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Where are we? MFEE/MSN and MFEE/MSN-BD

Teaching Unit: Numerical Methods for Scientific Computing

Three courses in this Teaching Unit (5 ECTS):

Numerical methods: simulation of incompressible flows (35%)

Numerical methods: simulation of compressible flows (35%)

Data Assimilation (30%)
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What are the learning outcomes?

At the end of the lecture, students should be able to:

Describe the basic formalism of data assimilation

Explain the specification of a cost fonction on several examples

Choose several methods to minimize the cost fonction

G
Background Analysis

Control states Observations

Observation operator Measurements
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<latexit sha1_base64="mNoxA25/K/xjS2pwwlxf3Utd1yA="></latexit>
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<latexit sha1_base64="OSQTr5KZlK1Z/RWoKGU+KH2pjW0="></latexit>

At the end of the numerical projects, student should be able to:

Write computer programs for several methods with several examples

Compare and comment the performances of several methods

Achieve convincing forecast for chaotic dynamical systems
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Course notes
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What is the program of the course?

CM 1 g Course presentationg1 From weather forecast to engineer appliccation
Homework A: Exo 1.1 “What time is it?”g2 Generic cost function (1/2)
Homework B: Exo 2.1 “How will the bore propa-
gate?”

TDM 1 Improvement of Homeworks A and B

CM2 & 3 g2 Generic cost function (2/2)g3 Time dependent modelsg4 Application projects
Homework C: Exo 3.3 and Section 4.1 “Methods
for the Lorenz model”

TDM 2& 3 g4 Improvements of Homework C

Exam g Presentation of the projects by the groups
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How will the course be evaluated?

Three Jupyter notebooks to put on Moodle before deadlines

1 Introduction, results and conclusion

2 Text, equations and figures, including animated gif

3 Python code inside the notebook

Homework A : What time is it? (individual 20%)

Follow exercice 1.1 and go beyond

Homework B : How will the bore propagate? (individual 20%)

Follow exercice 2.1 and go beyond

Homework report C: Methods for the Lorenz model (trinomial 60%)

Follow exercice 3.3 and reproduce Section 4.1

Go beyond with innovations
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Homeworks A and B: Two simple exercices

http://pedagotech.inp-toulouse.fr/130202
Exos 1.1 and 2.1

1 What time is it?

2 How will the bore propagate?

Link to the ressource:

Available from web or Moodle
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Homeworks C: A big project

Exo 3.3 and Section 4.1
1 Mandatory : chains of BLUE, Kalman

filter, Incremental 4DVar

2 Exploratory : Kalman filter with error
model, Ensemble Kalman filter...

Link to the ressource:

Available from Moodle

X
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Pedagogical resources

Moodle N7

All documents on ASID Moodle course :
http://moodle-n7.inp-toulouse.fr/mod/data/view.php?id=759

Oneline courses

O. Thual, Introduction to Data Assimilation for Scientists and
Engineers, Open Learn. Res. Ed. INPT, 0202 (2013) 6h
https://www.olivier-thual.fr/130202

O. Pannekoucke, Introduction to data assimilation, Open Learn. Res.
Ed. INPT, 0831 (2013) 6h
http://pedagotech.inp-toulouse.fr/130831

Open Learn. Res. Ed. INPT, 0831 (2013) 6h S. Gratton and Ph.
Toint, Numerical methods for Data Assimilation, Open Learn. Res.
Ed. INPT, 0826 (2013) 6h
http://pedagotech.inp-toulouse.fr/130826
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Outline of the slides

1. From weather forecast to engineer applications

Data assimilation for meterology, oceanography, hydrology, aerodynamics...
Motivation of the formalism whith a simple model: “What time is it?”

2. Generic cost function

Incremental methods on a very simple example:“How will the bore
propagate?” Generalization to any dimensions and ensemble methods.

3. Time dependent models

Observation operator including a temporal model. Data assimilation
example through a simple model :“Will the water overflow?”

4. Application projects

Comparing four data assimilation methods on a chaotic dynamical system:
“Lorenz model”.
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Data assimilation for engineers
Chapter 1: From weather forecast to engineer applications
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How is weather forecasted?

Atmospheric model:

Fluid mechanics equations for winds, pressure, temperature and humidity.

TU: Num methods // Course: ASID Data assimilation for engineers O. Thual 24/11/2022 12 / 64



Data assimilation chain : a minimization problem

J( ) = 1
2k � k2

B + 1
2k � G( )k2

R
<latexit sha1_base64="/mf/kTiEMqS9DGB3g+o5VPVE/vo="></latexit>

Weather

Time

Measurements
Analysis
Forecast

Model

True state
Analysis Forecast

Obs

Looking for the present weather : the analysis

A state close to both the previous forecast and the field measurments
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Two century of data assimilation

XVIIIth: planet orbit computations by Gauss and least square method
by Legendre.

XXth: concept of maximum likelyhood by Fisher, Kalman filter for
the APOLLO program and objective analysis of meteorological fields.

End of XXth: 3D-Var data assimilation for weather forecast model.

3D-Var 4D-Var

Weather

Time

Model

True state
Time

Analysis trajectoryWeather

XXIth: gain of 20% forecast quality at Météo-France with 4D-Var

TU: Num methods // Course: ASID Data assimilation for engineers O. Thual 24/11/2022 14 / 64



The standard formalism of data assimilation

The analysis minimizes a cost function

J(x) =
1

2

(
x − xb

)T
B−1

(
x − xb

)
+

1

2

[
yo − G(x)

]T
R−1

[
yo − G(x)

]

G
Background Analysis

Control states Observations

Observation operator Measurements
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The metrics depends on the uncertainties

The N × N “background error covariance matrix” B
The M ×M “observation error covariance matrix” R
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Data assimilation for meteorology

