Find uniformly valid asymptotic solutions of Burgers’ equation
u; + uu, = vy, in the domain 0 < x < o0, 0 < t < o0, as
v — 0 subject to the initial condition u(x,0) = a and boundary
conditions u(0,t) = b, u(oo,t) = a. You should consider the cases
0<a<b,a=Dband b > a separately, and be sure to determine
the leading order solution in all of the shock and corner regions.
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Diffraction and Scattering

We have already considered various different situations where waves are
reflected (sound waves incident on a rigid wall, elastic waves incident on
a free surface and electromagnetic waves incident on perfect conductors
and insulators). Whilst pure reflection is characterised by the presence of
a uniform, infinitely long barrier, at which the wave changes its direction
of propagation, scattering is characterised by the presence of a smooth,
finite body, which leads to a non-uniformly reflected wave field. In this
chapter, we consider barriers to wave propagation that are semi-infinite
or finite. We will find that, as well as reflection and scattering, there is
another effect caused by the presence of an edge to a barrier. When the
incident wave impinges upon the edge, it is scattered in all directions.
This is called diffraction and can produce some interesting effects. If
there are two or more edges, the scattered waves from each edge can
interfere with each other to form a diffraction pattern. Although reflection,
scattering and diffraction are treated using slightly different mathematical
methods, the underlying idea is that of the interaction of an incident wave
with a boundary. The reflected/scattered /diffracted field is the difference
between the unaffected incident wave and the actual solution.

Situations where these effects are important are widespread in the
natural world, in the laboratory, in engineering applications and in the
home. The sky is blue because of the way sunlight is scattered by air
molecules. The technique of X-ray diffraction uses diffraction patterns to
probe the three-dimensional structure of crystals and certain chemicals.
The detection of aircraft using radar relies on their tendency to reflect and
diffract electromagnetic waves and an important element of the design of
military aircraft is to minimise the amplitude of this diffraction pattern.
Rather more domestically, the reflection and diffraction of a plane wave
incident at a grating are basic features of compact disc players. The

374
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information on the disc is stored in a spiral track containing a sequence
of densely packed pits. The optical pick-up consists of a laser beam,
which is imaged on the disc surface, and a detector, which converts the
variation in reflected and diffracted laser light caused by the pit pattern
into an electrical signal. This signal is then processed and amplified to
produce the sound.

In this chapter, we consider the diffraction and scattering of plane
waves. Much of the theory is based on solutions of the two- or three-
dimensional wave equation, and is therefore applicable to many different
physical situations. We will concentrate on three types of waves. We begin
by considering the scalar diffraction problem of a plane acoustic wave
incident on a semi-infinite rigid wall. We then examine the propagation
and diffraction of plane, linear, sound waves through a hole in a rigid wall
— a scalar diffraction problem. Next, we consider the same situation for
electromagnetic waves. Although the solution we obtain is very similar
to that for acoustic waves, it is not the same. It is a vector diffraction
problem, and the polarisation of the incident wave has an effect on the
diffracted wave. Finally, we look at the scattering of water waves, for
which the boundary value problem that we must solve is rather different.

11.1 Diffraction of Acoustic Waves by a Semi-infinite Barrier

Let’s consider what happens when a plane, harmonic, acoustic wave, with
frequency @ and wavenumber k, is incident at an angle o on a semi-
infinite barrier x > 0, y = 0, as shown in figure 11.1. This is commonly
referred to as Sommerfeld diffraction. The potential ¢ satisfies the wave
equation. We now write ¢ = ®(r)e ! so that ® satisfies the Helmholtz
equation,

(V24 k*)D =0 for —o0 < x < 00, —0 < y < 0, (11.1)

where k? = |k|> = w?/c?. This is now to be solved subject to the no flux
boundary condition,

®,(x,0) =0 for 0 < x < o0,

together with appropriate conditions at infinity. From the physics of the
problem, what type of solution would we expect? The incident wave
will be reflected where there is a barrier to reflect it, with the angle of
incidence equal to the angle of reflection. This defines region I, which, in
polar coordinates with origin at the edge,is0 <r <o0,0< 0 <m—u, as
shown in figure 11.1. There will also be a diffracted wave in this region.
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Fig. 11.1. The regions I, II and III, and the coordinate system for half plane
diffraction of a plane sound wave.

The parts of the incident wave that miss the barrier but are not in its
shadow define region Il as 0 < r < o0, m —a < 0 < w + o There are
no reflected waves here but there is a diffracted component. Region II1,
defined as 0 < r < oo, m +a < 0 < 2m, is in the shadow of the barrier
and only contains diffracted waves. The diffracted waves must propagate
outwards from the edge of the barrier.

11.1.1 Preliminary Estimates of the Potential

In order to solve this diffraction problem, we need to have some estimates
of the magnitude of the potential in regions I, II and III when r is large
and when r is small. We will use an artificial small parameter, J, to do
this, purely to formalise the asymptotics. It also provides a check on
the results, since the parameter ¢ cannot appear when the solutions are
written back in terms of the physical variables. (We could also try to find
separable solutions but the results we obtain would then need expansion
for large r.)

The Far Field: r > 1

To estimate ® when r > 1, we introduce the artificial small parameter,
9, and scaled coordinate 7 = dr, so that ¥ = O(1) when r =0 (67') > 1.
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Equation (11.1) becomes

52 <q>ﬁ + %cbf + 7%@90) + k>0 =0. (11.2)
To solve this when 6 < 1, we pose a WK B expansion of the form
®=exp{@ + B(7, 0)logd +C(F,0)+0(5)}. (11.3)

After substituting this into (11.1) and collecting like terms, we obtain the
hierarchy of equations

1
A2+ ?—ZAé +k2=0, (11.4)
24;B; + 2Agf" =0, (11.5)
1 1 A
Arr + = Ago + Ar <2c,+:> 122l g (11.6)
r r r
If we now write A = —irf(0), (11.4) gives
—fP—f2+k*=0,

a nonlinear ordinary differential equation with two distinct types of
solution. The simplest is f = +k, but there is also a family of solutions
of the form f = t+kcos(0 + ¢+ ), where ¢ is a free constant, which has
f = 4k as its envelope. In (11.5) we take the simple solution B = by.
In (11.6), when f is constant, we find that C = —%logr + CO(G). When
f = tkcos(0 + ¢+), we notice that Agg/r> cancels with A,/r, which gives
A,C, + AyCy/r* = 0 and we take the solution to be C = constant = Cli.
We can now use the linearity of (11.1) to write

<D=exp{%kr + b{logdé — %log?+é§(0)+0(1)}

+exp {—I—g_k? + bylogd — %log? +C5(0) + 0(1)}

+exp { —ikF cos(0 + ¢)
0

texp { +ikF cosé@ +¢-)

+bilogd + Cf + 0(1)}
+bylogd + C; + 0(1)} . (117)

Returning to the original variable, r, if we choose bg =by =1/2 and
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bf” = by =0, we can remove the artificial parameter, ¢, and arrive at a
representation of the far field solution,

@ ~ C;Fexp {—ikrcos(0 + ¢.)} + Cy exp {ikr cos(0 + ¢_)}
+ J—

+C° 1(0) exp(—ikr) + S 1(0)

r rz

exp(ikr) asr — oo, (11.8)

]

where C;—“ = exp(é‘f) for j = 1, 2. An application of the no flux condition,
d¢/0y = 0, on the barrier gives dCa—L/dG =0atf =0,2rand ¢p_ =n—0,,
C; = C;. In region I, where there are incident waves, C;” will be non-
zero and the choice of ¢, = —o makes these satisfy the conditions at
infinity. The terms involving C; (6) represent an incoming wave which is
not the incident wave, so we need C(}“ (0) = 0. We now have estimates of
the far field solution in each of the different regions.
In region I,

@ ~ exp{—ikrcos(6 — a)} + exp{—ikr cos(6 + «)}
GUNRIEY
+———exp(ikr)+o| — |. (11.9)
r2

r2

The first two terms are the incident and reflected plane waves. We have
set the amplitude of these to one for convenience, something which we
could have done at the outset, simply by scaling ¢. The last term is the
diffracted component which decays like 1/r!/? as r, the distance from the
edge, increases. In region II,

Gy ()

® ~ exp{—ikrcos(0 — o)} + —
r2

exp(ikr) + o (%) . (11.10)
r2

The first term is the incident wave and the second the diffracted compo-
nent. In region III,

O~ S ,(9) exp(ikr) + o (%) . (11.11)
72 r2

In the shadow of the barrier we have only a diffracted component, as

shown in figure 11.1.

We have now shown that the amplitude of the diffracted wave decays
like r=1/2 as r — oo. The function Cy(0) is still undetermined. Rather
more can be said about its structure by going to higher order in the
WKB expansion. We will not do this as we will shortly demonstrate a
method that gives the exact solution of this problem. All that we need
from the far field solution in order to construct this exact solution is the
fact that ¢ decays like r—1/2.
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The Near Field: r < 1
When r < 1 there is no need to distinguish between the different regions
and we write # = r/0, so ¥ = O(l) when r = 0(J) < 1, and (11.1)
becomes Laplace’s equation at leading order, with

1 1
O + = B; + 5 Pgg = 0. (11.12)
P i
The separable solution is
® = (A cos A0 + Bsin 26) (11.13)

and the boundary condition ®y = 0 on 6 = 0,2% gives B = 0, 24 = n,
n=4+1,42,.... As we require a solution that does not represent a source
of mass at the tip of the barrier, we need n = —1, the least singular local
solution. This gives
1 1
In terms of the original variable, r,
Acos 10
O~ —F—+0(1) asr —0. (11.15)
r2

Note that we have absorbed the artificial parameter, J, into the undeter-
mined constant 4. This shows that the solution can be weakly singular
at the edge of the plate, r = 0. Since this singularity is integrable, it will
not lead to any difficulty in taking the Fourier transform of ®. That the
singularity is unphysical is not a worry within the context of potential
theory. The singularity can be resolved by including a viscous boundary
layer, although we will not do this here.

11.1.2 Pre-transform Considerations

It is now convenient to subtract out the incident wave from the potential,
and work with

p = ® — exp{—ikrcos(0 — «)}.
This satisfies
(V24 i)y =0, (11.16)
and the boundary condition on the barrier is modified to
Py(x,0) = ik sinoexp{—ikxcosa} aty =0, x> 0. (11.17)

We can now try to solve (11.16) using Fourier integral transforms.
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There are two problems that we need to be aware of before making any
transformations. Firstly, we must ensure that in choosing the inversion
contour we are in a domain of the transformed space where the transform
actually exists. We must use the expansions for r > 1 and r < 1
to determine this domain a priori. Secondly, we must avoid having
singularities of the transform actually on the inversion contour. This
is most easily achieved by making w have a small, positive imaginary
part, so that, in (11.16), we can replace k by k + ie. We now have some
freedom in choosing where we put the inversion contour, so that we can
avoid any singularities and remain within the correct domain. Once we
have constructed the Fourier transform of the solution, we can take the
limit ¢ — 0 to recover our pure time harmonic solution.

Let’s now use the solutions for small and large r and a complex k to
decide where in the complex w-plane the Fourier transform of v,

o0
P = [ epix
—00
exists. At a fixed, positive value of y, as x — oo we have the far field
solution (11.4) in region I where the reflected wave dominates, which

gives

|eiwxw(x’ y)| ~ |e—wzx—&-iwlxe—i(k+i€)(.\' cos a—y sin x)| =0 (e(—w‘z+€cos cc).\') , (1118)

with w = wy 4+ iw,. Provided —w; + e cosa < 0, the integrand is exponen-
tially small as x — +o0. As x —» —oo with y fixed, we move from region
I to region II, where there is only a diffracted component. Here we have

e(—wz—&-e)x
=o[=——. 1119
|x|2

We now have an exponentially small integrand provided —w; +¢€¢ > 0
and we can reasonably expect our Fourier transform to exist in the strip
ecosa < Im(w) < e. We reach the same conclusion if y < 0 when we
move from region III into region II. It is therefore convenient to define
two overlapping half planes in the complex w-plane,

|eiwxw(x,y)| ~ e—wzx—&—iw]x Ci()_l(z-l:)ei(k—&—ie)(—.\')
x|2

R" ={w | Im(w) >ecosa}, R ={w|Im(w)<e}. (11.20)
These planes are illustrated in figure 11.2, and overlap in the strip

RT"NR™ ={w|ecosa<Im(w)<e}.
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11.1.3 The Fourier Transform Solution

We now take Fourier transforms of (11.16) with respect to x, to obtain
— — W —=KkH)p=0. (11.21)

Since { must be bounded as |y| — oo in R™ N R™, the solution can be
written as

- { ﬁAw)exm—y(vf—lﬁ} for y >0, } (1122

B—(w)expiy(w> —k?)z}  for y <O,
provided that Re(w? —k?)!/2 > 0 in R* N R™. The functions f+(w) are to
be determined so as to satisfy the boundary conditions. This transform
must be an analytic function of the complex variable w in the strip
R* N R~ so that the factor (w? — k?)? will have branch cuts from the
points w = +(k 4 ie). The branch of the square root is chosen by fixing
its value at one point. We choose (w? — k?)!/?|,,_o = —ik, which gives
Re(w? — k?)'/?|,,—o = € > 0. The branch cuts and inversion contour are
shown in figure 11.2. Turning to the boundary conditions on y = 0, which
are different for x negative and x positive, we can immediately recognise
that we have a difficulty determining fi(w). Let’s summarise what we
know.

The function y will be continuous across y = 0 for x < 0 but may
be discontinuous across y = 0 for x > 0. The function v, is continuous
across y = 0 for all x, so its transform, {,, must also be continuous
across y =0, so f_(w) = —f(w) and

P(w,y) = sgn(y)B(w) exp{—[yl(w? —k?)}. (11.23)

The next step is to define the functions

10 .
A-(w) = 5/_ {w(x.07) — p(x,07) e dx,
1= N
A(w) = 5/ {p(x,07) — p(x,07)}e"™dx,
0 (11.24)
Bt = [ 0
Bi(w) = /Olpy(x,O)ei‘dex.

Since  is continuous at y = 0 for x < 0, 4_(w) = 0. The boundary
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(b)

w+k
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Fig. 11.2. (a) The inversion contour and strip of analyticity for the Fourier
transform solution, (11.22). (b) In R* N R™, — < arg(w — k) < 0 and 0 <
arg(w + k) < m, so that —% < arg(w? —k?)"/? < Z and Re(w? —k?)"/2 > 0.

condition (11.17) gives

0 —ksi
B+(w)=/ ik sin oo exp{—ikx cos o + iwx}dx = S (11.25)
0

w —k cos o

for w € R*. We do not know 4, (w) or B_(w), the half range Fourier
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transforms of the jump in y across the barrier and in y, on y = 0 for
x < 0. However, (11.23) shows that

AL(w) = B(w), (11.26)
so once we have determined A, we will know P, and
B_(w) + B.(w) = —(w? —Kk2)1A.(w). (11.27)

To solve this complex functional equation we will use what has become
known as the Wiener—Hopf technique. This makes use of the fact that ¢
is analytic in the strip RT N R™.

From the definitions of Ay and By as Fourier transforms and the
estimates of y(x,y) as r — oo, A, (w) is analytic in R™ and B_(w) is
analytic in R™. If we note that

IR = ek = \Jw — (k+ie) w4+ K +ie),  (11.28)

we can make each individual square root analytic in one of these half
planes by introducing the branch cuts illustrated in figure 11.2. Equation
(11.27) can be rearranged into the form

ﬁ{m(w) + B_(w)} = —Jw +k A.(w). (11.29)

The function B_(w)/+/w — k, which is unknown, is analytic in R™, and
the function —\/m A (w), also unknown, is analytic in R™. The other
function that appears in (11.29), B.(w)/+/w — k, is known, has a pole at
w =k cosa (see (11.25)), and can be conveniently written as

Jw—k N JVk(cosa — 1) +B+(W){\/w—k \/k(cosac—l)}
=C.(w) + C_(w). (11.30)

This splits the function into the sum of two functions that are each
analytic in one or other of R™ and R™. Note that the pole in C(w) =
B (w)/\Jk(cos o — 1) is still there, but does not lie in the strict half plane,
only on its boundary. In the definition of C_(w), the pole is cancelled
out by the zero that we have introduced.
Using this definition we can rewrite (11.29) in the form
B_(w)

N +C_(W) = —w +k AL(w) — C(w). (11.31)

The left hand side of this is analytic in R~ and the right hand side is
analytic in R™. As there is an overlap between these domains in which the
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Fig. 11.3. The inversion contour %.

two sides are equal, they must be analytic continuations of each other,
and the function

B-(w) + C_(w) forw € R~

D(w) = Jw—k ’ (11.32)
—Jw —v:k A, (w)—Cy(w) forw € RT,

is analytic in the whole complex w-plane. From the asymptotic solution
for r < 1, D(w) must vanish as |w| — oo. By Liouville’s theorem, D(w) is
therefore identically zero, and we have

B_(w)

C_(w)=— o el = R AL (11.33)
W —_—
This leads to
k sin o
A = s 11.34
+W) (w —kcosa)/w + k,/k(cosa — 1) ( )

and, using 1 — cos o = 2 sin’ éa

Plw.y) = —isgn(y)+/2k cos Locexp{—|y|/w?2 — K2}
’ (w —kcosa)yw+k :

Our remaining task is to invert this Fourier transform. If we now let
e — 0 and deform our branch cuts onto the real axis, we must evaluate

(x.y) = sgn(y )Cos a[/ o—wx—lylVwI—k2 J (1136)
X, w, .
Py ¢ (w —kcosa)w + k

where the contour €, shown in figure 11.3, lies above the pole at w =
k cosa before it crosses the real axis to pass beneath the branch cut at
w = k. To proceed, it is convenient to convert this to an integral over the
real line, since most straightforward approximation methods are based
upon this type of integral.

