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Where are we? MFEE/MSN and MFEE/MSN-BD

Teaching Unit: Numerical Methods for Scientific Computing
Three courses in this Teaching Unit (5 ECTS):
@ Numerical methods: simulation of incompressible flows (35%)
@ Numerical methods: simulation of compressible flows (35%)
e Data Assimilation (30%)
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What are the learning outcomes?

At the end of the lecture, students should be able to:
@ Describe the basic formalism of data assimilation

@ Explain the specification of a cost fonction on several examples
@ Choose several methods to minimize the cost fonction

Control states Observations
& (G p
Background Analysis Observation operator Measurements

At the end of the numerical projects, student should be able to:
@ Write computer programs for several methods with several examples
@ Compare and comment the performances of several methods

@ Achieve convincing forecast for chaotic dynamical systems

TU: Num methods // Course: ASID Data assimilation for engineers 0. Thual, 24/11/2022 3/64



Course notes

Olivier THUAL
e Contents

Data assimilation for engineers

[+ From weather forecast to engineer

1 How is weather forecasted . .. ..................

2 Other les of data assimilati lications| . . ... ...

3 Whattimeisit? ................. ... . ... ..
2 Generic cost function

1 Looking for the minimum of a cost function . . ... ... ...

2 Linearization methods . . . ... .................

3 How will the bore propagate? . .. .. ..............

3 Time dependent models
1 The 4D-Var data assimilation . . . .. ... ...........
2 The Kalman filter data assimilation|. . . .. ... ........

3 Will the water overflow? . . . .. .......... . ... ...

[4 Example with v and ble methods

Toulouse INP - ENSEEIHT

1 mble methods for three simple examples| . . . ... ....

“Fluid Mechanics, Energetics and Environment” Department 2 Data assimilation methods for the Lorenz model‘ _______

Year 2022-2023, November 23, 2022

3 Data assimilation for the advection-diffusion model . . . . . . .

Bibliographie

lation for engineers

19
20

22

24

32
36
39



What is the program of the course?

CM 1

O Course presentation

@® From weather forecast to engineer appliccation
Homework A: Exo 1.1 “What time is it?”

® Generic cost function (1/2)

Homework B: Exo 2.1 “How will the bore propa-
gate?”

TDM 1

Improvement of Homeworks A and B

CM2 & 3

® Generic cost function (2/2)

® Time dependent models

® Application projects

Homework C: Exo 3.3 and Section 4.1 “Methods
for the Lorenz model”

’ TDM 2& 3 ‘ ® Improvements of Homework C

’ Exam

\ O Presentation of the projects by the groups
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How will the course be evaluated?

Three Jupyter notebooks to put on Moodle before deadlines
© Introduction, results and conclusion
@ Text, equations and figures, including animated gif
© Python code inside the notebook

Homework A : What time is it? (individual 20%)

@ Follow exercice 1.1 and go beyond

Homework B : How will the bore propagate? (individual 20%)

@ Follow exercice 2.1 and go beyond

Homework report C: Methods for the Lorenz model (trinomial 60%)

@ Follow exercice 3.3 and reproduce Section 4.1

@ Go beyond with innovations

v,
= = = = = KaNoue
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Homeworks A and B: Two simple exercices

@P |http://pedagolechinp—toulouse.fr/130202|

Introduction to Data
Assimilation for
Scientists and Engineers

Exos 1.1 and 2.1
Q@ What time is it?
@ How will the bore propagate?

Olivier THUAL

Institut National Polytechnique de Toulouse

|

|

|

|

|

|

|

|

|

|

|

|

i

i

I

|

|

|

|

|

|

|

|

Open Learning Ressources Editions of INP |
Toulouse |

|
|

Link to the ressource:

Démarrer e module o~

et Available from web or Moodle
Hands-on for time estimation Hands-on for hydraulic jump velocity
Download the program "What time is it?" : Download the python program "Hydraulic

jump velocity ?" :

®  Python program [zip] G

®  Python program [zip] (=

3.0
25 /
2.0

From two given value of clock time, which 15

uncertainty is know, the program computes the best

estimate of the clock time. 10 e .
0.5

Hands-on instructions: wa Simulation 0.0

[} = =
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Homeworks C: A big project