G
Background Analysis

Control states Observations

Observation operator Measurements
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<latexit sha1_base64="HXZCvwbP2/0XAwKpp/EQ88X9g3o="></latexit>

x
<latexit sha1_base64="9hPLF820QdtzCYmSHl79+rjFmTM="></latexit>

y
<latexit sha1_base64="mNoxA25/K/xjS2pwwlxf3Utd1yA="></latexit>

xa
<latexit sha1_base64="uc9VUH/p4mNFSYcuh61wGdl/1lU="></latexit>

yo
<latexit sha1_base64="OSQTr5KZlK1Z/RWoKGU+KH2pjW0="></latexit>

Control Observation Observation
space operator space

3D fields:
temperature,
pressure, humidity,
winds
Order ten millions of
grid points

Evolution model of
the primitive equa-
tions of the atmo-
sphere

Satellite data:
surface
temperatures,
radiances, cloud
cover...
Order one million of
observations
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Data assimilation for oceanography

Control Observation Observation
space operator space

3D fields:
temperature,
pressure, salinity,
currents
2D fields: sea surface
level
Order ten millions of
grid points

Evolution model of
the primitive equa-
tions of the ocean

Satelitte data: sea
surface temperature,
altimetry
In-situ data:
temperature,
salinity...
Order thousands of
observations
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Data assimilation for hydrology

1020 m3 /s

observations

analyse

1025 m3 /s

810 m3 /s

Control Observation Observation
space operator space

1D fields: water
height, velocity,
temperature
Model parameters:
friction, soil water
content...
Order thousands of
grid points

Shallow water
(Saint-Venant)
equations

Satelitte data:
altimetry
In-situ data: water
height, piezometric
height
Order hundred
observations
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Data assimilation for nuclear cores
Neutronic flux Activity measurements

Control Observation Observation
space operator space

3D fields: neutronic flux,
temperature, chemical
concentration
Parameters: boundary
reflections, diffusion
coefficients
Order ten millions of
grid points

Equilibrium model
of the neutronic
flux interacting
with the heat
transport fluid

Neutronic
and thermo-
hydraulic
sensors
Thousand of
observations
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Data assimilation for aerodynamics

PIV

Control Observation Observation
space operator space

3D fields: velocity,
pressure
Model parameters:
wing friction
Order millions of grid
points

Compressible
Navier-Stokes
equations

Aerodynamic flume
measurements
PIV, pressure
Order hundred
observations
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Gaussian random variable

fT1(x) =
1√

2π σ1
exp

[
−(T − Tt)

2

2σ21

]
=⇒ 〈Φ(x)〉 =

∫ ∞

−∞
Φ(x) fT1(x) dx
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Mean: Tt = 〈T1〉 =

∫

IR
T fT1(T ) dT ∼ 1

R

R∑

r=1

T
(r)
1

Variance: σ21 =
〈
T

′2
1

〉
=

∫

IR
(T − Tt)

2 fT1(T ) dT
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Analysis with two uncorrelated variables
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New random variable Ta = (1− k)T1 + kT2 with < T ′1 T
′
2 >= 0

Best choice: Ta =
C1 T1 + C2 T2

C1 + C2
with C1 =

1

σ21
, C2 =

1

σ22

ka

�a

�

k

�1

�2
Ca =

1

σ2a

Ca = C1 + C2
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Analysis with correlated variables

Analysis when < T ′1 T
′
2 >= ρ σ1 σ2

The analysis Ta = (1− k)T o
1 + kT o

2 minimizes the cost function:

J(T ) =
1

2
(T o

1 − T , T o
2 − T )

(
σ21 ρ σ1 σ2

ρ σ1 σ2 σ22

)−1(
T o
1 − T

T o
2 − T

)
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(T a, T a)Tt

Tt

Tt

Tt

Tt

Tt
T1

T2

T1

T2

T1

T2

Link with the general formalism of data assimilation

x = (T ) ∈ IR , yo = (T o
1 ,T

o
2 )T ∈ IR2 and G(x) = (T ,T )T ∈ IR2.

There is no background and the 2× 2 matrix is R.
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Homework A: “What time is is?”, Exo 1.1

Hands-on from: https://www.olivier-thual.fr/130202
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1 Read program.

2 Launch program

3 Desactivate figures

4 Plot σa function of R

5 Count improvements

6 Compute scores

7 Go beyond
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Data assimilation for engineers
Chapter 2: Generic cost function

Olivier THUAL
Toulouse INP-ENSEEIHT/MFEE

Course:
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How will the bore propagate?
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A very simple geophysical model

UL
hL

x

xc(t)

W o
z

0

hb
R

Mass conservation:

hL(UL −W ) = hR(UR −W ) =⇒W =
−hL UL

hR − hL

Notations x ∈ IR , G : IR → IR , y ∈ IR :

x = hR , y = W , and y = G(x) =
−hL UL

x − hL
=
−q

x − hL
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Best estimate of the height x = hR

Too much information in: x = hR , G(x) = −q
x−hL

, y = W

We know approximatively x = xb with an incertainty error σb

We know approximatively y = yo with an incertainty error σr

What is the best estimate xa of x knowing that y = G(x)?

G
Background Analysis

Control states Observations

Observation operator Measurements

x
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The analysis xa minimizes the cost function:

J(x) =
(x − xb)2

2σ2b
+

[yo − G(x)]2

2σ2r
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Plotting the cost function J(x)

J(x) =
(x − xb)2

2σ2b
+

[yo − G(x)]2

2σ2r
= Jb(x) + Jr (x)

Jb
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J
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Jb(x) =
(x − xb)2

2σ2b

Jr (x) =
[yo − G(x)]2

2σ2r

with G(x) =
−q

x − hL
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Incremental cost function

The cost functin to minimize

J(x) =
(x − xb)2

2σ2r
+

[yo − G(x)]2

2σ2r
with G(x) =

−q
x − hL

Linearization of G around xb:

G(x) = G(xb + δx) ∼ G(xb) + G δx with δx = x − xb

One can compute G = G′(xb) = q/(xb − hL)2

The incremental cost function Jinc is an approximation of J :

Jinc(xb + δx) =
(δx)2

2σ2b
+

(d − G δx)2

2σ2r

where d = yo − G(xb) is the “innovation”
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Plotting the incremental cost function Jinc