(11.35)
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We begin by defining the variable y by x = rcosy, |y| = rsiny,
and use y and y as our independent variables. This definition of the
angle y can be compared with standard polar coordinates, with y = 6
for y > 0 and y = —0 for y < 0. The various regions now become
region I: 0 < y < mw—a, y >0, region II: ® — o < y < m and region
II: 0 < y < m—a, y < 0. Now consider the contour H; defined by
w = —k cos(y + it), —oo < t < oo. This is the branch of the hyperbola

Re(w)\? /Im(w) 2_1
(kcosx) _(ksinx) -

with negative real part for 0 < y < n/2 and positive real part for
n/2 < y < m. When y = n/2, H; is the imaginary axis. We can deform
our contour ¥ onto H; by joining H; and % using the two circular arcs
%1 and %>, shown in figure 11.4. If we then let the radii of these arcs tend
to infinity, the integrals along them tend to zero, and the residue theorem
allows us to write the integral along % in terms of the integral along H;.
If kcosa > —k cos y, we must include the contribution from the simple
pole at w = k cosa. When this is required, we find that the residue leads
to a term that represents one of the plane waves. This transformation is
effective because the exponential factor in the integrand becomes

exp {—iwx — |y|w? — kz} = exp(ikr cosh 1),

a form suitable for straightforward asymptotic approximation by the
method of stationary phase. The integral along H; is transformed to

_ sgn(y) cos (32) /" efkreosht cos 1(y + it)
N T _ COS 0+ cos(y + it)

J

dt, (11.37)

which represents the potential due to the diffracted wave. We find that
in the various regions, adding back in the incident wave,

— Region I: @ = g~ k(xcosatysing 4 p—ik(xcosa—ysing) Ly _ incident, reflected
and diffracted components,

— Region I1: @ = ¢~klxcosatysing 4 7 incident and diffracted compo-
nents,

— Region III: ® = J — the diffracted component.

We now have a formal solution of the problem. In principle, a nu-
merical integration will give us the value of J throughout the domain.
Of rather more interest is a simple approximation to J. For large r, we
can use the method of stationary phase to infer that the major con-
tribution to the integral comes from the region near t = 0. Provided
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= Re(w)
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N

Fig. 11.4. The modified inversion contour, composed of circular arcs and a
hyperbola.

that coso + cos y # 0, which occurs at the boundaries between the three
regions, this gives the approximation

1

1 L
EX) 2 2, r
J~ sgn(y) {COS (29() COS (2/() } {_} el(kr—&—g) as r — oo, (1138)

cosa + cosy nkr

We can recognise the factor

exp {%} sgn(y) — (32) cos (37) =exp {E} cos (3%) cos (50)

COS o + COS 4 coso + cos

for y > 0 as the unknown function Cy (), which appeared in our estimate
of the solution in the far field and is plotted in figure 11.5. There is a
singularity in Cy at 0 = m — o, where the method that we used to
approximate the integral (11.37) is not valid. However, it is clear that
the size of the diffracted field is greatest in the neighbourhood of the
boundaries between the three regions. Although we will not try to refine
our approximation method close to these boundaries, the diffracted field
there leads to a smoothing of what would otherwise be a sharp distinction
between regions, in particular the boundary between the shadow region
IIT and the illuminated region II. For further details on diffraction by
sharp edges, see Crighton (1981).
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30 T T

Fig. 11.5. The intensity of the diffracted field for r > 1.

11.2 The Diffraction of Waves by an Aperture

In this section we introduce more of the ideas involved in solving diffrac-
tion problems, and examine the differences between the diffraction of
scalar and vector waves.

11.2.1 Scalar Diffraction: Acoustic Waves

Let the plane z = 0 be occupied by a thin, rigid wall, or screen, except
for a bounded region, A, where there is a hole, or aperture. The acoustic
potential, ¢(x,y,z,t) = ¢(r,t), must satisfy the three-dimensional wave
equation, (3.15), and the no flux boundary condition, d¢/0z = 0, at the
rigid wall. Let’s consider time harmonic waves, so that ¢(r,t) = ®(r)e".
(Note that the change in sign from the definition given in the previous
section is for consistency with the results presented in chapter 3.) This
means that @ satisfies the Helmholtz equation,

2 w?
VG)+C—2<D=O, (11.39)
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subject to

(0]
f;—z=0 at z =0, for (x,y) / 4. (11.40)

If we look back to our analysis of acoustic sources in a plane wall, we

find that we have essentially already found an integral representation of

the solution of (11.39) subject to (11.40). By writing (3.63) in terms of

the acoustic potential, using the current coordinate system, we find that
1 oD e—in/c

(D(xayaz)z_% Ag(x,»y,>0) R

dx'dy’, (11.41)

where

R=(x—xXP+@y—y)P+z2=r—7| (11.42)

We obtained this expression by adding up elementary acoustic sources
and their images in the wall. The more formal derivation of (11.41) is
basically the same, but is stated in terms of the free space Green’s function
and its image in the wall. Now, given the normal derivative of the acoustic
potential at the aperture, we can find the potential everywhere else. In
section 3.7, we knew 0J¢/dn everywhere, and could find the solution
directly. Here, we will have to make an approximation.

Let’s assume that a plane sound wave is incident on the aperture
from z < 0 with wavenumber, and hence direction, k = (ky, ky, k), with
k| = @ /¢, and potential

d)inc — aei((ut—kr)'

We make the assumption that the normal derivative of the potential at
the aperture is given purely by the incident plane wave, as if the screen
were not present. This is called the Kirchhoff approximation, and gives
o0 —i(k\..\"+k)-)”). ( 1 1.43)

E(X ,V,0) ~ —igk.e

This appears at first sight to be a very crude approximation, but is
surprisingly accurate in the forward direction, although less good for the
backscattered wave. A useful mathematical way to think about it is as
the first iteration of an iterative solution of the integral equation (11.41)
with z = 0.

Equation (11.41) now becomes

ok, 1 R
D(x,y,z) ~ lgi‘ /A RSP {—i (kxx’ +kyy' + %)] dx'dy’.  (11.44)
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Just as we did in section 3.7, we concentrate on the far field solution,
with |r| > || so that

xx' + yy’
-,

R~r (11.45)

where > = x> + y? + z2. Solutions based on this approximation are
referred to as Fraunhofer diffraction. If we were also to retain the next
term in the expansion for R, the approximation is known as Fresnel
diffraction, and is useful when r is large compared to the wavelength of
the incident wave, but not compared to the dimensions of the aperture.
We will not consider Fresnel diffraction here.

Substituting (11.45) into (11.44) gives, at leading order,

ok, _.o . o
D(x,y,z) = 18: gior/c / XM gy’ (11.46)
2mr 4
where
n= 2% —ky=e.- (w_r_k> = ge\-(f—lA(),
oy e ) (11.47)
=2 k= (2 —k) = Ze, (i — ).
rc C

Here, ey, e, and e. are unit vectors in the coordinate directions, and
k= k/|k| and T = r/r are the unit vectors in the directions of k and
r. Note that the integral in (11.46) is just the two-dimensional Fourier
transform of a function that is unity over the aperture and zero elsewhere.
When k, =k, = 0, and the wave is incident on the aperture normally,
(11.46) is just proportional to the result that we obtained in section 3.7,
with the aperture replaced by a uniformly vibrating piston.

Let’s consider the case of a rectangular aperture, so that

A={(x,y)| —a<x<a, —b<y<b},

and hence

20k o/ Sin na sinmb (11.48)

wr n m

O(x,y,z) =

If wa/c € 1 and wb/c < 1, so that the aperture is acoustically compact,
the far field just looks like an acoustic source, as we might expect.
However, it is worth noting that the Kirchhoff approximation, that the
normal derivative of the potential at the aperture can be taken to be
that of the incident wave, is very poor when the aperture is acoustically
compact. In fact, the accuracy is greatest when the aperture is much
larger than a wavelength. Figure 11.6 shows the diffraction pattern when
the wave is incident normal to the wall, with a square aperture, as given
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by (11.48) with a = b. The shading of the figure has been chosen to show
up the side lobes of the far field sound, which actually have a much
smaller amplitude than the main peak, which lies over the aperture. The
figure also agrees well with pictures of the optical diffraction pattern
when light is shone through a square aperture, which we shall discuss in
the next section.

Finally, if the incident wave is not normally incident, the intensity of
the diffracted wave is reduced by the factor k. = e. - k and, from (11.47),
the posmon where the amplitude is greatest, m = n = 0, is now where
Py = k and 7, = k Moreover, since  and k are unit vectors, if two of
their components agree, all three must agree, so that t = k at the centre
of the diffraction pattern. This simply means, unsurprisingly, that the
intensity of the sound is greatest in the direction of the incident wave. In
terms of the optical problem, if someone shines a torch through a hole,
you need to line up the hole and the torch in order to see the brightest
light.

11.2.2 Vector Diffraction: Electromagnetic Waves

We now consider the analogous problem to that of the previous subsec-
tion, but for electromagnetic waves. A thin, perfectly conducting plane
wall lies at z = 0, except in the bounded region 4, where there is an aper-
ture. A plane electromagnetic wave is incident on the wall from z < 0.
What are the diffracted fields on the other side of the screen? The electric
and magnetic fields are vector fields, which are rather more difficult to
deal with than scalar fields, such as the acoustic potential, particularly
with regard to their polarisation. Let’s see if we can generalise the results
of the previous section.

We begin by writing the electric and magnetic fields in terms of incident,
reflected and diffracted fields, with

E=E;+Er + Ep, B=B;+Br + Bp. (11.49)

Using the results of subsection 6.7.2, Eg and Br are defined to be the
reflected fields that would exist if there were no aperture in the wall, with

El + ER — _2e—i(k\.x+kj-y)
X (iE_\.O sink.z,iEosink.z, —E.q cos k:z) H(—z), (11.50)

where k = (k,ky,k.) is the wavenumber vector of the incident wave,
whose electric field has amplitude Eg = (Eyo, Eyo, Ezo), with k- Eq = 0.
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Fig. 11.6. The diffraction of a plane sound wave by a square aperture.

The amplitude, E(, can be complex, and the polarisation of the incoming
wave elliptical. The magnetic fields can be found from the usual relations
for plane waves as

B[ = lk X El, BR = lkR X ER,
) )
where kr = (k,k,,—k:) is the wavenumber of the reflected wave. We
can immediately see that the tangential components of E; + Er vanish
at z = 0, as required by the boundary conditions, and that the normal
component is discontinuous at z = 0, which indicates that there is a

distribution of charge at z = 0. A similar calculation for the magnetic
field shows that the normal component of By + By is zero at z = 0, as
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required, but that the tangential components are discontinuous, which
indicates that there is a surface current at z = 0.

Now, even when we consider the total fields, E and B, any surface
currents will be confined to the plane z = 0, although not of course
at the aperture. Taking the point of view that we discussed briefly in
subsection 6.7.2, that the surface charges and currents can be thought of
as generating the electromagnetic fields, we can see that it is the difference
between the surface densities when there is no aperture and those when
there is an aperture that drives the diffracted fields, Ep and Bp. We can
make use of this to derive the vector equivalent of (11.41).

The forced wave equation, (6.94), for the vector potential associated
with the diffracted field, Ap, is driven purely by the surface currents,
now that we have subtracted out the incident and reflected fields. This
means that its z-component, Ap., is zero, since there are no currents in
the z-direction. The other two components of Ap satisfy the Helmholtz
equation for z # 0, so we can use (11.41) to write

1 0A —iwR /o
ADX(X yaz) 27'C a;" (X/a yla O)e dxldy/a
N ) 11.51
1 GADy eioR/c (113D
ADV(X yaz) 2 (“ sV ) dx dy»
T Js
where S is the plane z = 0. However, since Ap, = 0,
0Ap, 0Apx 0Ap, OApx
Bp = Ap = | — J = —
DVXD(@Z’@Z’&X oy )’
so, from (11.51),
Ap = / (nx Bp) o iy
D= 27 s D R Vs
and hence
e—l()R/(()
Bp = —V X /(n x Bp) dx'dy’. (11.52)

This is a vector equivalent of (11.41), which gives the diffracted magnetic
field in terms of its tangential component on the screen. This is not,
however, a convenient representation to use in this problem. We want
to use the electric rather than the magnetic field, since its tangential
component always vanishes on the screen.

How can we write an expression similar to (11.52) for the electric field?
The trick is to notice that the source-free Maxwell equations, (6.29) to
(6.32), are unchanged under the transformation E+ —-coB, B+ -E/c.
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Therefore, since (11.52) relates the tangential components of Bp on the

screen to the total diffracted magnetic field away from the screen, the

same equation holds for Ep, with
1

—iowR/co
Ep = E
D 2nV X /S (n x Ep) R

The crucial difference is that the tangential components of E;+Egr vanish
on the screen, as do the tangential components of the total field, E. Since
E; + Er =0 for z > 0, we have the exact expression for the electric field

e

dx'dy’. (11.53)

e~ ioR/co
R

This is the key equation, and we can now make the Kirchhoff approxi-
mation, and assume that E ~ E; on the aperture, so that (11.54) gives an
approximation to E for z > 0.

By definition,

E—vx /(n « E) dx'dy’, for z > 0. (11.54)
2n A

Ei(x,y',0) = Ege ™,
and hence from (11.54)

1 e—ia)R/Cg Kt ot At
E(X,y,Z)N—E(HXEo)X/V<T>e dx'dy’. (11.55)

A
Now, in the far field, using the Fraunhofer approximation,

e ioR/co iw or xx'yy
\% ~——=rexpy—i| —+—+=—],,
< R ) cor2 P { < Co ey VCo)

and hence, at leading order,

iw

e r/p X (n x Eo)/ SEMIAdy' . (11.56)
4

E(x,y,z) = —

(x.7,2) 2mcor?
The integral in this expression is the same as that for scalar diffraction
by an aperture, (11.46). For the rectangular aperture,

—_ sin na sin mb
Semr/o0p 5 (n x Eo) s 2 (11.57)
nCor n m

2iw

E(x,y,z) = —

with the diffraction pattern for normal incidence on a square aperture
similar, but not completely identical, to that shown in figure 11.6. For
general angles of incidence, we note that r- E = 0. The magnetic field can
be obtained from (6.31), using the Fraunhofer approximation to take only
the leading order solution. We find that, at leading order, B = (¥ x E)/co,
which is what we would obtain for a plane wave propagating in the
r-direction. We conclude that, in the far field, the diffracted wave is
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Fig. 11.7. The diffraction pattern obtained by shining light through a long, thin
slit.

locally equivalent to a plane wave propagating radially, with plane of
polarisation through r and r x (n X Ey), and hence dependent upon the
point of observation. Furthermore, comparing (11.57) with (11.48), the
angular variation differs by a factor of ¥ X (n X EO)/IQZ. This leads to
a slightly different angular variation in the intensity of light from that
of the intensity of sound in the equivalent acoustic problem. However,
the distribution given by the trigonometric terms in (11.57) still gives
a good approximation to the observed intensity. Figure 11.7 shows the
experimentally measured diffraction pattern from a long, thin slit, which
is in good agreement with the directivity pattern derived for the equivalent
acoustic problem, shown in figure 3.10.

A more detailed discussion of diffraction is given in the book by Born
and Wolf (1975). The appropriate sections of the books by Jackson (1975)
and Elmore and Heald (1969) also contain good overviews of the subject.
An alternative way of considering diffraction problems is provided by
the geometrical theory of diffraction (Keller, 1958), which uses a WKB
expansion and the idea of rays to construct the solution. The extension
of these ideas to complex rays is a topic of considerable current interest
(Chapman, Lawry, Ockendon and Tew, 1999). The physical equivalent
of the Kirchhoff approximation may soon lead to a device for projecting
three-dimensional images using nanotechnology to place tiny sources of
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Fig. 11.8. The scattering of small amplitude water waves by a surface piercing
cylinder.

light on a plane surface. The technique is called phased array optics, and
is discussed by Wowk (1996).

11.3 The Scattering of Linear, Deep Water Waves by a Surface Piercing
Cylinder

We now consider two-dimensional progressive gravity waves of small
amplitude in deep water, incident upon a surface piercing cylinder of
radius b. The cylinder extends vertically downwards and scatters the
waves that are incident upon it, as shown in figure 11.8. As the incident
wave decays exponentially with depth, the parts of the cylinder deep in
the water do not have much effect on the scattered surface wave, and we
idealize the cylinder as being infinitely long.

The boundary value problem that we must solve for the velocity
potential, ¢, is

Gxx + Gy + ¢ =0 inz <0, x>+ y? > b (11.58)
with
¢ —0 asz > —o0, (11.59)
¢ +gp.=0 onz=0, ¢, =0 onr=h, (11.60)
¢ ~¢r, n~n as x>+ y* > . (11.61)

In chapter 4, we showed that the incident potential and free surface
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displacement for a deep water, progressive gravity wave take the form
¢ = g—ek“ cos(kx — wt), n; = —asin(kx — wt),
)

where w = /gk is the deep water dispersion relation. It is convenient to
do some preliminary manipulation of this result. We write

(t)l = Re (gek:eikx—iwt) = Re ((Dle—iwt) — (Dle—iwt’
w

with the understanding that we mean the real part, so that
.
(I)l — g_ek_f elk.\.
)
If we introduce polar coordinates x = rcos 8, y = rsin 6 in the horizontal
plane of the cylinder, we can write this in the form

o0
o) = ﬂe Zglkreost — ﬂek:’Zocni”J,,(kr)cos no, (11.62)
) o
using a standard result from the theory of Bessel functions (Watson,
1922). Here oy =1, o, =2 for n > 1.
Let’s now return to the three-dimensional boundary value problem
given by (11.58) to (11.61) and look for a solution in the form

= + =, 9).

This gives us a modified boundary value problem for ®, which now
satisfies the two-dimensional Helmholtz equation,

(V24+k)®=0 forr>b, 0<0<2nm,

d—0 as I — o0,
(11.63)

P, = —Zkocn "J (kb)cosn® on r =b.

Note that the free surface and deep water conditions are automatically
satisfied for this choice of ¢. If we look for a separable solution we find
that ® = {AJ,(kr)+BY,(kr)} cos nf. As both Bessel functions are bounded
in the domain of solution, we must retain both constants 4 and B. If we
now write this in terms of the Hankel functions, H\"(kr) = J,,(kr)+iY,(kr),
H?(kr) = J,(kr) — iY,(kr), the subsequent analysis is easier. Both these
functions are tabulated and their asymptotic properties are known (for
example, Abramowitz and Stegun (1972)). In particular, they satisfy

ﬁ(% ) H{V(kr) — 0, \/’( —f—lk) HP(kr) — 0 as r — .

(11.64)
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Remember that ik = —(w/g)d/dt, so we can see that H\V(kr) repre-
sents an outgoing scattered wave, whilst H'\?(kr) represent an unphysical
incoming wave. Accordingly, the solution can be written as

O(r, 0) = Zc,, )(kr) cos nb. (11.65)

The boundary condition on r = b is satisfied provided that

H (1)
—o,i" kb)/d (kb), (11.66)
and our solution can be written in the form
¢ =24 k~-’wfz {oni"Ju(kr) + CoH D (kr) } cos no. (11.67)
n=0

From this we can compute other quantities of physical interest. The
pressure in linear water waves is given by p = —p¢, — pgz. It is easy, but
laborious, to show that the hydrodynamic part of this is

2 i
DPhydro = pkgba e _thz {!Xnin cos nb
n=0

}, (11.68)

and quantities such as the horizontal component of the hydrodynamic
force can be found by integration of this around the boundary of the
cylinder. The result consists of just a single term (see exercise 11.5).