Exo 3.3 and Section 4.1

G Course major ressources > o Mandatory : chains of BLUE, Kalman
filter, Incremental 4DVar

8 Course’ Book: Data assimilation for engineers (15Mo) 14.8vo

/@ Slides: Data assimilation for engineers 13.5uo e Exploratory 0 Kalman fllter Wlth error
@ 0. Thual, Introduction to Data Assimilation for Scientists and .
Engineers, Open Learn. Res. Ed. INPT 0202 (2013) 6h model, Ensemble Kalman filter...
& Python programs 24.2t0 ’
& Scilab programs 16k
Link to the ressource:
Available from Moodle )

iﬂ
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Pedagogical resources

Moodle N7

All documents on ASID Moodle course :
http://moodle-n7.inp-toulouse.fr/mod/data/view.php?id=759

Oneline courses

@ O. Thual, Introduction to Data Assimilation for Scientists and
Engineers, Open Learn. Res. Ed. INPT, 0202 (2013) 6h
https://www.olivier-thual.fr/130202

@ O. Pannekoucke, Introduction to data assimilation, Open Learn. Res.
Ed. INPT, 0831 (2013) 6h
http://pedagotech.inp-toulouse.fr/130831

o Open Learn. Res. Ed. INPT, 0831 (2013) 6h S. Gratton and Ph.
Toint, Numerical methods for Data Assimilation, Open Learn. Res.
Ed. INPT, 0826 (2013) 6h
http://pedagotech.inp-toulouse.fr/130826
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Outline of the slides

1. From weather forecast to engineer applications

Data assimilation for meterology, oceanography, hydrology, aerodynamics...
Motivation of the formalism whith a simple model: “What time is it?"

2. Generic cost function

Incremental methods on a very simple example: “How will the bore
propagate?”’ Generalization to any dimensions and ensemble methods.

3. Time dependent models

Observation operator including a temporal model. Data assimilation
example through a simple model : “Will the water overflow?”

4. Application projects

Comparing four data assimilation methods on a chaotic dynamical system:
“Lorenz model".

v
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Data assimilation for engineers

Chapter 1: From weather forecast to engineer applications
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How is weather forecasted?

Atmospheric model:
Fluid mechanics equations for winds, pressure, temperature and humidity. J
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Data assimilation chain : a minimization problem

AWeather % Measurements
B Analysis
o Forecast

1065

+ilY -z

Looking for the present weather : the analysis J

A state close to both the previous forecast and the field measurments
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Two century of data assimilation

o XVIith: planet orbit computations by Gauss and least square method
by Legendre.

o XXth. concept of maximum likelyhood by Fisher, Kalman filter for
the APOLLO program and objective analysis of meteorological fields.

@ End of XXth: 3D-Var data assimilation for weather forecast model.

4 Weather Weathery Analysis trajectory
o

/QM

Time Time
*

L >

o XXIth: gain of 20% forecast quality at Météo-France with 4D-Var J
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The standard formalism of data assimilation

The analysis minimizes a cost function

J(z)zé(z—zb)Té (X—X)+ y° =] R [y* - 6()]

Control states Observations
@) ’

Background Analysis

Observation operator

Measurements
The metrics depends on the uncertainties

@ The N x N “background error covariance matrix”
@ The M x M “observation error covariance matrix’

B
‘B
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Data assimilation for meteorology

Control states

@ B

Background Analysis

Observations

I~ Y

Observation operator

Measurements

@ Order ten millions of
grid points

Control Observation Observation
space operator space
@ 3D fields: Evolution model of | @ Satellite data:
temperature, the primitive equa- surface
pressure, humidity, tions of the atmo- temperatures,
winds radiances, cloud

sphere

cover...
@ Order one million of

observations

TU: Num methods // Course: ASID
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Data assimilation for oceanography

Control Observation Observation
space operator space
@ 3D fields: Evolution model of | @ Satelitte data: sea
temperature, the primitive equa- surface temperature,
pressure, salinity, tions of the ocean altimetry
currents @ In-situ data:
@ 2D fields: sea surface temperature,
level salinity...
@ Order ten millions of @ Order thousands of
grid points observations