Gradient of the function Jinc(xb + δx) = (δx)2

2σ2
b

+ (d−G δx)2

2σ2
r

:

J ′inc(xb + δx) =
δx

σ2b
+ G

G δx − d

σ2r
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J ′inc vanishes for: x̃a = xb + δ̃x
a

with δ̃x
a

= K d where:

Innovation: d = yo − G(xb)

Gain: K =

(
1

σ2b
+

G 2

σ2r

)−1
G

σ2r

or K = σ2b G
(
G 2 σ2b + σ2r

)−1
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Exo 2.1: Example of score for G(x) = −q/(x − hL)

Experimental values

q = 7, hL = 5, hR = x t = 17, xb = 18, σb = 1, σr = .03
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Homework B: “How will the bore propagate?”, Exo 2.1

Hands-on from: https://www.olivier-thual.fr/130202

Ht
R Hb

R
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Jrinc

Ha
R

<latexit sha1_base64="ZHhWDQDAkYL5Hyl6qnPn6234c9g="></latexit>

gHa
R

<latexit sha1_base64="Wyl/bweRHgiVaMMswjjTqrWN9Ks="></latexit>

G(x) =
−q

x − hL

G = G′(xb) =
q

(x − hL)2

1 Read program.

2 Launch program

3 Compute scores

4 Replace G
5 Count improvements

6 Go beyond
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Basic linear algebra

Vectors are 1× N or 1×M matrices

x =




x1
...
xj
...
xN




, y =




y1
...
yi
...
yM




, x





xT =
(
x1, ..., xj , ..., xN

)

yT =
(
y1, ..., yi , ..., yM

)

Example of a M × N matrix considered as a linear operator:

y = H x ⇐⇒




y1
...
yi
...
yM




=




H11 ... H1j ... H1N

... ... ... ... ...
Hi1 ... Hij ... HiN

... ... ... ... ...
HM1 ... HMj ... HMN







x1
...
xj
...
xN



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Gradient of a scalar function

grad I (x) =

(
∂I

∂x1
,
∂I

∂x2
, ...

∂I

∂xj
, ....

∂I

∂xN

)T

x

x1

x2

grad I(x)
<latexit sha1_base64="/MSWi2fZ+2eAxmaEXhrnbThhVPs="></latexit>

iso – I
<latexit sha1_base64="AdfVgLcHbU9TLFTEcC8/blwiCdg="></latexit>
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Examples of gradient computations

I(x) grad I(x)

uT x u

uT M x MT u

xT M x (M + MT ) x

xT HT S H x H (S + ST )HT x

TU: Num methods // Course: ASID Data assimilation for engineers O. Thual, 24/11/2022 36 / 64



Generic cost function for data assimilation

Searching the analysis xa that minimize the cost function

J(x) =
1

2

(
x − xb

)T
B−1

(
x − xb

)
+

1

2

[
yo − G(x)

]T
R−1

[
yo − G(x)

]

G
Background Analysis

Control states Observations

Observation operator Measurements

xb
<latexit sha1_base64="HXZCvwbP2/0XAwKpp/EQ88X9g3o="></latexit>

x
<latexit sha1_base64="9hPLF820QdtzCYmSHl79+rjFmTM="></latexit>

y
<latexit sha1_base64="mNoxA25/K/xjS2pwwlxf3Utd1yA="></latexit>

xa
<latexit sha1_base64="uc9VUH/p4mNFSYcuh61wGdl/1lU="></latexit>

yo
<latexit sha1_base64="OSQTr5KZlK1Z/RWoKGU+KH2pjW0="></latexit>

Control space x ∈ IRN and Observation space y ∈ IRM

Background xb known with errors εb

Measurement yo known with errors εo

Covariance background error matrix B with Bij =
〈
εbi ε

b
j

〉

Covariance observation error matrix R with Rij =
〈
εoi ε

o
j

〉
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Bayesian approach of data assimilation

Density probability function for xb and y o independantly

f b(x) = Kb e− Jb(x) with Jb(x) =
1

2

(
x − xb

)T
B−1

(
x − xb

)

f o(y) = K o e−Jr (x) with Jr (y) =
1

2

(
yo − y

)T
R−1

(
yo − y

)

G
Background Analysis

Control states Observations

Observation operator Measurements

xb
<latexit sha1_base64="HXZCvwbP2/0XAwKpp/EQ88X9g3o="></latexit>

x
<latexit sha1_base64="9hPLF820QdtzCYmSHl79+rjFmTM="></latexit>

y
<latexit sha1_base64="mNoxA25/K/xjS2pwwlxf3Utd1yA="></latexit>

xa
<latexit sha1_base64="uc9VUH/p4mNFSYcuh61wGdl/1lU="></latexit>

yo
<latexit sha1_base64="OSQTr5KZlK1Z/RWoKGU+KH2pjW0="></latexit>

Density probability function for x knowing y o

f b/o(x) = f b(x) f o [G(x)] = K o Kb e−J(x) with

J(x) = Jb(x) + Jr [G(x)] = Jb(x) +
1

2

[
yo − G(x)

]T
R−1

[
yo − G(x)

]
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Incremental cost function through a linearization of G

J(x) =
1

2

(
x − xb

)T
B−1

(
x − xb

)
+

1

2

[
yo − G(x)

]T
R−1

[
yo − G(x)

]

Linearization of G around the background xb :

G(xb + δx) ≈ G(xb) + G δx

Incremental cost function

Jinc(xb + δx) =
1

2
δxT B−1 δx +

1

2

(
d − G δx

)T
R−1

(
d − G δx

)

where d = yo − G(xb) is the innovation vector
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Minimum of the incremental cost function

Knowing the innovation vector d = y o − G(x ):

Jinc(xb + δx) =
1

2
δxT B−1 δx +

1

2

(
d − G δx

)T
R−1

(
d − G δx

)

Gradient of the incremental cost function

grad Jinc(xb + δx) = B−1 δx − GT R−1
[
d − G δx

]