Figure 11.9 shows the amplitude of the scattered part of the free
surface displacement for kb = 0.1, 1 and 10, for an incoming wave
of unit amplitude. When kb = 0.1, the incident waves are fairly long
compared with the radius of the cylinder, and there is little scattering.
When kb = 1, the incident wavelength and the radius of the cylinder are
comparable and there is a significant amount of scattering, fairly evenly
distributed around the cylinder, but with the largest amplitude directly
in the shadow of the cylinder. When kb = 10, the wavelength of the
incident waves is fairly short compared with the radius of the cylinder,
and there is a shadow region behind the cylinder, where the scattered
wave dominates the flow, with a smaller disturbance elsewhere. This last
case has much in common with the diffraction problems that we studied
in the first two sections of this chapter, with the sides of the cylinder
effectively presenting two edges to the incident wave. Indeed, behind the
cylinder there are alternating radial bands of large and small amplitude
disturbance, analogous to the light and dark regions formed in diffraction
by an aperture.
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kb=0.1

Fig. 11.9. The amplitude of the wave scattered by an upright cylinder subject to
an incoming plane wave, with kb = 0.1, 1 and 10.
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Although this result is useful, when waves from the sea are incident on
the legs of an oil platform or the pillars of an estuary bridge, resonances
can occur between the wave fields scattered from each leg. These are
undesirable and designers of such structures choose spacings and sizes of
the pillars or legs to avoid this. To perform this calculation, it is necessary
to have results for the scattering of a wave by two or more cylinders. The
method above does not give this solution for all spacings and approximate
or numerical methods must be used (Evans and Porter, 1997).

Exercises

11.1 Identify the singularities of the function

fon =

w

where « is a real constant. Find an additive split of this function,
fw) = fi(w) + f_(w), where f. is analytic in the half plane
Im(w) > —a and f_ is analytic in the half plane Im(w) < 1.
Repeat this for f(w) = /1 + w2.

11.2 A two-dimensional wave of wavenumber k is incident on a
semi-infinite barrier at an angle a. If the impedance boundary
conditions

¢(x,0%) = £idhy(x,0%), x>0,

hold, show that the derivative of the potential, ® = (¢ — ¢1),,
satisfies the Wiener—Hopf problem

®_(w,0)= ( 14 io/w2 — k2) {®, (w.07) — ®_(w,07)}
21k5\/w2 k?sino

(w—ksina)

Investigate the solutions of this and comment on the limits 6 — 0
and 0 — oo.

11.3 A two-dimensional plane wave with wavenumber k, which prop-
agates left to right in the strip —o0 < x < 00, =b < y < b, is
incident on a barrier y = 0, x > 0. The wave field ¢ which
consists of the incident wave and the waves diffracted by the
strip satisfies the equations

(V2 +k*)¢p =0 for —oo < x < o0, —b <y < b,

d)y(x, ib) = O,
¢(x,0) =0 for 0 < x < o0.
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11.5

Diffraction and Scattering

Use Fourier transforms and the Wiener—Hopf technique to find
an explicit expression for ¢(x, y).

A three-dimensional plane wave with wavenumber k is incident
on a barrier containing a circular aperture of radius a. Find
the diffraction pattern at some distance from the hole in the
Fraunhofer limit when (a) the wave is acoustic, (b) the wave is
electromagnetic (see exercise 3.9 for some hints).

Small amplitude water waves are incident on a surface piercing
cylinder of radius b which extends down to the sea bed at z = —h.
Find an expression for the scattered wave field and show that
the magnitude of the force per unit length can be written

4gacoshk(z + h)
k coshkhy/1J; (kb)]? + [Y](kb)]?

where k and a are the wave number and amplitude of the incident
wave.

|Fx|=




Solitons and the Inverse Scattering Transform

The KdV equation, (8.66), and the nonlinear Schrodinger equation (NLS),
which we will derive in subsection 12.2.1, are nonlinear partial differ-
ential equations. Although there is no general analytical method for
solving such equations, they are members of a family of exceptional
cases where the solution can be deduced from that of a related lin-
ear equation. Such partial differential equations are said to be inte-
grable, other notable examples being the intermediate long wave equa-
tion, the Benjamin—Ono equation, the Kadomtsev—Petviashvili equation,
the Klein—-Gordon equation, the sine-Gordon equation, the Boussinesq
equation, the N-wave interaction equations, the Toda lattice equations,
the self-dual Yang—Mills equations, and various generalisations of the
nonlinear Schrodinger equation (for a review see Ablowitz and Clark-
son (1991)). These include partial differential equations in one and
two spatial dimensions, integro-differential equations and differential—
difference equations that arise in models of physical situations rang-
ing from fluid and solid mechanics to particle physics. (The sine—
Gordon equation arises as a simplified nonlinear field equation in particle
physics, and its soliton solutions are often known as Skyrmions after
Tony Skyrme, Professor of Mathematical Physics at the University of
Birmingham from 1964 to 1987 (see, for example, Perring and Skyrme
(1962)).)

We will not consider the deep underlying reasons for the integrability
of these various systems, and restrict ourselves to showing how to solve
the KdV equation and the NLS equation using the inverse scattering
transform.

401
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12.1 The Korteweg—de Vries Equation

Before we begin, it is helpful to rewrite (8.66) in the standard form used
in the literature on this subject by defining

1 3
X =z, t=gr,u=—§H0,

so that the KdV equation becomes
U — O6utly + Uy = 0. (12.1)

Note that x and ¢ are not the same as those used in section 8.3.1. In
addition, rather perversely, waves of elevation with Hy > 0 correspond
to negative values of u, so we shall plot —u(x,t) in the following sections.

12.1.1 The Scattering Problem

Consider the ordinary differential equation
1Pxx + (52 - u(x))w = 07 (122)

where ¢ is a complex constant, the eigenvalue, and u(x) is the scattering
potential. The choice of the symbol u for the potential is no coincidence,
but, for the moment, we simply require that u should be a bounded
function of x, absolutely integrable on the real line, and decaying rapidly
enough that

|+ s

is bounded. The reasons for the exact form of this condition are technical
and need not concern us here (Faddeev, 1958).
In general, since u — 0 as x — +oo, we expect that

P ~ Ae¥ + Be ¥ as x — oo,

for some constants A and B. If we now define y_(x; &) to be the solution
that satisfies
Yo ~ e as x - —oo, (12.3)
we must have
Yo ~ a(é)e T 4+ b(£)e* as x — oo, (12.4)

for some complex functions a(¢) and b(&). This is a scattering or con-
nection problem and a(¢) and b(&) are the scattering data or connection
coefficients. The KdV equation was the first nonlinear partial differential
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equation to which this method was applied (Gardner, Greene, Kruskal
and Miura, 1967), and (12.2) arises in the context of quantum mechanical
scattering, hence the name of the method. In a scattering problem the
scattering data characterise the effect of the potential u on an incident
wave, with a giving the amplitude of the transmitted wave and b of
the reflected wave. We will not think of the problem in these terms
here, although we will refer to the complex functions a(¢) and b(&) as
the scattering data (see Drazin and Johnson (1989) for the more usual
description in terms of a scattering problem).

Before looking at some examples, there are three properties of the
scattering data that we will need later.

(i) Note that if a({) = 0 at ¢ = & and Im(&) > 0, y— — 0 as
x — Zoo. Now, taking appropriate multiples of (12.2) and its
complex conjugate, we find that

W s = i+ (G = &) vl =0, (12.5)
where a star denotes the complex conjugate. If we now integrate
this over the real line, using the fact that y_ — 0 as x — +oo, we
obtain

(& —¢&7) /x lp_[dx = 0. (12.6)

0
Since the integrand is non-negative and not identically equal to
zero, we must have & = &2, so that & is real. Since we assumed
that Im(&p) > 0, &y must be purely imaginary. In other words,

any zeros of a(¢) in the upper half plane lie on the imaginary axis.
(12.7)
These zeros play a vital role in the solution of the KdV equation.
They are referred to as the bound state eigenvalues or the discrete
spectrum, since for these values of &, yp — 0 as x — +oo.
(i1) Let’s assume that a(&) has a simple zero at & = ik, with x real and
positive. Then

a(é) ~id(¢ —ix) as & — ik, (12.8)
for some complex constant d. When ¢ = i(k + €), with € real,
a~ —de ase— 0.
This means that

(K+€)x

P_ ~ —dee as x — oo.
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Since u(x) and &2 are real, and y_ is real as x — —oo, it must also
be real as x — oo, and hence d is real. We conclude that

the residue at a pole of 1/a(¢&) with Im(¢) > 0 is purely
imaginary. (12.9)

(iii) As |E] = 00, Yo + E2p ~ 0, and hence yp ~ Ae™* + Be'~ for all
x. For (12.3) and (12.4) to be consistent with this, we must have

a(¢) — 1 and b(&) — 0 as |&| — . (12.10)

Here are a couple of examples of scattering by localised potentials.

Example 1: Scattering by a Delta Function. Just about the simplest ex-
ample is u(x) = —Upd(x), with Uy a constant, where the potential is
concentrated at x = 0 as a delta function. We are therefore interested in
the solution of

Wxx + (Uod(x) + EXy =0, (12.11)

subject to

P~ e as x - —oo. (12.12)

For x # 0, §(x) = 0, and the solution of this ordinary differential equation
is
. a(&)e X + b(&)e**  for x > 0,
" el for x < 0.

To determine what happens at x = 0, and hence determine the scattering
data, we integrate over —e < x < ¢, and find that

., = —Uoyp(0) — & / pdx.

If we now let € tend to zero, we find that y, is discontinuous at x = 0,
with
[pl)" = —Uoy(0). (12.13)

A further integration shows that vy is continuous at x = 0. These two
conditions determine a and b as
iU iUy
=1—— —_—
a(&) 2 2
Note that, as expected from (12.7), when Uy > 0 and a(¢) has a zero in
the upper half plane, this zero lies on the imaginary axis at ¢ = %iUo,
and the residue of 1/a(&) at this pole is purely imaginary (see (12.9)).

. (&)=
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In addition, consistent with (12.10), it is clear that a > 1 and b — 0 as
|E] — o0,

Example 2: Scattering by u = —Upsech’x. In this case the potential is
of a more physically realistic form, which, given the functional form of
the solitary wave solution (8.78), we might expect is of some importance
when we come to consider the solution of the KdV equation. We are
interested in the solutions of

Wy + (Ugsech®x + &%) yp = 0. (12.14)

We can write this in a more familiar form by making the change of
variable T = tanh x, so that dT /dx = sech®x, and hence (12.14) becomes

d d 2
= {(1—T2 d‘;{}+ <U0+ 1 5T2>1p=0. (12.15)

This is the associated Legendre equation. Note that —o0 < x < o0 maps
to —1 < T < 1. The solution y_ can be written in terms of the
hypergeometric function. We will not go into the details here (see Morse
and Feshbach (1953)), but note that

_ I@r(=ic) _ I@rae) / 1
a(é)_iF(a)F(B) , b(é)—in cos (n U0+4>, (12.16)

where

Zl=——l€+\/Uo+4 =——l€ \/Uo-f— t=1-ic

The two things we need to bear in mind about the gamma function,
I'(z), are firstly that it has simple poles at z = 0,—1,—2,..., and secondly
that it has no finite zeros. We can now see that b(¢)/a(¢) = 0 if and
only if cos (m /Uy + %) =0, and hence Uy = N(N + 1) for N a positive
integer. A scattering potential u(x) for which b(&)/a(¢) = 0 when ¢ is
real is called a reflectionless potential, and b(&)/a(¢) is known as the
reflection coefficient. The series of potentials u(x) = —N(N + 1)sech’x for
N =1,2,3..., are therefore all reflectionless. We can also use (12.16) to
determine the bound state eigenvalues by locating the zeros of a(k) on
the positive imaginary axis. These lie where I'(@) and I'(h) have poles.
The poles of I'(@) lie in the lower half plane, whilst the poles of I'(h) are

= 1)0—|— o1 s Llyeunn
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There is therefore at least one bound state eigenvalue if and only if

v/ Uo +% > 1, and hence Uy > 0. In this case, the number of poles is

given by
/ 1 1
Uo + i)

where the square brackets denote the integer part of the quantity enclosed.
Note that when Uy = N(N + 1), there are N bound state eigenvalues.

+1>

12.1.2 The Inverse Scattering Problem

The question now arises, given the scattering data, is it possible to re-
construct the potential, u(x)? This is called the inverse scattering problem
and we will find that it has a unique solution for potentials that decay
sufficiently rapidly as x — +oo. Moreover, for given scattering data, the
potential satisfies a linear integral equation. In order to construct this
integral equation, we begin by considering the function

Pa(x;E) = &5 4 / K(x,y)éSdy, (12.17)

with K(x,y) = 0 for y < x. What conditions must K(x,y) satisfy for
p+(x;&) to be a solution of the scattering problem? If we substitute
(12.17) into (12.2), and note that the total derivative at y = x is related
to the partial derivatives by

dK 0K 0K
E(X, X) = E(X, X) + W(X, X),
we find that
Py 2 _iEx dK
L — (u(x) = Epr = —e {u(x) +2°-(x x)}

e) azK
+ / { ) u(x)K(x,y)} ¢ dy

K, e =
+ a_y(x’x)elc'x—léK(X,X)elc'x'l‘g K(x,y)e'“dy )

If we now take the integral within the square brackets and integrate by
parts twice, assuming that K — 0 and 0K /dy — 0 as y — oo, we arrive
at
oy
oxr

(u(x) = Epy = =& {u(X) + 20;—1;(% X)}

0 aZK azK -
+ [ S = S — K ) €y



12.1 The Korteweg—de Vries Equation 407

This means that y_ will be a solution of (12.2) if K(x, y) is a solution of
the boundary value problem (usually called a Goursat problem)

%—%—u(x)K =0 fory>x, (12.18)
subject to
Z—I; = —%u(x) ony =x, (12.19)
with
K -0, %—f—»O as y — 0. (12.20)

The theory of hyperbolic partial differential equations (see, for example,
the book by Kevorkian (1990)) shows that the solution of this problem
exists and is unique. This is all that we need to know. For a given
function, u(x), the function K(x, y) can, in principle, be determined. More
importantly, if we don’t know u(x), but can somehow determine K(x, x),
in particular from a knowledge of the scattering data, we can calculate
u(x) from (12.19), since

u(x) = —20;—1;(& X). (12.21)

By taking the complex conjugate of (12.2), we can see that if y(x;¢)
is a solution, then so is yp*(x;¢*). This means that, since p. ~ € as
x — o0, we must have

p-(x:) = a(O)pLx; &) + b(E)p+(x; &) = a(E)e™™ + b(E)e™

0

+a(é) K(x,y)e—'f)’dy+b(é) / %K(x, y)erdy, (12.22)

—0
where we have used the fact that K(x,y) = 0 for x < y to extend the
range of one of the integrals down to minus infinity. We can now think
of this integral as a Fourier transform. The Fourier inversion formula
then shows that

I 1 _itx
K(XaY)=E/_%{@w_—e

D) iex B [ iEz }icf.v 12.2
a(f)e a(f)/x K(x,z)e'**dz ; €'V déE. (12.23)

It is now convenient to define

Bovy = L7 B ex
B = 5 /_x T (12.24)
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which is proportional to the Fourier transform of b(¢)/a(¢) for & real.
Using this definition in (12.23), we arrive at

K(x,y)+ B(x+y) + /wK(x,z)IAB(y +2)dz = R(x, y), (12.25)

where

o
R(x,y) = ! / { ! _(x: &)l — 1} eU=ge, (12.26)
2n B

Since we can calculate B(X ) for given scattering data, a(¢) and b(&),
(12.25) is a linear integral equation for K(x,y), whose solution allows us
to determine the scattering potential from (12.21), provided that we can
determine R(x,y) for y > x in terms of the scattering data only. This is
what we will do next.

Since b(¢)/a(é) — 0 and y_ ~ e as || — oo, we can close the
contour of integration in the upper half ¢-plane, so that R(x,y) can be
determined from the sum of the residues at the poles of 1/a(¢) in the
upper half plane. As we have seen, these all lie on the positive imaginary
axis, at &£ =ik, forn=1,2,...,N, so that

N
R(x,y)=1i Residue at ¢ = ik, of{ _(x; & ’“}) . (1227
(n=i3 ( e (1227)
In order to calculate this, we note that since a(ix,) = 0, (12.22) shows
that

W_(x;ircn) = b(irc, )+ (x; irc,) = b(ir,) {e_"”"‘ —|—/ K(x, y)e_""J’dy} .

We also know from (12.8), assuming that a has a simple zero at ¢ = ik,
that

1 1

a " idy (& —iKy)

as & — ik,

with d, real. Although we will not prove it here, it can be shown (see the
book by Drazin and Johnson (1989)) that b(ix,)/d, must be negative.
We therefore write b(ik,)/d, = —c2, and arrive at

N

R(x,y) =— Z c {e_""‘x + / K(x,y)e " dz} ey, (12.28)

n=1

The constants ¢, are called the coefficients of normalisation or normali-
sation constants.
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We can now use this in (12.25) and find that

K(x,y)+ B(x+y)+ / wK(x,z)B(y +2)dz

N o0
=— Z c {e‘"”x + / K(x, z)e_"""dz} e . (12.29)
n=1 X

Comparing this with (12.24), the definition of B, we can finally see that
by defining the function

_ i * 5) ch —Kn X
B(X) = 2n/_ ik d§+Zc , (12.30)

n=1

we can write (12.25) as
K(x,y)+B(x+y)+/ K(x,z)B(y +z)dz =0, (12.31)

the Gel’fand—Levitan-Marchenko (GLM) equation. This is a linear in-
tegral equation that must be solved to find K(x,y). The potential is
then given by (12.21). Note that the equation only depends upon the N
discrete eigenvalues, i, and their coefficients of normalisation, ¢,, along
with the reflection coefficient, b(£)/a(&).