TU: Num methods // Course: ASID
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Data assimilation for hydrology

115901, 25968

“L'—'~ 810 m’ /s

Toz0 1025 m? /s

Lde TS WSS |
Control Observation Observation
space operator space

@ 1D fields: water Shallow water | @ Satelitte data:
height, velocity, (Saint-Venant) aItimetry
temperature equations @ In-situ data: water

@ Model parameters:
friction, soil water

content...
@ Order thousands of

grid points

height, piezometric
height

@ Order hundred
observations
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Data assimilation for nuclear cores

Neutronic flux

Activity measurements

aaaaaaaaa

reflections, diffusion

coefficients
@ Order ten millions of

grid points

Control Observation Observation
space operator space
@ 3D fields: neutronic flux, Equilibrium model | © Neutronic
temperature, chemical of the neutronic and thermo-
concentration flux interacting hydraulic
o Parameters: boundary Wlth the heat sensors

transport fluid

@ Thousand of
observations

TU: Num methods // Course: ASID

Data assimilation for engineers

0. Thual 24/11/2022  19/64



Data assimilation for aerodynamics

@ Model parameters:
wing friction

@ Order millions of grid
points

equations

Control Observation Observation
space operator space
o 3D fields: velocity, Compressible @ Aerodynamic flume
pressure Navier-Stokes measurements

o PIV, pressure
@ Order hundred

observations

TU: Num methods // Course: ASID
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Gaussian random variable

1 [ (T - T
fry(x) = T o exp oy U%
TrR=25 | TR=100 @

= — — = e
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Analysis with two uncorrelated variables

0.5 0.5

0.5

0.4 0.4r-v- 0.4

0.3] 0.3 0.3

0.2] 0.2 0.2]

New random variable T, = (1 — k) Ty + kT, with < T{ T; >=0

G +GT

1 1
Best choice: T, = ith Gi=—, G=—
€st choice a ) ) WI 1 0_% 2 O'%

CG=G+G

Data assimilation for engineers 0. Thual 24/11/2022 22 /64
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Analysis with correlated variables

Analysis when < T] T3 >= poy 02
The analysis T, = (1 — k) T{ + kT3 minimizes the cost function:

L 07  porod\ (T -T
J(T):E(Tf_-r? TZO_T)( ! 2 T}_T

)
T(l )

Link with the general formalism of data assimilation

x=(T)eR, y°=(T¢,T§)T € R? and G(x) = (T, T)T € R2.
There is no background and the 2x 2 matrix is R.

= = = = Ty
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Homework A: “What time is is?”, Exo 1.1

Hands-on from: https://www.olivier-thual.fr/130202

.12 1
.10 -
.08 1
.06 -
.04 -
.02 1
.00

Probability density functions

Q000000

Read program.
Launch program

Desactivate figures

Plot o, function of R

Count improvemen
Compute scores

Go beyond

ts
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Data assimilation for engineers

Chapter 2: Generic cost function
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How will the bore propagate?
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A very simple geophysical model

Mass conservation:
—h Ug
hr — ht

hL(UL—W)=hR(UR—W) = W =

Notations x € R, Gg:R— R, y € R:
-h U —q

SS e =y y:g(x):x—hL_x—hL

TU: Num methods // Course: ASID Data assimilation for engineers 0. Thual, 24/11/2022
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Best estimate of the height x = hg

Too much information in:  x = hg, G(x)= X:ZL, y=W

o We know approximatively x = x? with an incertainty error o}
@ We know approximatively y = y° with an incertainty error o,
@ What is the best estimate x? of x knowing that y = G(x)?