The minimum x̃a is found through grad Jinc(xa) = 0:

x̃a = xb + K d

where the gain matrix is: K =
(
B−1 + GT R−1 G

)−1
GT R−1

and is also equal to (SMW identity): K = B GT
(
G B GT + R

)−1
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Sherman-Morrison-Woodbury identity

Two expressions of the gain matrix:

K = (GT R−1 G + B−1)−1 GT R−1 = B GT (G B GT + R)−1

If M < N: inverse the M ×M matrix (G B GT + R)

If N < M: inverse the N × N matrix (GT R−1 G + B−1)

GT R−1 (G B GT + R) = GT R−1 G B GT + GT = (GT R−1 G B + I )GT

= (GT R−1 G B + B−1 B)GT = (GT R−1 G + B−1)B GT

(
GT R−1 G + B−1

)
−1 GT R−1 = B GT (G B GT + R)−1
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Data assimilation for engineers
Chapter 3: Time dependent models

Olivier THUAL
Toulouse INP-ENSEEIHT/MFEE

Course:
Data Assimilation (ASID)

Teaching Unit:
Numerical Methods for Scientific Computing in Aerodynamics
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Will the water overflow?

Reservoir model

dH(t)

dt
= −αH(t) + P with H(0) = 0

0

0.2

0.4

0.6

0.8

1

1.2

1.4

0 1 2 3 4 5

H(t)

� t

H

P

Q

P/↵
<latexit sha1_base64="PMEhg6oRUbc+d9ot4dWJuI31zFo="></latexit>

Exact solution

H(t) = (P/α) [1− exp(−α t)]
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Assimilation of α

Measurements of yk = H(tk) to determine x = α

yo = (yo1 , ...y
o
k , ...y

o
K )T

G = (GT1 , ...GTk , ...GTK )T with Gk(α) = (P/α)[1− exp(−α tk)]

...

y G

...

Gk
<latexit sha1_base64="PaGT3AxLtH+LZjiuEwuEbuIyKJM="></latexit>

t1
<latexit sha1_base64="c3ATWAnRFESkhLFWKgpq7YB7j7M="></latexit>

tk
<latexit sha1_base64="a+gb3b7GzRgWJrNJtK8gvnOnCBQ="></latexit>

tK
<latexit sha1_base64="6zgzIaZwQ9PvpwPWDrbSO0LgzLQ="></latexit>

t
<latexit sha1_base64="tiUWIM5zRzXchm3ZOtDzc4/spok="></latexit>

Background

Analysis

Control

Observation operator

Measurements

y
<latexit sha1_base64="mNoxA25/K/xjS2pwwlxf3Utd1yA="></latexit>

yo
<latexit sha1_base64="OSQTr5KZlK1Z/RWoKGU+KH2pjW0="></latexit>

Observations

y = (y1, ...yk, ...yK)T
<latexit sha1_base64="pilhE4OAwdj8ptE40dUqfl0cnV8="></latexit>

x
<latexit sha1_base64="8wFfRXeBkYyYwLP3ioJGS52yMto="></latexit>

xa
<latexit sha1_base64="QtyZg/nkEpfavLpCejMzdUxGh1c="></latexit>

xb
<latexit sha1_base64="d0E2TYm9GGwQNk976HkDB2r96Ts="></latexit>

Cost function

J(α) =
1

2

(α− αb)2

σ2b
+

K∑

k=1

[
yok − Gk(α)2

]

2σ2r
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Incremental method for the assimilation of α

Red: analysis, Blue:true state, Black: background
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Assimilation of (α,P)

Measurements of yk = H(tk) to determine x = (α,P)

yo = (yo1 , ...y
o
k , ...y

o
K )T

G = (GT1 , ...GTk , ...GTK )T with Gk(α,P) = (P/α)[1− exp(−α tk)]

...

y G

...

Gk
<latexit sha1_base64="PaGT3AxLtH+LZjiuEwuEbuIyKJM="></latexit>

t1
<latexit sha1_base64="c3ATWAnRFESkhLFWKgpq7YB7j7M="></latexit>

tk
<latexit sha1_base64="a+gb3b7GzRgWJrNJtK8gvnOnCBQ="></latexit>

tK
<latexit sha1_base64="6zgzIaZwQ9PvpwPWDrbSO0LgzLQ="></latexit>

t
<latexit sha1_base64="tiUWIM5zRzXchm3ZOtDzc4/spok="></latexit>

Background

Analysis

Control

Observation operator

Measurements

y
<latexit sha1_base64="mNoxA25/K/xjS2pwwlxf3Utd1yA="></latexit>

yo
<latexit sha1_base64="OSQTr5KZlK1Z/RWoKGU+KH2pjW0="></latexit>

Observations

y = (y1, ...yk, ...yK)T
<latexit sha1_base64="pilhE4OAwdj8ptE40dUqfl0cnV8="></latexit>

x
<latexit sha1_base64="8wFfRXeBkYyYwLP3ioJGS52yMto="></latexit>

xa
<latexit sha1_base64="QtyZg/nkEpfavLpCejMzdUxGh1c="></latexit>

xb
<latexit sha1_base64="d0E2TYm9GGwQNk976HkDB2r96Ts="></latexit>

Cost function:

J(α,P) =
1

2
(α− αb,P − Pb) B−1

(
α− αb

P − Pb

)

+
K∑

k=1

[yok − Gk(α,P)]2

2σ2r

Covariance background
error matrix:

B =

(
σ2α ρ σα σP

ρ σα σP σ2P

)
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Incremental method for the assimilation of (α,P)

Red: analysis, Blue:true state, Black: background
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The 4D-Var data assimilation

x ∈ IRN with measurments y o ∈ IRM

y = (yT
1
, ...yT

k
, ...yT

K
)T with y

k
= Gk(x)

yo =
(
yoT
1
, ...yoT

k
, ...yoT

K

)T

Observation operator:

G =
(
GT1 , ...GTk , ...GTK

)T

...

y G

...