In general, (12.31) has no analytical solution in closed form. However,
we shall see below that an analytical solution can be constructed if
B(z + y) is separable, in the sense that

N
Bly+2) =Y Yi(1)Zz)
j=1

In particular if b(&)/a(&) is zero when & is real, a reflectionless potential,

y —I—Z ZCZ —KnY g=KnZ

We conclude this subsection with two examples to illustrate the solu-
tion of inverse scattering problems relevant to the solution of the KdV
equation.

Example 3: Inverse Scattering for a Reflectionless Potential with a Single
Bound State. Consider a reflectionless potential, b(¢)/a(¢) = 0, with a
single bound state eigenvalue, ¢ = ik, with normalisation constant ¢. In
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this case the GLM equation (12.31) is
K(x,y) + c2e ) / K(x,z)2e ™04z =0, (12.32)

which we must solve for K(x, y). We can do this by looking for a separable
solution,

K(x,y) = L(x)e™™.

This immediately allows us to factor the y-dependence out of (12.32) to
leave

o0
L(x) + e ™ + ch(x)/ ez =0,

and hence
—KX

2Kcle

L(X) = _2K + c2e—2u.\' :

This means that
1 3.2
u(x) = —2-L K (x.x) = — b - (12.33)
dx (c2e—fcx + 2Keh‘.‘()

which we can rearrange into
u(x) = —2k? sech? {k(x — xo)} (12.34)

where xo = —log(2x/c?)/2k, a constant that we can remove from (12.34)
be redefining the origin to be at x = xo. With k = 1 and ¢ = ﬁ, this is
simply the reflectionless potential with N = 1 that we studied in example
2. We can now see that this is one of a unique family of reflectionless
potentials with a single bound state, given by (12.34). As k increases,
the minimum of the potential becomes more negative, whilst becoming
localised in a narrower region about the origin.

Example 4: Inverse Scattering for a Reflectionless Potential with N Bound
States. Consider a reflectionless potential, b(¢)/a(¢) = 0, with N bound
states, £ = ik,, and normalisation constants c,, forn=1,2,...,N. In this
case, the GLM equation is

N . N
K(x,y)+ Z cpe ) / K(x,z) Z ce ) dz = 0.
n=1 X n=1
We seek a separable solution of the form

N
K(x,y) =) Ln(x)e™,

m=1
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so that

5" e + 3 G

m= 1
+ Z C2 —KmY Z L( / e tim)z g, — ().
m=1 n=1

Since this equation must hold for all x and y, we equate coefficients of
e *n¥ and, after evaluating the integral, arrive at a system of N equations
in the N unknowns L,(x), given by

o (KnTim)x

e 4 Ly(x) + ¢2, ZL,, e —Oform=12...N

The easiest way to deal with this system is to introduce a matrix formalism
and use suffix notation, so that

Cm + anLn = Oa

with summation over the repeated index, n = 1,2,... ,N, and

c e_(’\n1+’\n)\
My = Opn + 22—, G,y =l (12.35)
Km + Kn
The solution is
Ln(x) = nn‘} Clﬂ’

and the quantity that we are interested in is

K(x,x) = Z Ly(x)e ",

If we introduce the vector

— pKnX
hn =e s

we can write
K(x,x) = h,L, = —h,M,,'C,,..

Now we note that the matrix M,,, has the helpful property

den _

c e UemTrn)x — —Cpih,
dx

and hence

dM
K(x,x) = nn: d):m
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It is a standard result from linear algebra that

dM d
—1 mn __ %
m e = In {log (det M)},
and hence
d2
u(x) = _2W {log(det M)} . (12.36)

Note that Hirota (1973) used a formalism based upon this matrix notation
to find N soliton solutions of other nonlinear partial differential equations
(see the book by Ablowitz and Clarkson (1991) for a detailed discussion
of Hirota’s method).

When there are two bound states, it is feasible to evaluate (12.36) by
hand. The potential is given by

u(x) = —(det M)_2 {4K1c%e_2"'1“ + 41czc%e_2"'2""

22,2 2 4.2 2
+4CIC2(K1 — Kz) e—2(lc1+lc2)x + CICZK2(K1 - Kz) e—(41\‘1+21\‘2),\'

KiK2 K3(K1 + K2)>
2.4 _ 2
C1622K1(K1 Kzz) e—(2]g1+4]g2)x} , (1237)
Kz(Kl + K2)
where
2 2 2,2 2
i o 5 o cies (K1 —K2)™ oo
detM =1 _le 2Ky x _Ze 2Kx #76 2(1»1—&-;»2).‘(. 12.38
+ 21¢y + 2ic» + diciicy (k1 + K2)? ( )

The potential when k; = 1.25, k; = 1.75, ¢; = \/6 and ¢; = 2\/§ is shown
in figure 12.1. To determine the potential for N > 2, it is safer to use a
computer algebra package (see example 7).

12.1.3 Scattering Data for KdV Potentials

The choice of the symbol u in (12.1) and (12.2) is no coincidence. Let’s
consider the eigensolutions of (12.2) when the potential is u(x,t) and
u satisfies the KdV equation, (12.1). At any time ¢, the potential u(x,t)
is associated with the scattering data a(¢,t) and b(&,t) and solutions
p(x,t; &) of the scattering problem. As far as the scattering problem is
concerned, the ¢t dependence is simply a parameter. After finding the
scattering data that corresponds to the initial condition for the KdV
equation, u = u(x,0), the crucial question is: how does this scattering
data depend upon t if u satisfies the KdV equation? We will show that
the time evolution of the scattering data is extremely simple. Finally, to
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5 T T T | T | T T |

45

35

—U

Fig. 12.1. The reflectionless scattering potential, —u(x), when there are two bound
states with ; = 1.25, iy = 1.75, ¢; = /6 and ¢; = 2./3.

find the solution of the KdV equation when t > 0 we must solve the
inverse scattering problem for this time dependent scattering data, which
may or may not result in a closed form analytical solution. This is the
essence of the inverse scattering transform method. A useful analogy is
with the solution of linear, second order partial differential equations
using integral transforms, for example Fourier or Laplace. On taking the
transform we obtain an ordinary differential equation that governs the
evolution of the transformed variable and is straightforward to solve.
We then invert the transform using the inversion formula, which we
may or may not be able to reduce to a closed form analytical solu-
tion.

We can postulate any partial differential equation y, = F(u,y) for the
time evolution of y, provided that it is consistent with (12.2) and the KdV
equation. We will not go into how such an equation can be determined,
but simply show that

e = 2(u+ 287y — up, (12.39)
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is the appropriate choice. For consistency we require that
dpee 0%y
o ox2’
where ., and y, are given by (12.2) and (12.39). This leads to the
requirement that

up + (u— éZ)Wt =2(u+ 262)1Pxxx + U Prx — U P

If we now use (12.2) and (12.39) to write Yy, Yy and y; in terms of y
and p,, we find that

(u; — 6uUy + Uy )p = 0.

Clearly, (12.39) is consistent with (12.2), provided that u(x,t) satisfies the
KdV equation.

Now it is straightforward to determine how a(&,t) and b(¢,t) evolve
with time. As x — o0, u — 0, so (12.39) shows that

P~ 4%, as x — o,
But we know that y_ ~ ae™'“* 4 be™** as x — oo, so that we must have
ay = —4ica, b, = 4i&bh,
and hence
a(g,1) = a(&,0)e <, b(&,1) = b(¢,0)e¥. (12.40)

In particular, the bound state eigenvalues (the zeros of a(¢,t)) are in-
dependent of t, and from the definition of ¢, we deduce that c,(t) =
c,,(O)e“"i‘. To summarise, the scattering data evolves according to

rea(t) = 160(0), €u(t) = ¢a(0)e™, b(E.1)/alE.1) = b(&,0)e™" /a(¢, 0).
(12.41)
We conclude by going through some specific examples of the use of the
inverse scattering transform to solve the KdV equation, based on the
examples given in the previous subsection.

12.1.4 Examples: Solutions of the KdV Equation

Example 5: the Reflectionless Potential u(x,0) = —ZK%sechle(x — X0);
the Single Soliton Solution. We know from example 3 that u(x,0) =
—2K%sech21c1(x — Xp) 1s a reflectionless potential, b(&,0)/a(,0) = 0, with
a single bound state eigenvalue, x(0) = k;, and normalisation constant
¢(0) = J2i1e"1* (see exercise 12.3). Equations (12.41) show that if the
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initial profile is a reflectionless potential, it remains reflectionless when
t # 0, with b(&,t)/a(é,t) = 0. Also u(x,t) has a single, constant bound
state eigenvalue, x(t) = x;. The only part of the scattering data that
changes with time is the normalisation constant, with

c(t) = /2 "1 o4t (12.42)

We can now find the development of this initial profile for ¢ # 0 by solving
the inverse scattering problem. Note that we can wind time backwards
as well as forwards from t = 0 and obtain the solution for —oo <t < co.
Fortunately, we have already solved the inverse scattering problem for
u(x,0) in example 3. The time dependence of c(t) does not affect the
solution of the GLM equation, since ¢t only appears as a parameter. All
we have to do is substitute for ¢(t) from (12.42) into (12.33) to give

16K%c(0)2e—21c1(x—4fcft)

- (12.43)
(C(O)ze—2lc1(x—4lqt) + 2K1)

u(x,t) =

and hence
u(x,t) = —2xisech? {x; (x — xo — 4xcit) } . (12.44)

This is just the initial profile (12.34) propagating to the right without
change of form at speed 4«7. In fact it is the solitary wave solution,
(8.78), written in terms of u.

Example 6: Reflectionless potentials with Two Bound States; the Interac-
tion of two Solitons. We have now seen how a reflectionless potential with
a single bound state corresponds to the propagation of a solitary wave.
Let’s now consider the reflectionless potential given by (12.37). Such a
potential remains reflectionless, b(&,t)/a(é,t) = 0, and retains its two
bound state eigenvalues, k; and k;, throughout the time development of
the solution. If we look carefully, we can see that ¢; and ¢, only appear in
(12.37) in the combinations cie '~ and c,e™2*. These two combinations
evolve as

—K1 (.\‘—41{%0 —icg(.\‘—4l\‘§[)

cre and cpe

This means that all we have to do in (12.37) to obtain the solution when
t # 0 is to make the substitutions

Kixt Hor(x —ditt), Kaxt e(x — 4K3t). (12.45)

This is precisely what we did in the previous subsection to show that the
initial profile simply propagated along as a solitary wave. The expression
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that we now obtain by using (12.45) in (12.37) is a function of the two
travelling wave coordinates, x — 4«2t and x —4«3t. It is now instructive to
consider the behaviour of the solution for ¢ > 1. Unless x — 4«3t = O(1)
or x —4k3t = O(1), we have

_ 16K%(K1 + K2)2 —IGIC%I

(i) — K2)?

u(x,t) ~ ast — oo,
assuming that the bound state eigenvalues are ordered so that k; <
k2. The solution is therefore exponentially small away from an O(1)
neighbourhood of the two points x = 4kt and x = 43t

When x — 4k3t = O(1), we have x — 4k}t ~ 4(k3 — k})t > 1, and

u(x, t) ~ —2i3sech? {rea(x — di3t) + 6},

where 0 is a constant (see exercise 12.5). This is just the single soliton
solution corresponding to the bound state eigenvalue i, translated by
an O(1) distance in the x-direction. Similarly, when x — 4xit = O(1) we
obtain the solution for a single soliton with eigenvalue x; at leading
order. Analogous results hold for ¢ large and negative. The solution
corresponding to the reflectionless potential u(x,0) = —6 sech’x is shown
in figure 8.19. The solution for x; = 1.25, ky = 1.75, ¢; = /6 and ¢, =
2\/5, with reflectionless potential u(x,0), which is plotted in figure 12.1,
is shown as a grey scale plot in figure 12.2. In each case, there are two
solitary waves, widely spaced for t large and negative. The larger, faster
wave catches the shorter, slower wave, there is a nonlinear interaction,
and the waves separate as t — oo, whilst retaining their identities and
emerging unchanged by the interaction. It is this particle-like behaviour
that characterises these solitary waves as solitons. Figure 12.2 shows
that there is a phase change due to the interaction, by which we mean
that the faster wave emerges from the interaction displaced further to
the right than it would have been in the absence of the slower wave,
whilst the slower wave is displaced to the left. This phase change is a
consequence of the nonlinearity of the interaction, and always occurs
when solitons collide. When two linear waves interact, for example two
counter-propagating solutions of the one-dimensional wave equation,
f(x — ct) + g(x + ct), although the waves emerge unchanged by the
interaction, there is no phase change.

Example 7: General Reflectionless Potentials — the Interaction of N Soli-
tons. The general reflectionless potential with N distinct bound state
eigenvalues is given by (12.35) and (12.36). From the discussion in the
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Fig. 12.2. The solution of the KdV equation corresponding to two bound states
with 1) = 1.25, 1, = 1.75, ¢1(0) = \/6 and ¢,(0) = 2\/§. The larger —u, the darker
the plot. The profile u(x,0) is shown in figure 12.1.

previous subsection, it is clear that to obtain u(x,t) for t # 0 we simply
need to make the substitution

KnX 1 #o(x — 4ict). (12.46)

For t large and negative the solution consists of N solitons, which interact
nonlinearly as ¢ increases, eventually separating as t — co. The reflection-
less potential u(x,0) = —N(N + 1)sech’x is a special case where all of
the solitons combine at ¢t = 0 into a profile with a single local minimum,
before emerging again, all with phase shifts. A more typical interaction
between three solitons is plotted in figure 12.3 for the arbitrarily chosen
values k1 = 1.25, k, = 1.75, k3 = 2.25, ¢; = \/6, ) = 2\/5 and ¢; = 1.
We have used (12.35) and (12.36) to determine u(x, t), with the aid of a
computer algebra package. Note that, since the KdV equation, (12.1), is
unchanged by the transformation x+ —-x, t+ —-t, the solution must
satisfy u(x,t) = u(—x, —t). This symmetry is evident in figures 8.19, 12.2



418 Solitons and the Inverse Scattering Transform

'1 T T T I T T I I

-20 -15 -10 -5 0 5 10 15 20

Fig. 12.3. The solution of the KdV equation corresponding to three bound states
with 1) = 1.25, K, = 1.75, k3 = 2.25, ¢1(0) = \/6, (0) = 2\/5 and ¢3(0) = 1. The
larger —u, the darker the plot.

and 12.3. The curious reader can consult the book by Shen (1993), where
the first seven N soliton solutions are written out in all their glory. The
N = 7 solution occupies nine printed pages!

Example 8: The Delta Function Potential, u(x,0) = —Uyd(x) — the Gen-
eration of Cnoidal Waves. We have seen in example 1 that, provided
Up > 0, the initial scattering data for u(x,0) = —U(d(x) is a single bound
state eigenvalue, k = %Uo, with normalisation constant ¢(0) = \/E and
reflection coeflicient

bEO) U

a(é,0) Uy +2i¢’
The evolving scattering data retains its single bound state eigenvalue,
whilst

(1) — 413t b(f,t)__ Uo 8ic3¢
c(t) = \fre™ ", aen - Tl " (12.47)
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We must now try to solve the inverse scattering problem to find the
solution u(x,t). The function B(X,t), which is given by (12.30) and
appears in the GLM equation, (12.31), is

3,
UO 0 eSrg t+iEX

B X,t — 813 t—i X _ >y
(X, 1) = xe 2n ), Uy + 20

dé. (12.48)
Now, since the GLM equation is linear, we can identify the first term in
this expression, associated with the bound state eigenvalue, with a single
soliton. Specifically, if we write

u(x,t) = —2xisech?® {x (x — xo — 4k7t) } + ue(x, 1), (12.49)
then uc(x, t) is determined in the usual way from the GLM equation with

L3, e
U() /ac eStg t+ilX

—0

(12.50)
Moreover, if Uy < 0, the solution is given by u = u.(x, t) alone. We would
now like to know how u. behaves for t > 1.

Although we will not go into the details here (see exercise 12.6), for
t > 1, v is exponentially small for x > 0, and of O (t~'/3) for x < 0
and x = O(¢!/3). This part of the solution, associated with the reflection
coefficient b(¢&,t)/a(¢, t) represents a cnoidal wave, which decays as t — oo
under the action of dispersion. When U > 0 the full solution for ¢t > 11is
dominated by the single soliton that propagates away at speed 4x>. When
Uy < 0, no solitons are formed, and u — 0 as t — oo for all x. Somewhat
better estimates of the amplitude of the cnoidal wave can be made when
this analysis is carried out with greater rigour, as demonstrated in the
book by Schuur (1986).

This analysis is dependent neither on the exact form of b(&,0)/a(&,0)
nor on the number of bound state eigenvalues. As t — oo, the cnoidal
waves, which correspond to the contribution to B(X,t) due to b(k,t), are
of O(t7'/?) for x < 0 and exponentially small for x > 0. We can think
of this as a decaying ‘tail’ of waves left behind by the initial disturbance.
The contribution to B(X,t) due to each bound state eigenvalue results
in a soliton which propagates away in the positive x-direction at the
appropriate speed.

This leads us to the only consistent way of defining a soliton, in general.
A soliton is the contribution to the solution that results from a distinct,
bound state eigenvalue of the associated scattering problem for the initial
condition u(x,0). It is the invariance of both the number of eigenvalues
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and the size of each that gives solitons their ability to survive nonlinear
interactions and propagate unchanged apart from a change of phase.

12.2 The Nonlinear Schrodinger Equation

The nonlinear Schrodinger equation (NLS) arises in many different con-
texts. It is the equation that governs the envelope of wavepackets in
the presence of the competing effects of linear dispersion and nonlinear
amplitude dependence of the material properties in a one-dimensional
system. We begin by deriving NLS for the propagation of a plane elec-
tromagnetic wave in a nonlinear medium.

12.2.1 Derivation of the Nonlinear Schriodinger Equation for Plane
Electromagnetic Waves

In chapter 6 we saw how Maxwell’s equations are modified when the
electric and magnetic fields exist in an insulating medium to give (6.41)
to (6.45). In particular, we wrote D = €E, and assumed that the dielectric
constant, €, was indeed constant, or at most dependent on the frequency,
but not the intensity, of an electromagnetic wave. This is a reasonable
approximation if the electric field is not too large, as is the case for
most naturally occurring visible light. Before 1960, linear optics was used
successfully to study most systems of interest. The situation changed with
the invention of the laser in 1960, since a laser can produce extremely
intense visible light. In particular, the response of the almost transparent
glass used in optical fibres is slightly, but for laser light significantly,
nonlinear. In this case, we write D = egE + P, where P is the polarisation.
For a material with an isotropic, centrosymmetric crystal structure, it can
be shown that (see the books by Sauter (1996), and Newell and Moloney
(1992))

le/ y1(t — 1)E(1)dt
€0 —0

o0

0 o0 o0
+ / / / 2t — Tt — 1ot — 73) (E(11) - E(02)) E(t3)dr1deadrs.