Control states Observations
@) ]G =g
Background Analysis Observation operator Measurements

The analysis x? minimizes the cost function:

X_Xb2 ° _ G(x)]2
o= S b

TU: Num methods // Course: ASID Data assimilation for engineers 0. Thual, 24/11/2022
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Plotting the cost function J(x)

) = CB R L B0 )40 J
2 Ib(x) = & 2_;:2:))2
| b
| | with  G(x) = :th
NS n
P S/ S
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Incremental cost function

The cost functin to minimize

— x| y° =GP -
202 - 202 with G(x) = X

q
he

J(x) = (x

Linearization of G around x?:
G(x) = G(xP +x) ~ G(xP) + Gox  with dx = x — xP
One can compute G = G'(x?) = q/(x? — hy)?

The incremental cost function J;,c is an approximation of J:

(0x)?>  (d — G 6x)?
202 202

J,-,,C(xb +x) =

where d = y° — G(x®) is the “innovation”

TU: Num methods // Course: ASID Data assimilation for engineers 0. Thual, 24/11/2022
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Plotting the incremental cost function J;,,

Gradient of the function  Jj,c(x? + dx) = (0 | (d-Gox),

202 202
Ox Gox—d
S (xbrox)=L g2 —¢
lnc(X + X) 0_12)+ O‘%

Ji  vanishes for: x? = x” + %
with 0x = Kd where:

Innovation: d = y° — G(xp)

1
Gain: ( > ) £2
N oy

-1

or K= ( ab—l—a)

TU: Num methods // Course: ASID
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Exo 2.1: Example of score for G(x) = —q/(x — hy)

Experimental values

g=7 h =5 hg=xt =17, x> =18, 0p =1, 0, = .03 J
-1

log10(scor)
I\
(9]

0O 10 20 30 40 50 60 70 80 90 100
Sample
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Homework B: “How will the bore propagate?”, Exo 2.1

Hands-on from: https://www.olivier-thual.fr/130202 J

G(x) =

q
X — h[_
q

G = Y b e

G'(x°) )2
O Read program.
@ Launch program
© Compute scores
1(” u) HR H;i) H” Hb o Replace g

15.015.5 16 016.517.017.518.018.519.0 © Count improvements
Q@ Go beyond

o »n o un o u o
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Basic linear algebra

Vectors are 1 x N or 1 x M matrices

- 7 XT = (X1 ee0s Xy oons XN)

T = .
XN YM }_/ _ (yl"“’yla'"vyM)

Example of a M x N matrix considered as a linear operator:

Y1 Hix o ... Hlj . Hin X1
Yy = g X <~ Yi = Hi1 HIJ Hin Xj
yM Hwm Hj Hun/ \xn

TU: Num methods // Course: ASID Data assimilation for engineers 0. Thual, 24/11/2022
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Gradient of a scalar function

Gl (2L 00 ol anT
grad /(x) = ox’ 0% ...axj, By

o)
XSO Iy

»
!
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Examples of gradient computations

I(x) grad I(x)
u” x u
uT M x M u
x" M x (M+MT")x
x"H"S Hx H(S+S)H x

TU: Num methods // Course: ASID
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Generic cost function for data assimilation

Searching the analysis x? that minimize the cost function

I = 5 (x =) B (x =) 45 [y~ 6] B [ — 6]

Control states Observations
@ aék
Background Analysis Observation operator Measurements
e Control space x € RN and Observation space y € RM
@ Background x? known with errors €”
@ Measurement y° known with errors €°
o Covariance background error matrix B with Bj; = <e,b er>
o Covariance observation error matrix R with Rj; = <e ej">
v
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Bayesian approach of data assimilation

Density probability function for x” and y° independantly

(=) &7 (=)

(v-y) R (-

fo(x) = KP e %) with Jp(x) =

fo(y) = K°e ™) with J,(y) =

1
2
1
2

Control states Observations

® B -0~

Background Analysis Observation operator Measurements
Density probability function for x knowing y°
FP/°(x) = £°(x) f"[g(x)] = K°K? e /™ with

J(x) = Jp(x) + I [G(x)] = Ip(x L )] R [y° - G(x)]

TU: Num methods // Course: ASID Data assimilation for engineers 0. Thual, 24/11/2022 38/64



Incremental cost function through a linearization of G

J0) = 5 (x=x) B (x =) 45 [~ ()T B [~ 6]

Linearization of G around the background x?