xb
<latexit sha1_base64="HXZCvwbP2/0XAwKpp/EQ88X9g3o="></latexit>

Observations

Measurementsyo
<latexit sha1_base64="OSQTr5KZlK1Z/RWoKGU+KH2pjW0="></latexit>

Analysis xa
<latexit sha1_base64="uc9VUH/p4mNFSYcuh61wGdl/1lU="></latexit>

Background

x
<latexit sha1_base64="9hPLF820QdtzCYmSHl79+rjFmTM="></latexit>

Gk
<latexit sha1_base64="PaGT3AxLtH+LZjiuEwuEbuIyKJM="></latexit>

y = (yT
1
, ...yT

k
, ...yT

K
)T

<latexit sha1_base64="x3OMChYboMs2/lBct9EIl5kzA38="></latexit>t1
<latexit sha1_base64="c3ATWAnRFESkhLFWKgpq7YB7j7M="></latexit>

tk
<latexit sha1_base64="a+gb3b7GzRgWJrNJtK8gvnOnCBQ="></latexit>

tK
<latexit sha1_base64="6zgzIaZwQ9PvpwPWDrbSO0LgzLQ="></latexit>

t
<latexit sha1_base64="tiUWIM5zRzXchm3ZOtDzc4/spok="></latexit>

J(x) =
1

2

(
x − xb

)T
B−1

(
x − xb

)

+
1

2

K∑

k=1

[
yo
k
− Gk(x)

]T
R−1
k

[
yo
k
− Gk(x)

]

Covariance observation
error matrix:

R = diag (R
1
, ...R

k
, ...R

K
)
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Nonlinear Cauchy problem

Dynamical system

dX

dt
= L(t,X ) with X (0) = x

...

G
xb

<latexit sha1_base64="HXZCvwbP2/0XAwKpp/EQ88X9g3o="></latexit>

Observations

Measurementsyo
<latexit sha1_base64="OSQTr5KZlK1Z/RWoKGU+KH2pjW0="></latexit>

Analysis xa
<latexit sha1_base64="uc9VUH/p4mNFSYcuh61wGdl/1lU="></latexit>

Background

x
<latexit sha1_base64="9hPLF820QdtzCYmSHl79+rjFmTM="></latexit>

y = (yT
1
, ...yT

k
, ...yT

K
)T

<latexit sha1_base64="x3OMChYboMs2/lBct9EIl5kzA38="></latexit>

t1
<latexit sha1_base64="c3ATWAnRFESkhLFWKgpq7YB7j7M="></latexit>

tk
<latexit sha1_base64="a+gb3b7GzRgWJrNJtK8gvnOnCBQ="></latexit>

tK
<latexit sha1_base64="6zgzIaZwQ9PvpwPWDrbSO0LgzLQ="></latexit>

t
<latexit sha1_base64="tiUWIM5zRzXchm3ZOtDzc4/spok="></latexit>

Mo!k
<latexit sha1_base64="8PpQqkKB488JCXpuNlPF1YyUXLo="></latexit>

Hk
<latexit sha1_base64="Jg/6bNgYEPLFd85HT9ivCVbfhUk="></latexit>

Control of the initial conditions x = X (0):

X (tk) =Ml→k [X (tl)] =⇒ X (tk) =M0→k(x).

y
k

= Hk M0→k(x) with Hk nonlinear or linear

G =
(
GT1 , ...GTk , ...GTK

)T
with Gk = Hk M0→k
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The generic 4D-Var cost function

...

G
xb

<latexit sha1_base64="HXZCvwbP2/0XAwKpp/EQ88X9g3o="></latexit>

Observations

Measurementsyo
<latexit sha1_base64="OSQTr5KZlK1Z/RWoKGU+KH2pjW0="></latexit>

Analysis xa
<latexit sha1_base64="uc9VUH/p4mNFSYcuh61wGdl/1lU="></latexit>

Background

x
<latexit sha1_base64="9hPLF820QdtzCYmSHl79+rjFmTM="></latexit>

y = (yT
1
, ...yT

k
, ...yT

K
)T

<latexit sha1_base64="x3OMChYboMs2/lBct9EIl5kzA38="></latexit>

t1
<latexit sha1_base64="c3ATWAnRFESkhLFWKgpq7YB7j7M="></latexit>

tk
<latexit sha1_base64="a+gb3b7GzRgWJrNJtK8gvnOnCBQ="></latexit>

tK
<latexit sha1_base64="6zgzIaZwQ9PvpwPWDrbSO0LgzLQ="></latexit>

t
<latexit sha1_base64="tiUWIM5zRzXchm3ZOtDzc4/spok="></latexit>

Mo!k
<latexit sha1_base64="8PpQqkKB488JCXpuNlPF1YyUXLo="></latexit>

Hk
<latexit sha1_base64="Jg/6bNgYEPLFd85HT9ivCVbfhUk="></latexit>

Assuming R = diag (R
1
, ...R

k
, ...R

K
)

J(x) =
1

2

(
x − xb

)T
B−1

(
x − xb

)

+
1

2

K∑

k=1

[
yo
k
−HkM0→k(x)

]T
R−1
k

[
yo
k
−HkM0→k(x)

]
.
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Linear tangent model

Linearization around the background vector xb:

HkM0→k(xb + δx) ∼ HkM0→k(xb) + H
k
M

0→k
δx

H
k

is the linearized of Hk around M0→k(xb)

M
0→k

is the linearized of M0→k around xb

Linear tangent dynamical system and tangent model M
0→k

∂U

∂t
= L

[
X b(t)

]
U with U(0) = δx

X b(t) is the solution of dX
dt = L(t,X ) with X b(0) = xb

L is such that L[X b(t) + U] ∼ L[X b(t)] + L
[
X b(t)

]
U

U(tk) = M
l→k

U(tl) and thus U(tk) = M
0→k

δx

Magnus expansion: M
l→k

“like” exp
{∫ tk

tl
L
[
X b(t)

]
dt
}

(add Lie brackets)
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The incremental 4D-Var function