—o0 J—0 J—w0
(12.51)

The first term is linear, and expresses the fact that P does not respond
instantaneously to changes in E. Causality requires that y{(7T) = 0 for
T < 0 so that P only responds to changes in E that have already
occurred. In addition, y1(T) — 0 as T — oo over the time scale on
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which the electrons in the material respond to the effect of changes
in the electric field. We shall see below that this leads to a frequency
dependent refractive index, n = ngp(w). In addition, y;, and hence ny, is
complex, with the imaginary part leading to decay, or attenuation, of a
wave as it propagates through the material. This is an important effect
when considering the propagation of wavepackets through an optical
fibre hundreds of kilometres long, but we will not consider it here. The
imaginary part of y; is extremely small, since modern optical fibres
are manufactured from very pure materials and are almost completely
transparent.

The second term in (12.51) represents a cubic nonlinearity in the
properties of the medium, and it can be shown that this leads to a
nonlinear refractive index of the form

n = ng(w) + na(w)|E*. (12.52)

This is known as the Kerr effect (see, for example, Hasegawa (1990)).
Note that it is the requirement that the model should be unchanged
by the reflection E+ —E that leads to a cubic, rather than quadratic,
nonlinearity in the polarisation and hence to a quadratic nonlinearity in
the refractive index. For n; > 0, this means that the larger the amplitude
of the wave, the more slowly it propagates. This can lead to many
interesting two and three-dimensional focusing effects, which we will not
discuss here. For details, see the book by Newell and Moloney (1992).

We confine our attention to the one-dimensional propagation of elec-
tromagnetic waves in nonlinear media. Although NLS can be derived
for the propagation of wavepackets in a cylindrical fibre, it is technically
easier to consider the propagation of a plane wave, E = (0, E(z,¢),0). The
governing equation is

0’E  10*E 10> [~
W_%W: 26t2/ x1(t —1)E(z,7)dt

1 62/ / / (t—11,t — 12, —73)
C(z) o 13 1> 2 3
XE(z,11)E(z,12)E(z, 13)dt1d72d 73, (12.53)
and we wish to solve it subject to the initial condition
E(z,0) = 0 Ay(z/L)e**, (12.54)

where Ay may be complex. This form of initial condition represents
a wavepacket with an underlying wave of wavenumber k, modulated
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Fig. 12.4. A slowly modulated wavepacket solution. The dashed line is the initial
envelope function, Ay(z).

by an initial envelope function, 4;, over a length scale L, as shown in
figure 12.4. (Note that such a solution can be written in wavepacket form,
(1.11), with the function A(k) only non-zero for a range of wavenumbers
of O(L™").) We will fix the small parameter, &, later, by choosing the
appropriate balance between terms in the governing equation. We also
define ¢ = 1/kL < 1, which expresses the fact that there is an underlying
carrier wave whose amplitude is modulated over a length scale much
longer than its wavelength.
We now define the dimensionless variables

E = n;/zE, Ay = n;/zAO, z=1z/L, t =cot/L, T; = kcot, (12.55)
71(7) = x1(1)/keo, 73(Ti) = x3(i) /K3 cgna, )
with all barred variables of O(1) for ¢ < 1 and ¢ < 1. In using n{l/z
to scale the electric field, we have run slightly ahead of ourselves, since
ny is, as we shall see, related to y3. However, if we accept that the only
nonlinearity is in the refractive index, ng + n,|E|?, this is the only scaling
available to us. Note that we have also assumed that the time scale
associated with y; and y; is of O(1/kcp). This simply means that we
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assume that these functions vary by an O(1) amount for an O(1) change
in the wavenumber, and hence that the underlying wave is dispersive at
leading order. In terms of these variables

?E O*E o* [*_ . _
ﬁ — a—fz 6;2 / Xl(T)E(Z,t— ST)dT

8t2/ / / 73(T1, 72, 73)

xE(Z,1 — et))E(Z,T — ¢T,)E(Z,T — ¢T3)dTdT,dT3,  (12.56)
subject to the initial condition
E(z,0) = 8Ao(z)e"/ . (12.57)
We now seek a wavepacket solution of the form
E(z,7) = 0A(z,1)e'C—00/e, (12.58)

where @ = O(1) is the dimensionless frequency, which we must determine.
Note that (Z — @t)/e = kz — kco@t, and hence that the frequency of the
underlying wave is w = kco®w. We now substitute (12.58) into (12.56)
and determine the first few terms in the asymptotic expansion of (12.56).
There are two technical points to note here.

The first term on the right hand side of (12.56) becomes, on Taylor
expanding the integrand,

2 i A ” T A o 2=
§t2 [ei(z—(ut)/F {A /;x X‘l(f)elwfdf — 6%—? /_% fil(f)el(urdf
1 62A -
—o0

We now define
o
(@) = / 71(x)e " dz, (12.60)
—0
the Fourier transform of 7, and note that
Cx; Py
i=i [ e,
—0o0

where a prime denotes d/d®, and similarly for the second derivative. This
allows us to write (12.59) in terms of %; and its derivatives.

The second technical point concerns the nonlinear term on the right
hand side of (12.56). As usual, we have been using the convention that
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we take the real part of the complex electric field, E, and so we must
write

E— % P ( AefE—on/e 4 7+ e—i(f—dﬁ)/e) ,

where a star denotes the complex conjugate, before substituting into the
nonlinear term. The integrand then consists of terms proportional only
to exp(+i(zZ — @1)/¢€) or exp(+3i(z — @t)/e). We only need to include the
former, since the latter oscillate at a different frequency from the leading
order terms, and will not lead to any secular terms when we use the
method of multiple scales. This gives us the leading order approximation
of the nonlinear term on the right hand side of (12.56) as

153—2_2‘*iﬁ_@ak o oo poo
Z_zw A“A e X3(71372,T3)
€ ]

% {ei(f)(f1+f2—?3) + ei(f)(?l—?2+f3) + ei&)(—fl+fz+f3)} df]dfzdf},
taking the real part only. Finally, the isotropy of the medium implies that
73(T1,72,73) = 15(72, 73, T1) = 15(%3, 71, T2),

and hence (noting that A4* = |4|?) the leading order approximation to
the nonlinear term is

3 63 =21 412 4 iZ—odt)/es (~
2 S ONAP AL (@),

where
o0 0 0 o _ _
5(3(6_0)=/ / / 73(%1, 72, 73)e TR AT AT d7s.
—o0 J =0 J -0

Taking note of these two technical points, the first few terms in the
expansion of (12.56) are

o 0A . 0A ,[?4 1, %4
+%52@223(@)|;1|2;1 = 0(€%, 8%), (12.61)

where
F(@) =& (1+ (@) — 1.

As we shall see below, we need to take 0 = O(¢) in order to obtain
a balance between dispersion, which occurs through the O(e?) terms,
and nonlinearity, through terms of O(52). Without loss of generality, we
therefore choose 6 = e.
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At leading order, F(®) = 0. Note that we do not need to expand the
unknown frequency, @, in powers of €, since it only appears explicitly
in the rapidly oscillating part of (12.58). Any higher order behaviour of
@ can be subsumed into the behaviour of A. In terms of the physical
variables,

) _ O ~
k* = g(lﬂl(a))), (12.62)
where
® .
T1(w) =/ 11(v)e " dr. (12.63)

If we define ny(w) = m, we obtain the usual dispersion relation,

k = wng(w)/cy, and we can now see how the leading order refractive

index, ng, is related to yi.

Now that we know @, (12.61) becomes
_ -

22—/1 F’(@)ﬁa—;1 — e {%‘ 1 F'(@® )W + 3(0 /3(@)|21|221} = 0(é%).
(12.64)

At leading order, the initial waveform, A(Z), propagates without change

of form with velocity 2/F’. If we write this in terms of the physical

variables, we find that

2 ldo ¢

TCT))_CQ dk _C() ~
where ¢ is the group velocity, and ¢, the dimensionless group velocity.
Not surprisingly, the wavepacket propagates without change of form at
the group velocity of the underlying wave.

The terms of O(e) in (12.64) model the effect of dispersion and material
nonlinearity on this propagating wavepacket. We expect that these effects
will act over a time scale of O(e™!), so we use the method of multiple
scales. We begin by defining a slow time scale, T = et, and expand the
envelope function as

A=A4,(21,T)+eArz,1,T)+ O(e*).

At leading order

o, 104,

iz T e

and hence A; = A(7},T), where fj = Z — Cgt is the travelling wave
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coordinate. Now, noting that
2

d - 1 de
F(0) = gz {02 0+ o)} = ) = 5 (1- 72 ).

we find that at O(¢)
) (6/[2 . 1 61712) 2 A, ,{dﬁé’z;ll

3z ¢ 0t ) ¢ dT \|do
To eliminate the secular terms, we need

e
% — %iég%%—;zl — %'zg@223(@)|21|2;11 =0. (12.65)
This is the nonlinear Schrodinger equation (NLS). In terms of the physical
variables, for E(z,t) = A(n, 1)e'**=°) with 5 = z — ¢,t,
0A 1.4 d’k 0°A
o T2t a2
where 373(@) = 8ny(@)ny(@). Although we will not go into the details
here, this is the standard definition of n,, and leads to the nonlinear
dispersion relation, (12.52). Equation (12.66) is valid provided that kL >
1, |[E| = O(1/kLnY?) and d?k/dw?* = O(1/kc3). These conditions ensure
that the solution is of wavepacket form, the electric field is large enough
for a weak Kerr effect to occur, and that this nonlinear effect can be
balanced by weak linear dispersion. In addition, the electric field is not
so strong that higher order terms appear in the nonlinear dispersion
relation (12.52). The derivation of NLS for an optical fibre is rather
more involved than that which we have given here. The only difference
in the resulting equation is that the term that models the effect of linear
dispersion, proportional to 0>4/05n?, includes the effect of both material
dispersion and waveguide dispersion, which we discussed at the end of
section 6.8.
We can now scale (12.66) to remove all of the constant coefficients,
and obtain the two canonical forms of NLS, dependent on the relative
sign of d’k/dw? and n,. We define

- icng—(z)|A|2A -0, (12.66)

) 1 (e e\ no \'
t=1 =il - E=a{7) .
kegsgn(—d?k /dw?) k |dw? 5]
so that
dg 1.0%q . d*k N
i 516172 +isgn nzw lq1°q = 0. (12.67)
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Finally, we write this as

2
z—‘f — %l% +ilq’q =0, (12.68)
where t is not to be confused with the original time variable, and work
with this form of the NLS equation from now on.

The other major application of NLS is to the analysis of nonlinear
water wavepackets, and the associated Benjamin—Feir instability. For a
discussion of this topic, see the book by Ablowitz and Segur (1981), and
references therein.

We begin our analysis of NLS by considering the possible solitary
wave solutions.

12.2.2 Solitary Wave Solutions of the Nonlinear Schrodinger Equation

The definition of a solitary wave solution of NLS is slightly different
from that which we have applied earlier in the book, since the dependent
variable, ¢, is complex. We seek a solution of the form

q(y.1) = \/p(y)e”, (12.69)

where y = x—ut is a travelling wave coordinate. In this way the amplitude
of the wave envelope, |q|> = p, is a travelling wave, moving at the group
velocity plus the velocity v. The phase of the wave is also a function
of time, t, through the real function ¢(y,t). On substituting (12.69) into
(12.68), and equating real and imaginary parts, we find that

oo -0} =0

and hence
o, = M + v, (12.70)
P
and also
1, d (1, p;
—0; — V0, = — — | = . 12.71
o1+ 505 — oy p <+2p +8p g(y) ( )

If we take 0%/0tdy of (12.71) and eliminate ¢, using (12.70), we find that

f// __i(l)
2ff dy \p)’
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and hence that, unless f(¢) is a constant,

1 1"

— = ————1y + constant.

p o 2ff
Since this means that p is singular for some finite value of y, we conclude
that f(t) = fo, a constant. Equation (12.70) then gives

o=vy+f1(z)+fo/’ %

Substituting this into (12.71) shows that f{(¢) is a constant, and hence
that f; = kot + k;, and
Y ds
g =vy + kot + ki + fo —. (12.72)
p(s)

Substituting (12.72) into (12.71) shows that

1d o> fo
2dp <+ 7 )‘ko 3 T

and hence

2
(j-’y’) = F(p) = +4p> + 4(2ko — v*)p* + 8kap — 8f2. (12.73)
The behaviour of the amplitude function, p(y), is therefore qualitatively
similar to that which we investigated for the KdV equation in subsec-
tion 8.3.2, since the square of the derivative of the amplitude is given by
a cubic polynomial in the amplitude. As with the KdV equation, cnoidal
wave solutions exist, but we will focus our attention on the possible
solitary wave solutions. These are characterised by the existence of a
positive, repeated root of F(p). We shall see that the qualitative form of
the solitary wave solutions is dependent upon the sign of the coefficient
of p? in (12.73), and hence on the sign of the nonlinear term in (12.68).

(i) mk” < 0, Normal Dispersion

When mk” < 0, we shall see that localised solitary wave pulses can
propagate without change of form. This is known as normal dispersion.
In this case

F(p) = —4p> 4 4(2ko — v*)p* + 8kap — 8f2.

Since 813 > 0, the product of the three roots of F(p) cannot be strictly
positive. The only possible repeated root is therefore p = 0, and hence
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we must take fo =k, = 0. This gives

d
d_i =2p\/p0_ >

where po = 2ko — v? is the other root. It is straightforward to integrate
this equation, and we find that

p = po sech’ { /oo (v — yo)} (12.74)
1
c=0vy+5 (po +v?) t +ki, (12.75)

and hence that there is a four parameter family of solitary wave solutions
of the form

1
q = a sech {a(x — vt — x¢)} exp [i {vx +5 (a* —v*)t— to}] . (12.76)

The parameters x and t( are simply phase shifts in x and t. The remaining
two parameters are the speed, v, and amplitude, a. Note that these two
parameters are independent, in contrast to the solitary wave solutions of
the KdV equation, given by (12.44), in which the speed is proportional
to the amplitude. In addition, in a frame of reference moving with the
solitary wave, the size of ¢ has an explicit, periodic x and ¢ dependence. In
particular, the larger the velocity, v, the more rapid the spatial variation
in x. This solitary wave is known as a bright soliton. The propagation of
some typical bright solitons is illustrated in figure 12.5(a—c). It is clear
from these examples that for sufficiently large values of v the envelope
function, shown as a solid line, will start to have spatial oscillations of
the same period as the underlying wave, and the approximations that led
to NLS are not valid.

(ii) mk” > 0, Anomalous Dispersion

When nyk” > 0, we shall see that localised solitary wave structures can
only propagate as reductions in amplitude relative to a steady background
wave train. This is known as anomalous dispersion. In this case

F(p) = 4p® + 4(2ko — v*)p? + 8kap — 813.

Now, when there is a repeated root of F(p), and hence a solitary wave
solution, we can write

dp

i 2(p — p2)/p — p1,
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Fig. 12.5. Typical bright and dark soliton solutions of NLS. The solid line is the
real part of ¢, and the broken line is |g]|.

with p; > p; > 0, and

M 1, 1 1
fo=p2 P ko—zv —§(p1+2pz), kz—5p2(2p1+pz)-

We can again evaluate p and hence o, although the algebra is slightly
more painful, and arrive at

p = pa [1 —K?sech® {K  /pa(y — yo)}] - (12.77)

2 2

o= (v+ Vil =KDy + {lvz - lpz(3_1<z)}t+kl
_ K
+tan~! [ﬁ tanh {K /p>(y — yo)}], (12.78)

for 0 < K < 1, where
K2 — P2 — pP1
P2
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When p; =0 and hence K = 1, the soliton takes the simpler form

p = patanh® { /pa(y — yo)} . (12.79)
c=vy+ (%zﬂ — pz) t+ k. (12.80)

These solitary waves are rather different from those we have met before,
since they asymptote to a periodic wave with amplitude p, as y — +oo.
The solitary wave propagates as a reduction in the light intensity, and is
known as a dark soliton. The propagation of the dark soliton with K =1
is shown in figure 12.5(d). A soliton of this type, which alters the phase
of a wave, is known as a topological soliton.

The solitary waves that we have constructed for both normal and
anomalous dispersion are solitons in the sense that we defined above
for the KdV equation. An inverse scattering transform is available to
solve NLS, and this is the subject of the final subsection. We confine our
attention to the case of normal dispersion, for which we have seen that
there are bright soliton solutions, since these are the solitons that have a
practical application in optical fibre technology. In the following, when
we use the abbreviation NLS we refer to the equation

12.2.3 The Inverse Scattering Transform for the Nonlinear Schrodinger
Equation

Although the inverse scattering transform for NLS is conceptually the
same as that for the KdV equation, the details and qualitative results are
somewhat different, as we shall see. The approach we use is a special case
of the more general AKNS method (Ablowitz, Kaup, Newell and Segur,
1974), which generates inverse scattering transforms for a wide variety of
equations.

The Scattering Problem
Consider the pair of equations
wix Filyr =gy, Yo —iCyr = —q "y, (12.81)

for the moment regarding y; and v, as complex functions of x only.
We assume that ¢ — 0 as x — +oo, with ¢ a complex function of
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x. In these equations, y; and vy, are the eigenfunctions and ¢ is the
eigenvalue. The AKNS method replaces —g* with another function, r,
in the second equation, with different choices of r leading to inverse
scattering transforms for different evolution equations for g and r. This
leads to a matrix scattering problem. When r = —q" the equations have
some symmetries that make the following approach less cuambersome than
the matrix formulation. In particular, by taking the complex conjugate
of (12.81) we find that

if (p1(x;¢), w2(x; €)) is an eigensolution, so is (3 (x: 7)), —yi(x: <))
(12.82)
In general, since ¢ — 0, (p1,y2) ~ (ke ¥, kye’*¥) as x — oo, for
some complex constants k; and k,. We define (4, ;) to be the unique
solution that satisfies

(14063 ), o (x3 ) ~ (6755,0) as x — oo, (12.83)

Using (12.82), another solution is (5, (x;&), =i, (x;¢%)), and from
(12.83)

(134 (X3 €)= (x:E7)) ~ (0,—€Y) as x — o0
We conclude that the set
{10650, w2+(x58)), (W2, (x:E7), =iy (x5E0))}
forms a basis for solutions of (12.81). (12.84)
We now define (y;_,,—) to be the unique solution that satisfies
(P1-(x; ), p2-(x; &) ~ (€7%,0) as x — —oo. (12.85)
By (12.84), we can express this as
Pi=(x: &) = a(&)p1+(x; &) + (&3, (x: &), }
(12.86)
P2-(x:8) = =b(1y(x:E7) + al&pre(x: ).