Incremental cost function with R = diag (R
1
, ...R

k
, ...R

K
):

Jinc(xb + δx) =
1

2
δxTB−1δx

+
1

2

K∑

k=1

[
dk − H

k
M

0→k
δx
]T

R−1
k

[
dk − H

k
M

0→k
δx
]

where dk = yo
k
−HkM0→k(xb) are the innovation subvectors

G =
(
GT1 , ...GTk , ...GTK

)T
with Gk = HkM0→k

Innovation vector: d = yo − G(x)

G = diag
(
H

1
M

0→1
, ...H

k
M

0→k
, ...H

K
M

0→K

)

x̃a = xb + K d with K =
(
B−1 + GT R−1 G

)−1
GT R−1
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Adjoint model M∗
k→0

= MT
0→k

K =
(
B−1 + GT R−1 G

)−1
GT R−1

G = diag
(
H

1
M

0→1
, ...H

k
M

0→k
, ...H

K
M

0→K

)

GT = diag
(
MT

0→1
HT

1
, ...MT

0→k
HY

k
, ...MT

0→K
HY

K

)

Definition of the adjoint model M∗

New Cauchy problem:
∂X̃

∂τ
= LT

[
X b(tK − τ)

]
X̃ with X̃ (0) = x̃

X̃ (τl) = M∗
k→l

X̃ (τk) with M∗
k→l

“like” exp

{∫ τl

τk

LT
[
X b(tK − τ)

]
dτ

}

M
l→k

“like” exp

{∫ τk

τl

L
[
X b(t)

]
dt

}
(Magnus) =⇒ M∗

k→l
= MT

l→k
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Extended Kalman filter

Initialization:
x0 = x

A
0

= B.

Model

True state

tk�1
<latexit sha1_base64="vC2bp65YrEhynPsXmLaJj3ArxIU="></latexit>

tk
<latexit sha1_base64="PQxb4xLmekFHfCkiAQLcjLdbCWk="></latexit>

t
<latexit sha1_base64="3U/EEVyx3GZjtg/7XwqXTdTfnmI="></latexit>

tk+1
<latexit sha1_base64="w4y49Od2toV9QIaH3EkSI8KukHA="></latexit>

A
k

<latexit sha1_base64="mpG0+AXfNsenrKsUPWNY8xnuAos="></latexit> xa
k

<latexit sha1_base64="o2QTszUf/vzb77XZODsBOkvl4qg="></latexit>

yo
k

<latexit sha1_base64="MWBN68hfTwBaK4L2LfQy9p0rEx4="></latexit>

R
k

<latexit sha1_base64="rOaXCWzutbJBYBOV+0G5LWhk31k="></latexit>

M
k

<latexit sha1_base64="/ujx9cNEjnjPAn8ZtAiy8hgEi8A="></latexit>

M
k+1

<latexit sha1_base64="zfJPRBnAqVHBQFepbB631ZpT8MA="></latexit>

Mk�1
<latexit sha1_base64="APR+iW2/hdefwQVajUbS9zpjX6E="></latexit>

B
k

<latexit sha1_base64="pVQoxohf0HFsHuo74BIAHpI8+SI="></latexit> xk
<latexit sha1_base64="cGE8kJV99wAy3iPZWq8dPHvfJI8="></latexit>

We denote Mk =Mk−1→k and M
k

= M
k−1→k

:

xk = Mk

(
xak−1

)
and B

k
= M

k
A
k−1M

T
k

+ Q
k

xak = xk + K
k
dk with

dk = yo
k
−Hk (xk) and K

k
= B

k
HT

k
(H

k
B

k
H

k
+ R

k
)−1 ,

A
k

= (I − K
k
H

k
)B

k

where Q
k

is the covariance model error matrix.
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Project: data assimilation for the Lorenz model

The Lorenz model: σ = 10, ρ = 28 and β = 8/3

dX

dt
= −σ X + σ Y ,

dY

dt
= ρX − Y − X Z ,

dZ

dt
= X Y − β Z

X
<latexit sha1_base64="1/mfkvJSQcr2g75GB7PGqXkbCcI="></latexit><latexit sha1_base64="Ot+9eIs4aAF0ZyoEPH70WiBzvk0="></latexit><latexit sha1_base64="Ot+9eIs4aAF0ZyoEPH70WiBzvk0="></latexit><latexit sha1_base64="XbRC5kb6XENA0nVC2K9QDzpSP5U="></latexit>

(a)

Z
<latexit sha1_base64="mmWZgRROnIjM45B3qlaLTaMO26Q="></latexit><latexit sha1_base64="I3Uz+ODeeoPxB682fnCZNTb8RMM="></latexit><latexit sha1_base64="I3Uz+ODeeoPxB682fnCZNTb8RMM="></latexit><latexit sha1_base64="wtJNEoQnosvR0KwMK4i3Hi/uq2g="></latexit>

(b) t

Z
<latexit sha1_base64="mmWZgRROnIjM45B3qlaLTaMO26Q="></latexit><latexit sha1_base64="I3Uz+ODeeoPxB682fnCZNTb8RMM="></latexit><latexit sha1_base64="I3Uz+ODeeoPxB682fnCZNTb8RMM="></latexit><latexit sha1_base64="wtJNEoQnosvR0KwMK4i3Hi/uq2g="></latexit>

Transitory: t ∈ [−10, 0] with (Xs ,Ys ,Zs) = (10, 15, 20) for t = −10
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Twin experiments

Zt
<latexit sha1_base64="hneB9O7tmdMx5oyCwa5VS1E6HHY="></latexit>

Xt
<latexit sha1_base64="M55kfoML0TOh+iCAuxbpcIItTG8="></latexit>

t
<latexit sha1_base64="shEl92CzbxXsKNbot9QKfKVQAuE="></latexit>

yo
k

<latexit sha1_base64="q+dphvOQisE59mEGmf660XZb4HQ="></latexit>

True trajectory: [X t(t),Y t(t),Z t(t)] for t ∈ [0, tf ] with tf = 5

Background: (X b,Y b,Zb) = (X0,Y0,Z0) + (εX , εY , εZ )