We also note that, since (12.81) shows that p; ~ k;e™** and y; ~ kje'**
as || — oo, we must have

(1,01—» 1P2—) ~ (e_iixa 0)9 (u)H-a 1/)2+) ~ (e_iixa 0)9 }
a@) = 1, b(&) — 0, as [ — oo

(12.87)

Finally, we note an important property of the discrete spectrum. In
general, if g(x) is real, the bound state eigenvalues are purely imaginary
(see exercise 12.10 and Satsuma and Yajima (1974)).
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Example 1: Scattering by a Top Hat Potential. Let’s consider what hap-

pens when
| 0 for x| > L,
q(x)—{ e } (1288)

with the constants L real and strictly positive and gy complex. We can find
the scattering data a(¢) and b(£) by constructing the solution (y;—, ).
From (12.85),

i&x

P =e Y, . =0 for x < —L. (12.89)

For |x| < L, where ¢ = qo, we seek exponential solutions and find that

pio = A+ BeT, o = {Ak + O — Bl — e},

k = 1/lqol? + &2. (12.90)

We can determine the constants A and B by continuity of y;_ and y;_
at x = —L, and find that

where

P = el {cos k(x+ L) — % sink(x + L)} ,

. (12.91)
yro = —eLsink(x+ L) for |x| < L.
Now, from (12.83) and (12.86),
Yo = a(é)e S, o = —b(£)e’* for x > L. (12.92)

This finally allows us to determine a and b from continuity at x = L as

a(&) = 2efL (cos %L — %sin 2kL> . b(E) = % sin2kL.  (12.93)

In order to determine the discrete spectrum, & = &, such that a(¢,) =0,

we must solve
PR )
tan2Ly/|qol? + &2 = % (12.94)

We know that when qq is real the discrete spectrum is purely imaginary,
and hence this equation has only imaginary roots. Since the value of
these roots depends only on the absolute value of q¢, they must be purely
imaginary for all complex qo. We therefore define

¢ =ilgolo, L = |qolL,
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in terms of which (12.94) becomes

V1—0a2

o

tan 201 — o2 = — (12.95)

If « > 1 we define y = /a2 — 1, so that (12.95) becomes

7

V1492

Since the left hand side of this equation is monotone increasing with

y and the right hand side monotone decreasing, the unique solution is
y = 0, and hence ¢ = &, = i|qo|. This is not an acceptable root, since

tanh 2ﬁy =—

then k = {/|qo|* + &3 = 0, and the derivation of the solution given above
breaks down.
If « < 1 we define f§ = /1 — o2, and hence

tan2Lp = P

P
The right hand side of this equation is monotone decreasing with f
between the singularities at f = +1. The number of solutions, other than
the trivial one at § = 0 which is again not acceptable, therefore depends
upon the number of singularities of tan 2ﬁﬁ that lie in the range |f| < 1.
If 2L < 7/2 there are no solutions, whilst for 2N — 1)n/2 < 2L <
(2N + 1)m/2, there are N solutions. In terms of the original variables
there are

no bound state eigenvalues for 4L|qo| < =,
N bound state eigenvalues for (2N — 1)n < 4L|qo| < 2N + 1)n.
(12.96)

Each eigenvalue is purely imaginary, with [£,| < |go|. We will use this
information later when we come to consider the solution of NLS with
this type of initial condition.

The Inverse Scattering Problem

Given the scattering data, a(¢) and b(&), can we reconstruct the function
q(x)? We proceed in the same manner as we did for the KdV equation,
beginning by writing

Pie(x; &) = e 4 / Ki(x,y)e ¥ dy,
L (12.97)
o 8) = / Ka(x, y)e e dy,
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with Ki(x,y) = K(x,y) = 0 for y < x. By substituting these definitions
into (12.81) and proceeding as we did for KdV (see exercise 12.8), we find
that Ky and K, satisfy the boundary value problem

6K1 6K1 _ aKz 5K2

Ly T Ky, =2 -2 'K 12.
Ty K B Gie—aKe (1298)

subject to

Ki(x,y) =0, Ky(x,y)—0, asy — oo,
1, (12.99)
Kz(xv x) = zq (x)

Although we will not do so here, it can be shown that the solution of
(12.98) to (12.99) exists and is unique. Therefore, if we can determine
K>(x,x) from our knowledge of the scattering data, we can reconstruct
q(x) from

q(x) = 2K (x, ). (12.100)

If we now substitute ( 12.97) into (12.86), we find that

/ley e dy = (é)lll— e — é)/ K;(x,y)e = dy,

—iy — L @ —icx K IC\d
/_ooKZ(x’y)" V=T / 1. )e (12y101)

where we have extended two of the integrals down to —oo using the fact
that K{(x,y) = Ky(x,y) = 0 for y < x. Since Ky, K; —» 0 as y — +o0o,
we can treat the left hand sides of these equations as Fourier transforms,
and invert to give

Ki(x2) = Ri(x,z) — / K3 )f(y + 2)dy.

(12.102)
Ka(x.2) = Ro(x.2) + F(x +2) + / K; (e )f (v + 2)dy,
where
s L [TB(E) ex
f(X)—ﬂ/_%@e dé, (12.103)
and
1 1
Ri(x,z) = — e'“"_x){ Pi-(x; &) — 1 dé,
2n /—“J a(¢) (12.104)

1 o 1 .
Ry(x,z) = E/_ ‘elg(;_x) {Ié)tpz_(x;é)e'cx} dé.
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Now (12.87) shows that we can evaluate R; and R, by closing the
contour of integration in the upper half ¢-plane, and then using the
residue theorem to show that

i(x,2) = 12 (Remdue at &, of{ (lg,)w] (x; é)e’c“}) , forj=1or2,

n=1
(12.105)
where &, are the N zeros of a(&) in the upper half plane, which we refer
to as the discrete spectrum. Since a(&,) = 0, (12.86) shows that

—(X; én) = b(élz)w;+(x; é;)a U)z—(x; én) = _b(én)wr-&-(x; 6;)

If we now assume that the zeros of a(¢) are simple, the definitions (12.97)
show that

N P
Ri(x2) =iy o [ Kilx)edy,
n=1 X

N - o6}
2)=—~i) { e 4 / K:‘(x,me"‘fwdy} ,

n=1

where ¢, = b(&,)/d (&,). Substituting this into (12.102), we find that

(12.106)

Ki(xz) + / K3(x0)f (v + 2)dy =0,
x (12.107)

Ka(x,2) — flx+2) / K )f (v + 2)dy = 0,

where

f(X) = % /OC bc) X qe — tzce’c” (12.108)

As we saw for the KdV equation, the function b(&)/a(&) is the reflection
coeflicient, whose simple poles in the upper half plane represent the dis-
crete spectrum. Finally, we can eliminate K; between equations (12.107)
and, writing K(x,y) = K;(x, y), arrive at

K(x,z)—f"(x+z)+ /OL G(x,y,z)K(x,y)dy =0, (12.109)
where

G(x,y,z)z/mf(y—FY)f*(Y +z)dY, (12.110)

and
q(x) = 2K(x, x). (12.111)
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Example 2: Inverse Scattering for a Reflectionless Potential with a Single
Bound State. If b(¢ )/a(.f) = 0 for ¢ real and a(¢) has a single zero in the
upper half plane at ¢ = &; with b(&;)/d'(¢1) = ¢1, a simple calculation
shows that

f(X) = —icie¥,

|C1|2 i1 (y+x) ,—iE T (x+z)
—_——tV e =1 N

N F—

and hence

2
K(x,z)— ict *oiCi(x+2) _ L lcl()+\) —i& (x+z )K(X y)dy =
i(¢1 —¢&7) Jx
(12.112)
By seeking a solution in the form K(x,z) = L(x)e“1*, we find that
ich (& — &) 0
(& — &2 — |eg PePieimen

If we now write &; = oy 4+ iff; with o; and f; real, we can obtain

L(x) =

4iB128—2(/f1+ial)x

q(x) =2L(x)e """ = W,

which we can rearrange to give

q(x) = icTe_z’““zﬁ sech{Z[ﬁx—log <| 1|>} (12.113)
leil 2p4

In particular, with a; =0, ¢; =i and f; = 1/2, this shows that g(x) =
sech x is a reflectionless potential with a single bound state eigenvalue.
In fact the family of potentials, g(x) = A sech x is reflectionless for A an
integer, and has 4 bound states. The analysis is similar to that discussed
in KdV example 2 in section 12.1, but we will not go into the details here
(Satsuma and Yajima, 1974).

Example 3: Inverse Scattering for a Reflectionless Potential with N bound
states. For a reflectionless potential with N discrete eigenvalues in the
upper half plane,

f(X)=—i Z cne'rX,

N N *

. (e g gz zey )
G(x,y,z) = lzz m__ oi{eny—=EnzH(En—En)x}
e (& =& |

n=1 m=1
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and hence
N
K(x,z) — iz c;e—icf;(x—k:)
n=1

+zZZ Em e’{ S G / K(x,p)e“¥dy = 0. (12.114)

nlml

We can now seek a solution in the form

N
K(x.z) =Y Li(x)e 507, (12.115)
k=1
so that
N
q(x) =2 Li(x). (12.116)

k=1

Substituting (12.115) into (12.114), performing the integration and equat-
ing coefficients of e~* leads to

CnCy, Qi(Ea—ENx ik —2iErx
L — Lo o5 = e e (12.117
(= ZZ — e g : )

Solution of this system of equations, which can be written in matrix form,
gives the potential via (12.116). As for the KdV equation, it is advisable
to use a computer algebra package for N > 2. The reflectionless potential
with two bound states and & =i, & = 5414, ¢; = ¢; = 1 is shown in
figure 12.6.

nlml

Time Evolution of the Scattering Data
We now consider what happens to the eigenfunctions of (12.81) if ¢ =
q(x,t), and hence yi2 = pi2(x,t;&), a = a(é,t) and b = b(&,t). Let’s
consider the time evolution given by

1, . 1. .
Vi = <§l|q|2 — t§2> w1+ <§qu + qq) V2,

_ 1 .o * 1 . 2 L2
Yo = <§qu ¢q >w1 <§l|q| ic >w2~

Again, for an explanation of how to choose the evolution equations
appropriate to NLS, see the book by Drazin and Johnson (1989). For
(12.118) to be compatible with (12.81), we need d(yj;)/0x = 0(yjx)/0t.
On performing this cross-differentiation, we find that they are indeed
compatible, provided that ¢ satisfies NLS (see exercise 12.9).

(12.118)
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4 T T T T T T T

\ —— =Re(g)

Fig. 12.6. The reflectionless potential with & =i, & =540, ¢, =c; = 1.

Now consider the solution (y;_,y,_). From (12.83) and (12.86),

(W1 2-) ~ (a(E, e, =b(E, 1)e™) as x — .
If we substitute this asymptotic representation into (12.118) and use the
fact that ¢ — 0 as x — oo, we find that

a, = —if%a, b, =i&’b,

and hence

a(é,t) = e €a(¢,0), b(E,t) = < h(E,0). (12.119)
We conclude that the zeros of a(x,t), and hence the discrete spectrum,
are independent of ¢, and that

en(t) = X, (0). (12.120)

Example 4: the Single Soliton Solution. If we substitute ¢; = ¢;(0)e2<i!
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into (12.113), we obtain

q(x,t) =icj(0)exp [i {—201x + 2(B7 — o)t }] 261
)

le1(0)]
xsech {2B1(x 1 2u1t) — log ("'21;0 ') } . (12121)
1

By defining
v=—20, a=2f, xo=alog(ci(0)|/a), to=ilog(ici(0)/|c1(0))),

we now recover the single soliton solution given by (12.76). As for
the KdV equation, a reflectionless potential with a single bound state
eigensolution propagates as a soliton. Note that we can write

4 1 .
¢ = 5(—0 + ia),

relating the real and imaginary parts of the eigenvalue to the amplitude
and velocity of the soliton. In particular, if g(x,0) is real, &; is imaginary
and v, the velocity of the soliton relative to the group velocity of the
underlying wave, is zero.

Example 5: The N Soliton Solution If we substitute ¢,, = cm(O)ez"m‘ into
(12.117), we find that a reflectionless potential with N bound states
evolves as

N
q(x.1) =2 Li(x.1), (12.122)
k=1
with
N N
cx(0) 2iE—E) {3 HEAE)
— Lm x,te cn S ) SnTC
DI Dy e gy
= icy(0)e 2ot en), (12.123)

The previous example would lead us to guess, correctly, that this solution
represents the interaction of N solitons with velocities —2Re(¢,) and
amplitudes 2Im(¢,). Unfortunately, the analysis is rather more involved
than for the equivalent solution of the KdV equation, and we simply
describe the procedure for determining the leading order solution.

Let y = x + ({; + ¢j)t be the travelling wave coordinate moving
with the velocity of the jth soliton, in terms of which (12.123) can be
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written as
Loy Qi G=6 =4

N
L
1 21§n(Cn_CI—C )t m ek
¢ — e =G (12.124)
¢ Z - gk ; Cn —¢ k

m

If |y| > 1, we can see immediately that L, < 1 and hence that |g| < 1.
To determine the solution for t > 1 and y = O(1), we note that if
Cn = o + P,

| et = ~2E(E—E=EN ) — g 4halm—)t

| =le |=e

The size of the exponential terms in (12.124) therefore depends on the
relative size of the real parts of the eigenvalues. Let’s number the eigen-
values so that they form a sequence with strictly increasing real parts,
o <oy < -+ <ay. If two or more eigenvalues have the same real part
there is more than one soliton moving at the same speed, the analysis is
slightly different and we will not discuss it here. We now have

) ) <1 forn>j,
HnEn=¢=Ee ) 0(1) forn=j, (12.125)
>1 forn<j.

Now that we know the sizes of the time dependent terms in (12.124) we
can construct its leading order asymptotic solution. For j < k < N, we
need Ly < 1, whilst for 1 <k < j we need Ly = O(1). Equation (12.124)
shows that

Z 7 Ln o250 < 1 for 1 <n <, (12.126)
n n‘[

with [, to be determined. At leading order, the right hand side of (12.126)

is zero, and we have a system of linear equations that determines L,, for

1 <m < jasyand t independent multiples of L;, and hence shows that

q(y,t) is proportional to L;.

Now, substituting (12.126) into (12.124) for 1 < k < j, we obtain a
system of linear equations that determines /,. On substituting for [, into
(12.124) with k = j, we obtain an equation for L;. This is therefore
a consistent algorithm for determining the leading order solution, and
shows that for y = O(1), |¢q| = O(1). Moreover, it can be shown that the
equation for L; is of the same functional form as the equation that we
obtained for L when we considered the single soliton solution. Similar
arguments apply for ¢ large and negative. We conclude that for y = O(1)
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Re(q) gl

0.4

Fig. 12.7. The interaction of two bright solitons, with &; =i, & =5+, ¢1(0) =
(0)=1.

and |t| > 1, the solution consists of N solitons of the form (12.76),
with speeds —2Re(¢,), amplitudes 2Im(¢&,) and phase changes xo and ¢
determined by the details of the interaction between the solitons (see
exercise 12.12). Figure 12.7 shows the interaction between two solitons
when ¢ =1, &, = 5+ 1 and ¢;(0) = ¢(0) = 1. One soliton is stationary
in this frame of reference, whilst the other has speed v = 10, and has a
rapid change of phase along its length. The solution when ¢ = 0 is shown
in figure 12.6.

We have seen that if g(x,0) is real, the bound state eigenvalues are
purely imaginary. Each therefore corresponds to a soliton with v = 0.
The N solitons therefore do not separate, but remain where they are
initially in the frame of reference moving with the group velocity. The
resulting solution varies periodically with t. A typical example is shown
in figure 12.8.

Most of the above examples involve reflectionless potentials, for which
the solution consists of N solitons. By similar arguments to those that
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_5-‘ 0

Fig. 12.8. The interaction of two bright solitons with v = 0. The scattering data
when t =0 are & =i, & = 2i, ¢1(0) = ¢,(0) = 1.

we used for the KdV equation, if b(&)/a(¢) is not identically zero for
¢ real, a dispersive wave is also generated, but for ¢t > 1, the solution
is dominated by the solitons, just as it is for the KdV equation. For
example, if ¢(x,0) is the top hat potential (example 1 in this section),
there is a dispersive wave component, since it is not a reflectionless
potential, but for ¢ > 1, the leading order solution consists of N solitons
with zero velocity interacting in the neighbourhood of the origin, with N
determined by the area under the initial potential, as given by (12.96).

We can now see why it is attractive to use solitons as the basic pulses
transmitted along optical fibres. They owe their existence to a balance
between dispersion and nonlinearity, so they do not suffer from the
degradation due to dispersion alone that affects ordinary, linear pulses.
In addition, solitons propagating at different velocities pass through each
other without change of form, except for a small phase shift. Finally,
if the properties of the pulse are of the correct orders of magnitude so
that the nonlinear Schrodinger equation governs its propagation, it is
straightforward to generate solitons.
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Exercises

Show that if

U=w—ew, —ew’,

and

Wi 4+ 6(w — W)Wy + Wi = 0, (12.127)

then u satisfies the KdV equation, (12.1). Show that

”
/ w(x,t;e)dx is constant.
—00

By expanding w as

o]

wix,t;€) = Y e"walx, 1),
n=0
substituting into (12.127) and equating coefficient of €, show that
C; = u and C, = u, + u’ are conserved quantities in the sense
that

%
/ C,(x,t)dx is constant.
—00

What do these represent physically? Deduce that the KdV equa-
tion has an infinite number of conserved quantities. Find the
third conserved quantity. This property is intimately related to
the integrability of the KdV equation, and is characteristic of
integrable systems in general.

Determine the scattering data for (12.2) with the square potential
u(x) = UpH(1 — x)H(x).

What is the qualitative difference between the scattering data for
Uy > 0and Uy < 0?

Show that the normalisation constant for the reflectionless po-
tential u(x) = —2i?sech’k(x — xg) is ¢ = /2Ke™.

If the reflection coefficient is b(k) = —Uy/(Up+2ik) with Uy < 0,
solve the GLM equation and reconstruct the scattering potential,
u(x), in (12.2), without using KdV example 1 in section 12.1 to
guide you.
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Show that the two soliton solution discussed in KdV example 6
in section 12.1 takes the form

u(x, t) ~ —2x3sech? {Kl(x —4idt) 4+ 6, — A}
—2i3sech” {Ka(x — 4K3t) + 6> + A}

ast — —oo, and

u(x, 1) ~ —2iisech” {xi(x — 4xit) + 01 + A}
—2x3sech? {Ko(x — 4K3t) + 5, — A}

as t — oo, and determine 0, 0 and A. What is the significance
of the quantity A?

Consider the cnoidal wave solution of the KdV equation gen-
erated by a negative delta function initial condition, which we
studied in example 8 in section 12.1. Show that when x is negative
and of O(t'/3), u = 0(t~1/3).

Use the method of multiple scales to show that the envelope of
a wavepacket solution of the sine-Gordon equation

¢ 10%
ox? 2 or?
with a and ¢ positive real constants, can satisfy the nonlin-

ear Schrodinger equation for appropriate initial conditions and
parameter values.

= asin ¢,

By substituting (12.97) into (12.81) and integrating the appropri-
ate integrals by parts, show that K; and K, satisfy the boundary
value problem given by (12.98) to (12.99).

By cross-differentiating (12.81) and (12.118), show that g(x,t)
must satisfy the nonlinear Schrédinger equation.

Use (12.81) and its complex conjugate to show that

0 .
= {Im (pr3)} = Im(@) (1112 = [2l%) — 2iRe(E)Im(p;2).

Now use this equation to show that if & = &, is in the discrete
spectrum and ¢ is real, £, is imaginary, provided that

[ mivaax 2o,

00
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Determine the equation satisfied by the bound state eigenvalues
when the initial conditions for NLS are
1 for|x—xo| <1,
q(x,0) =< € for|x+xo| <1,
0 otherwise,

for positive real constants xo > 1 and 6. Find the bound state
eigenvalues at leading order when xo > 1. Describe the solution
for t > 1 in this case.

Using the asymptotic procedure explained in the text, determine
the leading order solution for the two NLS bright solitons (N =
2) when |t| > 1 for both t positive and t negative.



Appendix ] —
Useful Mathematical Formulas and Physical Data

Al.1 Cartesian Coordinates

Differential operators in Cartesian, (x,y,z)-coordinates for a smooth
scalar field ¢(x, y,z) and vector field u = (uy, uy, u.).

Vo = (¢, ¢y, 2), (AL.1)
Ouy Ou, Ou.

u=— : Al2

Vou 0x oy + 0z’ ( )
e €, e

Vxu=| £ & & (A13)
Uy Uy U

Vi = e + Py + ¢ (Al.4)

A1.2 Cylindrical Polar Coordinates

Differential operators in cylindrical polar coordinates, (r,0,z) (see fig-
ure Al.1.

1
Vo = (dm ;dm,qb:) . (A1.5)
10 10up Ou.
Vou= 75("%)4‘7%-'-5, (A1.6)
1 € reyg €
Vxu=—| £ 5 & (AL7)
r z
Uy Trug u:
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A2
P =(x,y,z7) = (r cos

Fig. Al.1. Cylindrical polar coordinates.

10 (0, 1%
20 7 —__
Vd)_r@r( ar>+r2392+azz'

¢

A1.3 Spherical Polar Coordinates

, I sin

, 2)

(A1.8)

Differential operators in spherical polar coordinates, (r,0,y) (see fig-

ure Al.2).

Vo = (d)r’ Po- rsm0¢ ) ’

1o , 1 0 1 Ou,
n= = — — 0 "
Vo r2 ér(r ur) + rs n()&()(sm ug) + rsinf Oy
| e, reyp rsinbe,
Vixu= r2sin 0 & W ‘1(_/
u, rup rsin0u,

o6 1o o6 1 2
2, 2 _
V¢_r26 ( 6r>+r2sin666<] 969>+r23m96 ‘

(A1.9)

(A1.10)

(AL11)

(A1.12)
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Z

P =(x,y,2)
=(rsin cosX, rsin sinX, rcos )

x

Fig. A1.2. Spherical polar coordinates.

Al.4 Some Vector Calculus Identities and Useful Results for Smooth
Vector Fields

V2 =V-(Vh), Vx(Vp)=0, V-(Vxu)=0, (A1.13)
(u-Viu=V <%|u|2) —ux(V xu), (A1.14)
Vu=V(V-u)—V x(Vxu). (A1.15)

The divergence theorem states that if a region V' is bounded by a simple,
closed surface, S, with unit outward normal n, then, for a smooth vector

field u,
/u-ndS=/V-udV. (Al.16)
S y
A useful variant of this is
/qbn ds =/qu dv, (A1.17)
S 14

for any smooth scalar field, ¢.
Stokes’ theorem states that if C is a simple, closed curve spanned by a
surface S with unit normal n, then

/F-drz/(VxF)-ndS. (A1.18)
C S
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This is most commonly used in two dimensions as Green’s theorem in
the plane. Taking F = (uy, u,,0), we have

(A1.19)

Table Al1.1. Useful Physical Constants at Atmospheric Temperature and

/ uydx + uydy = / (% — %> dx dy.
c ’ s \ 0x ay

A1.5 Physical constants

Pressure.

Normal atmospheric temperature

15°C~ 288 K

Normal atmospheric pressure

1 bar = 10° N m2

Gravitational acceleration (g) 9.81 ms™!
Density of air (p.ir) 1.2 kg m™3
Density of water (pwater) 10° kg m™3

Viscosity of air (i)

1.78 x 107> kg m~' s~!

Viscosity of water (tyater)

1.14 x 103 kg m™' 57!

Surface tension of water (o yager)

0.07 N m™!

Ratio of specific heats of air (y) 1.4

Universal gas constant (R) 8.3 J mol~! K™!
Density of mild steel 7000 kg m~3
Young’s modulus of mild steel (E) 2 x 10" Nm™!
Poisson’s ratio of mild steel (v) 0.26

Lameé constants of mild steel

J~86x10°Nm!,
U179 x10° N m?

Electrical permittivity of a vacuum (e) 8.854 x 10712 F~!
Magnetic permeability of a vacuum (uo)  4n x 1077 H™!
Speed of light in a vacuum (co) 30x 108 ms™!

Typical solution phase reaction rate (i)

107 mol m—3 s~!

Typical diffusivity of ions in solution (D)

1072 m? 7!
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Index

absolute temperature, 38, 239

acoustic energy flux, 63

acoustic intensity, 44

acoustic intensity vector, 62

acoustic source, 44, 59, 64

acoustic velocity potential, 39

acoustically compact, 61, 69, 73, 393

added damping, 91

added mass, 91

adiabatic flow, 39

admittance, 46, 70

advection-diffusion equation, 324, 358

air, 38, 174, 198, 240, 256, 305, 378

air entrainment, 305

aircraft, 378

AKNS method, 436

Ampere’s law, 179, 217

amplitude, 9, 60, 77

amplitude-dependence, nonlinear, 424

analytic continuation, 388

angle of incidence, 50

angle of reflection, 51

angular frequency, 9, 21, 199

antenna, 33, 208, 213, 218

anvil, 42

aperture, 3, 70, 391, 394, 401, 404

associated Legendre equation, 409

asymptotic balance, 147

asymptotic expansion, 281, 288, 308, 322,
323, 329, 351, 371, 427

asymptotic method, 2, 152, 285

asymptotic solution, 307, 357, 370, 377, 446

atmospheric pressure, 76
attenuation, 425

autocatalysis, 311, 316, 326, 350, 351
Avogadro’s number, 239, 310
axisymmetric solution, 54

axon, 335, 340
axoplasmic material, 335

barrier, 378, 379, 403

basis function, 23

beach, 87, 97, 114, 121

bed, 124, 269, 289

bed condition, 77, 87, 99

bed topography, 74, 97

Belousov—Zhabotinskii (BZ) reaction, 308

bending deformation, 145

Bendixson’s negative criterion, Dulac’s
extension to, 343, 352

Benjamin-Feir instability, 285, 297, 431

Bernoulli condition, 284, 301

Bernoulli condition, linearised, 91

Bernoulli constant, 281

Bernoulli’s equation, 76, 289

Bernoulli’s equation, linearised, 95

Bessel function, 55, 166, 400

Bessel function, modified, 160, 204

Bessel’s equation, 55, 115, 151

Biot-Savart law, 176, 217

Boltzmann’s constant, 239

bore, 269, 270, 275

bore, Severn, 275

bore, undular, 280

boundary condition, 20, 23, 45, 48, 50, 55,
60, 64, 66, 93, 132, 135, 189, 201, 221

boundary condition, dynamic, 98

boundary condition, impedance, 403

boundary condition, kinematic, 98

boundary layer, viscous, 383

boundary value problem, 77, 88, 152, 217,
379, 411

boundary value problem, nonlinear, 298

brain, 334

breakers, 305
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breaking waves, 115
Brewster’s angle, 198
Burgers’ equation, 3, 355 357

Cagniard—de Hoop technique, 166

canal, 297

capacitance, 340

capillary length, 94

capillary surface, 94

capillary wave spectroscopy, 306

car, 130

car density, 222

car flowrate, 223, 358

car velocity, 222

Cartesian coordinates, 451

Cauchy-Riemann equations, 300

causality, 425

central nervous system (c.n.s), 334

centrosymmetric crystal, 425

chaos, 308, 313, 350

Chapman-Jouguet point, 257

characteristic curve, 2, 219, 221, 226, 245,
270, 358, 371

characteristics, intersection of, 232, 247

characteristics, neighbouring, 232, 247

characteristic coordinates, 366

characteristic curves, 367

charge, 173, 395

charge density, 176, 209

charge, surface, 188

chemical concentration, 310

chemical reaction, 220, 256, 258, 308, 349

chemical species, 2

cladding, 202

clarinet, 49

clock reaction, 312

coating, 33

coeflicients of normalisation, 412

Cole-Hopf transformation, 355, 358, 375

combined free surface condition, 86, 87, 99,

106
combustion, 310
compact disc, 378
compact source, 65
complex potential, 300
complex variable theory, 220, 269
complex velocity, 300
compressible gas, 219
computer algebra, 416, 421, 442
conduction, saltatory, 340
conductivity, 188
conductor, 186
conductor, perfect, 188, 191, 378
conformal mapping, 285
connection coefficients, 406
connection problem, 406
conservation equation, 223

Index

conservation law, integral, 277

conservation laws, systems of, 238

conservation of cars, 223, 237, 248, 314

conservation of charge, 177, 340

conservation of chemical, 314

conservation of current, 314

conservation of energy, 243, 249, 261

conservation of horizontal momentum, 110

conservation of mass, 37, 42, 43, 74, 110,
244, 248, 261, 276, 314, 315

conservation of momentum, 37, 42, 49, 74,
243, 249, 261, 277

conservation of total mass, 310

conservation of vertical momentum, 109

conserved quantity, 12

continuity of normal velocity, 87

continuum approximation, 222

convective acceleration, 40, 75

convective derivative, 43

convolution theorem, 160

core, 202

Crapper, G.D., 299

critical angle, 196

current, 337

current density, 179, 209, 340

current loop, 179

current, localised distribution, 212

current, surface, 188

current, time-varying, 208

curvature, 299

cut-off frequency, 50, 53, 57, 151

cylindrical polar coordinates, 54, 201, 451

d’Alembert’s solution, 26, 34, 368

dam break problem, 270

damper, 92

decibel, 44

deep water, 79, 90, 97, 99, 104, 124, 125,
220, 269, 399

degrees of freedom, 239

dendritic cell body, 335

density discontinuity, 29

detonation, 256

detonation adiabatic, 257

detonation, over-driven, 261, 268

dielectric constant, 187, 199

differential-difference equation, 405

diffraction, 3, 17, 70, 100, 355, 378, 401

diffraction pattern, 378, 397, 404

diffraction pattern, optical, 394

diffraction, Fraunhofer, 393

diffraction, Fresnel, 393

diffraction, geometrical theory of, 398

diffraction, scalar, 379, 391, 397

diffraction, Sommerfeld, 379

diffraction, vector, 379, 394

diffusion, 220, 308, 314, 355



Index

diffusion coefficient, 314, 316

diffusion equation, 349, 367, 376

diffusion equation, linear, 314

diffusion equation, nonlinear, 314

dilatation, 131

dimensional analysis, 143

dipole moment, 210

dipole, harmonic electric, 218

directivity, 57, 398

directivity function, 69, 73

discontinuity, 221, 234

discrete spectrum, 407, 438

dispersion, 10, 77, 99, 111, 189, 205, 220,
269, 285, 307, 424, 430

dispersion relation, 10, 15, 77, 79, 84, 88,
93, 96, 99, 100, 111, 121, 146, 148, 156,
286, 295, 304

dispersion, anomalous, 434

dispersion, material, 207, 431

dispersion, normal, 433

dispersion, waveguide, 207, 431

dispersive system, 10, 15

displacement current, 179, 180

displacement vector, 130

dissipation, 362, 367

distributed circuit theory, 308

divergence theorem, 43, 177, 185, 190, 316,
453

drift, 284

duck, 99

dynamic boundary condition, 76, 95, 106

dynamic free surface condition, 80, 86

dynamo, 180

ear, 42, 44

earthquake, 1, 74, 115, 130, 139, 156
edge, 378, 390, 401
eigenfrequency, 53, 72, 217
eigensolution, 22, 204

eigenvalue, 406

eigenvalue, bound state, 407
eikonal equation, 153

elastic body, finite, 143

elastic body, infinite, 132, 157
elastic body, semi-infinite, 135, 161
elastic body, unbounded, 172
elastic half-space, 169

elastic solid, 130, 219

elasticity, 2

electric circuit theory, 340

electric current, 174

electric current density, 177
electric dipole, 210

electric dipole moment, 187
electric dipole, time-harmonic, 210
electrical permittivity, 174
electromagnetic induction, 180
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electromotive force, 181

electron, 173, 187, 216, 425

electrostatics, 177

elliptic function, 294, 296

energy, 11, 15, 16, 19, 23, 27, 29, 31, 33, 53,
56, 57, 62, 81, 100, 109, 124, 148, 197,
206, 276, 278, 281

energy density, 12, 186

energy extraction, 91

energy flux, 44, 46, 73, 186, 211, 214, 243,
252

energy loss, 252

energy transmission, 44

energy, acoustic, 42

energy, acoustic potential, 43

energy, compressive potential, 44, 81

energy, dissipation of, 280

energy, elastic potential, 12

energy, electrical, 91

energy, equipartition of, 25, 27, 45, 125, 186

energy, hydrodynamic, 91

energy, hydrostatic potential, 278

energy, incident, 93

energy, internal, 239, 243, 249

energy, kinetic, 12, 19, 25, 44, 71, 83, 243,
278

energy, mechanical, 241

energy, potential, 12, 20, 25, 71

energy, thermal, 241

energy, wave, 126

energy flux, 279

enthalpy, 241

entropy, 241, 244, 246, 248, 252, 262, 280,
363, 365

envelope, 9, 13, 21, 424, 449

envelope function, 426

enzyme reaction, 329

equal areas rule, 236, 248, 266, 361

evanescent mode, 151

expansion fan, 230, 369, 371, 374

explosion, 252

far field, 60-62, 65, 73, 210, 212, 213, 380,
393, 397

Faraday resonance, 128

Faraday’s law, 180

feedback, 337

Fick’s law of diffusion, 314

field, axial component, 201, 203, 217

field, dipole, 208

field, electric, 173, 183

field, electromagnetic, 177, 185

field, magnetic, 173, 183

field, transverse components, 201, 203, 217

Fisher’s equation, 323

Fitzhugh-Nagumo equations, 308, 334,
342, 352
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flexural deformation, 145

flow, irrotational, 281

flow, one-dimensional, 244

flow, subsonic, 251

flow, supersonic, 251

fluid mechanics, 131, 222, 314, 405

fluid particle, 76, 81

force, electric, 173

force, electromagnetic, 185

force, gravitational, 36

force, hydrodynamic, 91, 93, 401

force, intermolecular, 94

force, internal line, 157

force, localised, 156

force, magnetic, 173

force, point, 161

force, restoring, 74

force, viscous, 36, 364

Ford Fiesta, 85

fossil fuel, 91

Fourier component, 48, 107, 109

Fourier integral, 171

Fourier integral transform, 66, 105

Fourier integral transform,
two-dimensional, 65

Fourier series, 2, 23, 34

Fourier superposition, 135

Fraunhofer approximation, 397

free boundary problem, 299

free boundary problem, nonlinear, 281

free energy, 241

free surface, 74, 76, 299, 378
frequency, 9

Froude number, 278
fundamental mode, 48, 205
fundamental torsional mode, 151

gain, 213

galaxy, 226

gamma ray, 1, 177, 183

gas constant, 38, 240

gas dynamics, 239, 270, 357
gas dynamics, nonlinear, 3

gas dynamics, weakly nonlinear, 3, 355

gas law, 363

gas phase reaction, 310
gas, combustible, 256, 260
gas, compressible, 36

gas, diatomic, 240

gas, ideal, 38, 244

gas, inviscid, 36

Gauss’s law, 177, 217
Gaussian solution, 315

Gelfand-Levitan-Marchenko (GLM)

equation, 413, 449
giant squid, 335, 338, 342
glands, 334

Index

glass, 198

Goursat problem, 411
grating, 378

gravity, 40, 74

Green’s function, 392
Green’s theorem, 454
group of transforms, 374

group velocity, 11, 13, 15, 16, 53, 56, 84, 97,
100, 109, 117, 148, 186, 206, 430, 447

group velocity vector, 121
guitar, 21, 148

hammer, 42

Hankel function, 400
Hankel inversion theorem, 165
harbour, 111, 112
harmonic, 22, 48
harmonic solution, 11
heart, 349

heat, 241, 244, 314

heat conduction, 245, 362
heat source, 257
Heaviside function, 28

Helmbholtz equation, 379, 391, 396, 400

Helmbholtz equation, modified, 98
Helmholtz number, 69
Helmbholtz representation, 144, 155
high frequency, 152