Measurements: yok = X t(tk) + εo for k = 1, ..., 50, where tk = k τ
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Chain of BLUE (3D-Var) with B constant

Zt
<latexit sha1_base64="/MNKpOThx6jLQ3CpezyWlcAv2Q8="></latexit>

t
<latexit sha1_base64="shEl92CzbxXsKNbot9QKfKVQAuE="></latexit>

Zb
<latexit sha1_base64="zcjhfUyhPASXmOcWRnk2FU2geio="></latexit>

Xb
<latexit sha1_base64="fJ//FdiHxmXF/D6fjUMKP4npMns="></latexit>

Xa
<latexit sha1_base64="vxeDvtYJMsRFaMomGDbbu2Lj6bY="></latexit>

Za
<latexit sha1_base64="rYjgJrychUk8+cAKD3GDbx3cM2U="></latexit>

Xt
<latexit sha1_base64="zO0Kh7Hn0LasXMTAEK/Ad/GF7WA="></latexit>

yo
k

<latexit sha1_base64="q+dphvOQisE59mEGmf660XZb4HQ="></latexit>

Let B = σ2
b I constant:

Jk(x) =

1

2
(x−xbk)T B−1 (x−xbk)T

+
1

2σ2r
(yok − X )2

xak = xbk + K dk =

[
X b
k +

σ2b
σ2b + σ2r

(yok − X b
k ),Y b

k ,Z
b
k

]T

where dk = yok − G xbk = yok − X b
k is the innovation
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Chain of BLUE (3D-Var) with B = A

X
<latexit sha1_base64="g1LzAcedc2B69CNPjfwN3sP+nE0="></latexit><latexit sha1_base64="lijSo40ocRpX+if6QU6yJtk6B1Q="></latexit><latexit sha1_base64="lijSo40ocRpX+if6QU6yJtk6B1Q="></latexit><latexit sha1_base64="VEyu3YYut0qrcG9Y+tV6VH46Vd0="></latexit>

Z
<latexit sha1_base64="EAM4ky/ExZqmh1MFgg4BdWLEsa4=">AAAC6nicjVK5TsNAEH0xVwhXgJLGIkKiimwa6IhEQ5lI5BAhQvZmEyzWh+w1Uoj4AjoEBaLlk2go6YCvYHbjSEDEsZbtt2/mjefN2o2El0jLes4ZU9Mzs3P5+cLC4tLySnF1rZGEacx4nYUijFuuk3DhBbwuPSl4K4q547uCN93zAxVvXvA48cLgSA4i3vGdfuD1POZIomrHp8WSVbb0MieBnYHS/tPlSwVANSy+4wRdhGBI4YMjgCQs4CChqw0bFiLiOhgSFxPydJzjCgXSppTFKcMh9pyefdq1MzagvaqZaDWjrwi6Y1Ka2CJNSHkxYfU1U8dTXVmxP9Ue6pqqtwG93ayWT6zEGbF/6caZ/9UpLxI97GkPHnmKNKPcsaxKqqeiOjc/uZJUISJO4S7FY8JMK8dzNrUm0d7VbB0df9WZilV7luWmePvVn epgNGs6F/oN7O+HPgkaO2XbKts1q1SpYrTy2MAmtunUd1HBIaqo6w6ucYs7Qxg3xr3xMEo1cplmHV+W8fgB7MyagQ==</latexit><latexit sha1_base64="tIahc1WUbprPMDtxAPDXF2PF6KA=">AAAC6nicjVK5TsNAEH0xVwhXODoaiwiJKrJpoCMSBZSJRA4RImQ7m2BlfcheI4WIL6BDUCBaar6GhpIO+ApmN44ERBxr2X77Zt543qztkLuxMIznjDYxOTU9k53Nzc0vLC7ll1dqcZBEDqs6AQ+ihm3FjLs+qwpXcNYII2Z5Nmd1u7cv4/VzFsVu4B+JfshantX13Y7rWIKoyvFpvmAUDbX0cWCmoLD3dPFy8Lg2KAf5d5ygjQAOEnhg8CEIc1iI6WrChIGQuBYGxEWEXBVnuESOtAllMcqwiO3Rs0u7Zsr6tJc1Y6V26Cuc7oiUOjZJE1BeRFh+TVfxRFWW7E+1B6qm7K1Pbzut5RErcEbsX7pR5n910otAB7vKg0ueQsVId05aJVFTkZ3rn1wJqhASJ3Gb4hFhRylHc9aVJlbe5WwtFX9VmZKVeyfNT fD2qzvZwXDWdC70G5jfD30c1LaLplE0K0ahVMZwZbGODWzRqe+ghEOUUVUdXOEGtxrXrrU77X6YqmVSzSq+LO3hA+Sam8U=</latexit><latexit sha1_base64="tIahc1WUbprPMDtxAPDXF2PF6KA=">AAAC6nicjVK5TsNAEH0xVwhXODoaiwiJKrJpoCMSBZSJRA4RImQ7m2BlfcheI4WIL6BDUCBaar6GhpIO+ApmN44ERBxr2X77Zt543qztkLuxMIznjDYxOTU9k53Nzc0vLC7ll1dqcZBEDqs6AQ+ihm3FjLs+qwpXcNYII2Z5Nmd1u7cv4/VzFsVu4B+JfshantX13Y7rWIKoyvFpvmAUDbX0cWCmoLD3dPFy8Lg2KAf5d5ygjQAOEnhg8CEIc1iI6WrChIGQuBYGxEWEXBVnuESOtAllMcqwiO3Rs0u7Zsr6tJc1Y6V26Cuc7oiUOjZJE1BeRFh+TVfxRFWW7E+1B6qm7K1Pbzut5RErcEbsX7pR5n910otAB7vKg0ueQsVId05aJVFTkZ3rn1wJqhASJ3Gb4hFhRylHc9aVJlbe5WwtFX9VmZKVeyfNT fD2qzvZwXDWdC70G5jfD30c1LaLplE0K0ahVMZwZbGODWzRqe+ghEOUUVUdXOEGtxrXrrU77X6YqmVSzSq+LO3hA+Sam8U=</latexit><latexit sha1_base64="IeGzmgAflgeQF9InoarcYR1dudM=">AAAC6nicjVLLSsNAFD2Nr/quunQTLIKrkrjRZcGNyxbsA2uRJJ3WoZMHyUQoxS9wJ7oQt/6Uf6B+hXemU1CLjwlJzpx7z537GD8RPJOO81Kw5uYXFpeKyyura+sbm6Wt7WYW52nAGkEs4rTtexkTPGINyaVg7SRlXugL1vKHJ8reumZpxuPoTI4S1g29QcT7PPAkUfXzy1LZqTh62bPANaAMs2px6R0X6CFGgBwhGCJIwgIeMno6cOEgIa6LMXEpIa7tDDdYIW1OXow8PGKH9B3QrmPYiPYqZqbVAZ0i6E1JaWOfNDH5pYTVaba25zqyYn+KPdYxVW4j+vsmVkisxBWxf+mmnv/VqVok+jjWNXCqKdGMqi4wUXLdFZW5/akqSRES4hTukT0lHGjltM+21mS6dtVbT9tftadi1T4wvjnefq1OZTDpNc2Fr oH7feizoHlYcZ2KW3fK1Zq5EEXsYg8HNPUjVHGKGho6g1vc48ES1p31aD1NXK2C0ezgy7KePwCZ+ZfT</latexit>

t
<latexit sha1_base64="tlhDHAmcOIWOlD69I+kfdvEAyIg="></latexit><latexit sha1_base64="qLRxK6Wv5U+wkw8P4YyjxM6ElQQ="></latexit><latexit sha1_base64="qLRxK6Wv5U+wkw8P4YyjxM6ElQQ="></latexit><latexit sha1_base64="Jz867wgeGuPaY2udiTtGw8mHO7w="></latexit>

J(x) =
1

2
(x − xbk)T A−1

k−1 (x − xbk)T +
1

2σ2r
(yok − X )2

A
k

= (I − K G )A
k−1 for k = 1, ...,K with A

0
= B
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Kalman filter with no error model

J(x) =
1

2
(x − xbk)T B−1

k
(x − xbk)T +

1

2σ2r
(yok − X )2 ,

A
k−1 = (I − K G )B

k−1 and B
k

= M
k
A
k−1M

T
k

Tangent model M
k
:

d

dt
(dX ) = −σ dX + σ dY

d

dt
(dY ) = ρ dX − dY − dX Zb(t)− X b(t) dZ

d

dt
(dZ ) = dX Y b(t) + X b(t) dY − β dZ

M
k

obtained by integrating from tk−1 to tk with the respective initial
conditions (1, 0, 0), (0, 1, 0) and (0, 0, 1) for (dX , dY , dZ )
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Ensemble Kalman filter

Gain matrix: K
k

= B
k
HT

k
(H

k
B

k
HT

k
+ R

k
)−1

R trajectories: x
(r)
k =Mk

(
x
a(r)
k−1

)
for r = 1, ...R

Analyses: x
a(r)
k = x

(r)
k + K

k
d
(r)
k with y

(r)
k = Hk

(
x
(r)
k

)
for r = 1, ...R

Approximations of the gain matrix

B
k
HT

k
∼ ABHT

k
=

1

R − 1

R∑

r=1

(
x
(r)
k − xk

)(
y (r)
k
− y

k

)T

H
k
B

k
HT

k
∼ AHBHT

k
=

1

R − 1

R∑

r=1

(
y (r)
k
− y

k

) (
y (r)
k
− y

k

)T

with xk =
1

R

R∑

r=1

x
(r)
k and y

k
=

1

R

R∑

r=1

Hk

(
x
(r)
k

)
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Comparison of four methods

(b)(a)

(c)
<latexit sha1_base64="8df3fVh+cW32vNAz9C98JDU5S/s="></latexit><latexit sha1_base64="LoCSIsHoHdlSs4Hg50x+NeovDAg="></latexit><latexit sha1_base64="LoCSIsHoHdlSs4Hg50x+NeovDAg="></latexit><latexit sha1_base64="WOKsv01fInPuLVpYvhW3Ntokqhw="></latexit>

(d)
<latexit sha1_base64="jvw79hdnRRLJsmJRKs1AzvKGrOw="></latexit><latexit sha1_base64="IG2fgs/WU0Lck8LnkYFXNN2Az7Y="></latexit><latexit sha1_base64="IG2fgs/WU0Lck8LnkYFXNN2Az7Y="></latexit><latexit sha1_base64="YIGfb7ecEV1ni0smRUzQZJvr11w="></latexit>
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Homework C : Methods for the Lorenz model (1/2)

Lorenz model

The Lorenz model shows a chaotic dynamics. Write a Python program to
simulate the evolution of this model:

Parameters (σ = 10, ρ = 28, β = 10/3),

Initial conditions (x , y , z) = (10, 15, 20) for t = −10.

Twin experiments

From the t = 0 state of the previous transitory simulation, compute
the “true trajectory” for t ∈ [0, tf ] with tf = 5.

Consider the values x(ti ) for ti = i τ with i = {1, 2...,K}, with
K = 50, and τ = tf /K , perturbed by a random gaussian error of
standard deviation σr = 1, as the measurement vector yo .
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Homework C : Methods for the Lorenz model (2/2)

Jupyter notebook from:
https://www.olivier-thual.fr/130202/co/genintro.html

Comparison of data assimilation methods

At first, program the methods for Section 2.2 of Chapter 4:

Chain of BLUE with B constant

Chain of BLUE with B = A

Kalman filter with no error model

Ensemble Kalman filter

Explorations beyond the basic subject such as:

New observation operators: H(x) = Z , H(x) = x2...

Incremental 4DVar, Kalman filter with model error...

Choose another chaotic model: Lorenz 84, Belousov-Zhabotinsky...

...
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