Hirota’s method, 416

hodograph transformation, 300
homentropic flow, 244
homoclinic orbit, 345, 347
hormonal system, 334

horn, 36

horn, exponential, 49

Huyghen’s principle, 100
hydrodynamic loading, 91
hydrogen, 256, 310

hydrostatic pressure, 91

hyperbolic partial differential equation, 411

hyperbolic system, 3
hypergeometric function, 409

ideal elastic body, 130
ideal gas, 219, 246, 250, 362
ideal gas law, 243

ill-posed problem, 232
image, 64, 392

impedance, 31, 46
impedance matching, 31
incompressible fluid, 59, 74
induction period, 313
inertia, 74, 364

infra-red radiation, 183

initial conditions, 13, 22, 27, 28, 77, 221,

363, 377



Index

initial value problem, 22, 26, 104, 157, 161,
317, 322, 370

initial value problem, nonlinear, 226

insulator, 186, 194, 202

insulator, imperfect, 340

insulator, perfect, 187, 191, 378

integrable equation, 405, 449

integral equation, 285, 392

integral equation, linear, 410

integral transform, 219, 417

integral transform, cosine, 159

integral transform, Fourier, 2, 13, 157, 314,
325, 359, 383, 404, 411, 428, 439

integral transform, half-range Fourier, 387

integral transform, Hankel, 163

integral transform, Laplace, 157, 163

integral transform, two-dimensional
Fourier, 393

integro-differential equation, 405

intensity, 394, 398

interneuron, 335

invariant form, 132

inverse scattering problem, 410, 439

inverse scattering transform, 3, 355, 405,
435

inviscid fluid, 74

ionic solution, 187

ionised gas, 187

ions, 337

irrotational flow, 39, 75

isentropic flow, 244, 368

isothermal flow, 38

Kelvin wedge, 101, 104

Kelvin, Lord, 99

Kelvin—Helmholtz instability, 129

Kerr effect, 207, 425

kidney, 349

kinematic boundary condition, 77, 80, 95,
106, 285, 289, 300

kinetic theory, 239

Kirchhoff approximation, 392, 397

Kirchhoff’s first law, 340

Kirchhoff’s laws, 308

Klein-Gordon equation, linearised, 11

Korteweg—de Vries (KdV) equation, 3, 220,
285, 307, 355, 405, 406

Korteweg—de Vries equation, linearised, 10,
15

Korteweg—de Vries equation, linearised,
fifth order, 15

Lamé constants, 131

Laplace’s equation, 75, 78, 85, 87, 95, 98,
105, 193, 302, 383

Laplace’s method, 359

Laplace, Pierre, 39
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large time solution, 369

laser, 187, 199, 207, 379, 425
light, 1, 33, 177, 182, 187, 189, 208, 394, 424
limit cycle, 308, 352

line stress, 171

linear dissipation, 355

linear system, 219

linearised Bernoulli condition, 77
linearised kinematic condition, 77
Liouville’s theorem, 388

local sound speed, 245

Lorentz force law, 176, 185
Lorentz gauge, 209

loudness, 44

loudspeaker, 64

low frequency, 148

Mach number, 41, 251

magnet, 180

magnetic dipole, 175, 179

magnetic dipole moment, 187

magnetic effects, 240

magnetic monopole, 174, 179

magnetic permeability, 176, 187

magnetisation, 187

magnetostatics, 179

mass action, law of, 310

mass flux, 59, 61, 63, 65, 249, 258

mass transport, 81, 284

material nonlinearity, 430

Maxwell’s equations, 173, 179-181, 424

Maxwell’s equations, source-free, 182, 396

mean elevation, 115

medical imaging, 33

metal, 187

methane, 256

method of stationary phase, 99, 107, 389,
423

microwave, 57, 177

microwaves, 183, 189, 199, 208

mixing, 305

mode, 22, 52

mode, fundamental, 21

mode, transverse electric (TE), 201

mode, transverse electromagnetic (TEM),
201, 202

mode, transverse magnetic (TM), 201

modulation, 9, 11

molar mass, 310

mole, 310

molecular diffusivity, 244

molecular mass, 38

momentum flux, 249

multiple scales, method of, 366, 428, 449

musical instrument, 1, 17, 48, 70

musical scale, 22, 72

myelin sheath, 335
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nanotechnology, 398

Navier’s equation, 132, 136, 149, 168

Navier-Stokes equations, 123

near field, 60, 62, 213, 218, 383

nerve, 308, 335

nerve impulse, 220, 334

nervous system, 1, 308, 335

neuron, 335

neuron, motor, 335

neuron, myelinated, 335

neuron, sensory, 335

neuron, unmyelinated, 335

neurotransmitters, 335

neutron, 173

Newton, Isaac, 39

non-compact source, 64

non-dispersive system, 77

nonlinear Schrodinger (NLS) equation, 3,
207, 355, 405, 424

nonlinear steepening, 220

normal stress boundary condition, 136

normalisation constant, 412, 449

normally loaded surface, 135

nuclear bunker, 256

nuclear fission, 91

numerical error, 323

numerical integration, 389

numerical method, 285, 354, 373, 403

numerical solution, 229, 317, 322, 334

oboe, 49

obstacle, 3

Ohm’s law, 188, 308, 340

optical fibre, 3, 199, 425, 430, 435, 448
optical fibre, single mode, 205

optical fibre, weakly-guiding, 202
optical fibre, weakly-nonlinear, 355
optics, 153

optics, linear, 424

orthogonality, 23, 25

Padé approximant, 285

paddle, 87

partial differential equation, 2, 7

partial differential equation, nonlinear, 153,
355

particle path, 81, 86, 125, 284, 307

particle physics, 405

periodic solution, 114

permanent magnet, 174

permittivity, 187

phase, 60

phase change, 420, 447

phase function, 118

phase plane, 2, 319, 323, 328, 331

phase space, 328, 345

phase speed, 53, 96

Index

phase velocity, 9, 15, 57, 78, 100, 109, 117,
148, 186, 281

phased array optics, 399

piezoelectric crystal, 143

piston, 45, 65, 68, 87, 92, 109, 125, 246, 267,
268, 393

plane of polarisation, 184, 398

plane strain, 144, 157

plate, 143, 144

plate bending equation, linearised, 16

Poincaré-Bendixson theorem, 320, 329

point charge, 177

Poisson’s ratio, 131, 148

polar liquid, 187

polarisation, 187, 197, 379, 394, 425

pollution, 91

potential function, 75

potential, reflectionless, 409, 413, 418, 441,
449

potential, resting, 335

potential, scalar, 208

potential, scattering, 406, 449

potential, vector, 208, 396

power output, 211, 213

Poynting vector, 186, 211, 213

Prandtl number, 364

principle of superposition, 174, 176, 298

prism, 199

proton, 173

pulse, 3, 205, 448

pulse, electrochemical, 335

pulse, optical, 355

radar, 33, 378

radiation, 64

radiation condition, 45, 64, 66, 73, 77, 105,
136

radiation resistance, 212, 213, 218

radiation, electromagnetic, 208

radius of curvature, 94

rainbow, 199

Rankine-Hugoniot relations, 249, 256, 257,
265, 267, 278

rate of strain tensor, 131

ratio of specific heats, 243

ray, 120, 153, 398

ray, complex, 398

reaction rate, 310

reaction rate equations, 311

reaction-diffusion equations, 308, 316

reaction-diffusion system, 315, 350

recovery variable, 341

reflection, 17, 29, 36, 50, 112, 140, 161, 189,
191, 194, 252

reflection coefficient, 409

refraction, 74, 117, 189, 194

refractive index, 195, 199, 202, 206, 425



refractive index, nonlinear, 425
relative index difference, 203
resistance, 341

resonance, 115, 403

resonant frequency, 53

resonant interaction, 285

retarded potential, 59

retarded time, 209

Reynolds number, 364

Riccati’s equation, 154

Riemann invariants, 245, 270
Riemann invariants, linearised, 365
Riemann problem, 229, 231, 238, 369
ripplons, 306

river, 111, 275

rod, 131, 143, 148, 163, 171, 199
rotation tensor, 130

rotation vector, 130

Russell, John Scott, 297

scalar potential, 144

scattered component, 378

scattering, 3, 17, 355, 378, 399

scattering data, 406, 449

scattering problem, 406, 436

scattering problem, matrix, 436

scattering, quantum mechanical, 407

Schrodinger equation, 15

sea, 74, 112, 114, 117, 121, 403

sea bed, 114, 121

secular term, 283, 367, 428

secularity condition, 154

self-similarity, 231

separable solution, 20, 22, 33, 48, 54, 71,
152

separation of variables, 2, 88, 125, 219

series solution, 355

Severn bore, 1

shadow, 380, 390, 401

shallow water, 3, 10, 79, 90, 109, 123, 129,
306

shallow water bore, 252

shallow water equations, 111

shallow water equations, nonlinear, 269

ship, 74, 128

shock adiabatic, 257

shock fitting, 236, 266, 357, 361, 367

shock reflection, 252

shock speed, 236, 270, 369

shock strength, 252

shock tube, 252

shock, strong, 256

shock, weak, 252

sideband disturbances, 285

similarity reduction, 374

similarity solution, 262, 265

sine-Gordon equation, 405, 449

Index 461

sky, 378

Skyrmion, 405

slit, 398

slow timescale, 366, 430

small time solution, 373
small-amplitude approximation, 80
small-amplitude disturbance, 36, 219, 224
small-amplitude vibration, 19

Snell’s law, 122, 142, 195

solid mechanics, 405

soliton, 3, 220, 287, 298, 356, 405, 424
soliton, bright, 433

soliton, dark, 435

soliton, optical envelope, 207

soliton, topological, 435

solution phase reaction, 310

sound speed, local, 239, 248, 250, 260, 363
source, 99

source, acoustic, 36, 57, 208, 209, 392
source, localised electromagnetic, 208
source, nonlinear, 308

source, one-dimensional, 61
space-clamp, 342, 352

special relativity, 177

specific heat, 241, 259

specific heat at constant pressure, 242
specific heat at constant volume, 242
specific heats, ratio of, 39

speed of light, 182, 195

speed of sound, 38, 41, 243

spherical loudspeaker, 60

spherical polar coordinates, 261, 452
spherically- symmetric solution, 60
spring, 92

stability, 285, 308, 323, 351

standing wave, 27

star, 226

stationary phase, method of, 7, 14, 68
stationary phase, points of, 14
statistical mechanics, 310

steel, 20, 131, 133, 148

step, 112

stethoscope, 53

stirrup, 42

stoichiometric coefficients, 310
Stokes’ expansion, 220, 280

Stokes’ theorem, 181, 190, 453
Stokes, Sir George, 281, 299

storm, 114, 126, 281

strain tensor, 130

stream function, 299

streamline, 244

strength, 59

stress tensor, 150

stress—strain relationship, 130, 156
stress-free boundary, 169

stress-free boundary condition, 161
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stress-free conditions, 156
stress-free surface, 137, 144
stretched string, 2

string, 7, 11, 17, 40, 77, 114, 133, 214
submarine, 33

sunglasses, 198

sunlight, 378

superfluid helium, 305
superposition, 7, 64

surface charge density, 190

surface current, 396

surface current density, 190
surface tension, 74, 76, 94, 125, 307
symmetric stress tensor, 131
synaptic gap, 335

tank, 86, 92, 109, 125

Taylor series, 38

tectonic plate, 157

tension, 17, 30

theorem of equipartition of energy, 239

thermal diffusivity, 363

thermodynamics, 239

thermodynamics, first law of, 240

thermodynamics, second law of, 241

threshold, 337, 342

threshold effects, 308

tidal effects, 111

tide, 114, 275

tides, 111

time-harmonic source, 59

top hat function, 28

torsional rigidity, 151

total internal reflection, 197, 202

traffic, 219, 245, 248, 266, 314, 355, 357

traffic light, 230, 236

train, 130

transmission, 17, 29, 189, 334

transmission lines, 33

transport equation, 153

trapping region, 328, 329

tsunami, 1, 115

tube, 36, 45, 50, 53, 63, 111, 114, 214, 267,
316, 349

turbulence, 357

two-dimensional acoustic source, 61

ultrasound, 33
unloaded surface, 135

vacuum, 174

vector calculus, 2

vector potential, 144

violin, 20, 21, 23, 57

viscosity, 40, 74, 123, 245, 305, 362
viscous dissipation, 235, 365
viscous effects, 240

Index

volume flux, 46, 61
vorticity, 281
vorticity vector, 131

wall, 50, 64, 252, 378, 379, 391, 394

wave amplification, 114

wave crest, 9, 99, 109, 117

wave energy, 87

wave equation, forced, 209, 396

wave equation, linear, 2

wave equation, modified, 41, 49, 111, 114

wave equation, nonlinear, 111

wave equation, one-dimensional, 7, 17, 19,
40, 48, 58, 111, 133, 135

wave equation, three-dimensional, 36, 38,
40, 54, 57, 60, 132, 379, 391

wave equation, three-dimensional vector,
133

wave equation, two-dimensional, 66, 73,
379

wave equation, vector, 182, 199

wave excitation, 156

wave generation, 36, 74

wave height, 281

wave interaction, 2, 3

wave interaction, linear, 420

wave interaction, nonlinear, 420

wave interfacial, 285

wave mode, 56, 199

wave mode, axisymmetric, 199

wave pattern, 99

wave power, 74, 92

wave speed, 8, 19, 20, 27, 38, 40, 79

wave speed, local, 270

wave steepening, 269, 285, 309, 317, 357,
359, 364

wave train, 87

wave trough, 9

wave vector, 3

wave, acoustic, 36, 81, 199, 379, 391

wave, attenuated, 137, 168, 172

wave, capillary, 96, 109, 124, 125

wave, capillary—gravity, 94, 285

wave, chemical, 2, 220, 257, 308

wave, circularly polarised, 184

wave, cnoidal, 220, 290, 294, 422, 432, 449

wave, cylindrical, 62, 68

wave, deep water gravity, 100

wave, deflagration, 257

wave, detonation, 256, 308

wave, diffracted, 379

wave, dilatational, 132, 139, 169

wave, dispersive, 11, 96, 109, 143, 286, 426,
448

wave, dynamic, 223

wave, edge, 97

wave, elastic, 2, 130, 378



Index

wave, electrochemical, 1, 220, 308

wave, electromagnetic, 1, 57, 173, 378, 394,
424

wave, elliptically polarised, 184, 212

wave, evanescent, 50, 53

wave, expansion, 230, 265

wave, flexural, 144, 148

wave, gravity, 124, 125, 286

wave, guided, 36

wave, harmonic, 9, 15, 31, 62, 70, 77, 79,
143, 379

wave, head, 161

wave, incident, 30, 34, 46, 50, 92, 112, 114,
117, 141, 191, 194, 197, 378, 399, 407

wave, incoming, 401

wave, internal, 15

wave, kinematic, 223, 273

wave, linear, 2, 17

wave, linear deep water, 79

wave, linear elastic, 2

wave, linear gravity, 78

wave, linear shallow water, 79

wave, linear water, 2, 74

wave, long, 10, 146, 156

wave, longitudinal, 40, 133, 148, 155, 171

wave, Love, 170

wave, minimum speed travelling, 334

wave, non-dispersive, 17, 139

wave, nonlinear, 2

wave, nonlinear capillary, 220, 269, 298

wave, nonlinear gravity, 280

wave, nonlinear periodic, 290

wave, nonlinear water, 3, 269

wave, periodic, 9, 20, 307

wave, plane, 15, 40, 45, 50, 56, 61, 70, 117,
134, 140, 378, 379, 424

wave, plane acoustic, 111

wave, plane electromagnetic, 182

wave, plane polarised, 184, 191, 211

wave, plane sound, 114

wave, primary, 132, 139

wave, progressive, 8, 17, 74, 78, 86, 96, 125

wave, progressive gravity, 81, 117, 220, 269,
285, 399

wave, radio, 1, 177, 183, 208

wave, rarefaction, 230

wave, Rayleigh, 139, 161, 167, 171

wave, reflected, 29, 31, 34, 46, 51, 70, 92,
112, 140, 169, 192, 194, 378, 380, 407

wave, rotational, 133, 134, 139, 169

wave, scalar, 3

wave, scattered, 401

wave, secondary, 133, 139

wave, shallow water, 109, 124, 220, 248, 285

wave, shear, 134

wave, ship, 99

463

wave, shock, 1, 219, 221, 234, 269, 358, 367,
369, 371

wave, short, 146

wave, simple, 273, 366, 368

wave, slowly-varying, 118

wave, small-amplitude, 7, 114, 124, 130, 399

wave, solitary, 220, 290, 297, 356, 431

wave, sound, 1, 36, 77, 133, 143, 239, 246,
362, 366, 368, 378

wave, spherical detonation, 261

wave, spherically-symmetric, 58

wave, standing, 1, 9, 17, 20, 21, 31, 48, 53,
71, 74, 90, 92, 96, 125

wave, standing gravity, 85

wave, Stoneley, 171

wave, strong detonation, 268

wave, tidal, 112

wave, torsional, 148, 150, 171

wave, traffic, 1, 221

wave, transmitted, 29, 31, 34, 46, 70, 112,
194, 407

wave, transverse, 27, 40, 133, 134

wave, travelling, 8, 27, 28, 40, 78, 90, 290,
310, 317, 327, 330, 340, 343, 346, 351,
353, 369, 431

wave, two-dimensional, 135

wave, water, 1, 74, 355, 379, 399, 404

wave, weak shock, 357, 362

wave, weakly nonlinear, 220, 284, 294

wave-like solution, 7

wavecrest, 53, 57

wavefront, dilatational, 167

wavefront, elastic, 156

wavefront, rotational, 167

waveguide, 77, 143

waveguide parameter, 203

waveguide parameter, critical, 205

waveguide, acoustic, 50, 71, 201

waveguide, circular, 53

waveguide, elastic, 151

waveguide, electromagnetic, 199, 217

waveguide, insulating, 199

waveguide, metal, 199, 217

waveguide, planar, 51

wavelength, 9, 15, 49, 64, 77, 79

wavemaker, 86, 93, 125

wavemaker condition, 88

wavemode, 25, 52

wavenumber, 9, 15, 53, 79

wavenumber vector, 40, 50

wavepacket, 3, 109, 424, 430

wavepacket form, 13, 107, 426

wavepacket solution, 449

wavepacket, nonlinear water, 431

wavespeed, kinematic, 224

weak shock theory, 252

Wiener—Hopf problem, 403



464 Index

Wiener-Hopf technique, 355, 387, 404 woodwind instrument, 72
Wigner lattice, 305 work, 20, 43, 44, 83, 91, 241
wind, 74, 281 X-ray, 1, 177, 183

wire, 174, 180, 213, 217, 342 ray, 1, 177,
WKB (WKJB) expansion, 152, 381, 398 X-ray diffraction, 378
WKBJ method, 171 Young’s modulus, 131