G(x" +8x) ~ G(x") + G ox

Incremental cost function

—

Jinc(ﬁb‘i‘d_x) _5X -1 ox + = (Q_QQ)T - (g_gé )

N |

where d = y° — G(x®) s the innovation vector
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Minimum of the incremental cost function

Knowing the innovation vector d = y° — Q(g):

[E

(d-G68)" R (d— Gox)

el 4 6x) = 2xT B dx +

N

Gradient of the incremental cost function

grad Jinc(x® + 8x) = B1ox ~ GT R [d — G bx]

The minimum x° is found through grad J;,.(x?) = 0:

X =x"1+Kd
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Sherman-Morrison-Woodbury identity

Two expressions of the gain matrix:

K=(G"R"G+B ) 'G'R"=BG"(GBG" +R)™
o If M < N: inverse the M x M matrix (gég-’— +
o If N < M: inverse the N x N matrix (G" R™* G
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Data assimilation for engineers
Chapter 3: Time dependent models

Olivier THUAL
Toulouse INP-ENSEEIHT /MFEE

Course:
Data Assimilation (ASID)

Teaching Unit:
Numerical Methods for Scientific Computing in Aerodynamics
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Will the water overflow?

Reservoir model

d’:’gt) —_—aH(t)+P with H(0)=0
@ P/a
Al H (1
QW at

Exact solution

H(t) = (P/a) [1 — exp(—a t)]

™ = = = rRC
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Assimilation of «

Measurements of y, = H(tx) to determine x = «
° y°= (yf,...y;(’,...y,%)T
o G=(G],..G],..GH)T with G(a) = (P/a)[1l — exp(—a t)]

Measurements *

Observations

‘QZ (y17...yk’_”yK)T‘

TU: Num methods // Course: ASID Data assimilation for engineers 0. Thual, 24/11/2022

44 /64



Incremental method for the assimilation of «

14 14
1.2
12 ——
— —
1 e ! L
— -
/ = o
0.8 V
= ‘ y.
06 0.6
0 0.4
02 0.2
o 0
0 05 1 15 2 25 3 35 4 45 5 0 05 1 15 2 25 3 35 4 45 5
14 14
12 1.2
"
. L . /11/ R
—
L -
0.8 o 0.8
T 74 z
0.6 £ 0.6
0.4 0.4
0.2 0.2
0 0
0 05 1 15 2 25 3 35 4 45 5 0 05 1 15 2 25 3 35 4 45 5

t t

Red: analysis, Blue:true state, Black: background
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Assimilation of («, P)

Measurements of y, = H(t) to determine x = («, P)

° y°= (yf,...y,‘(’,..y,‘%)-’—

° G=(G],..G],..G%)7 with G(a, P) = (P/a)[l — exp(—a t;)]

Background .

Control | L

Observations

Measurements *

Analysis

‘ y = (Y1, Yk, ...yK)T‘

Observation operator
Cost function:

1 b
KmP%zﬂa—aﬂP—P%é*(g_gO

TU: Num methods // Course: ASID
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Incremental method for the assimilation of («, P)

;// a

Red: analysis, Blue:true state, Black: background
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The 4D-Var data assimilation

x € R" with measurments y° € RM
°oy= (Z1T’ "'ZkT’ ...)_/Z;)T with y, = Gk(x)
o v = (7T d)

Background

Analysis

J(x) = L (x—xb>TB_1 (x—xb) : :
= 2\7 = = = = Covariance observation
error matrix:

+%i [ZZ B gk(é)} I 521 [ZZ —Qk(z)} R=diag (R,,--R,,R,)

Observation operator:

* Measurements

Observations

Y= (gf,...gz,...gﬁ

)T

Data assimilation for engineers 0. Thual, 24/11/2022 48 / 64
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Nonlinear Cauchy problem

Dynamical system

%zc(t,g) with  X(0) = x

* Measurements

Observations

Y= (gf,...gf,...gf{

)T

Control of the initial conditions x = X(0):
o X(tx) =Mk [X(t)] = X(tk) = Mo—k(x).

© y, = Hi Mo k(x) with Hy nonlinear or linear

0 G=(G7,..6],..GT)" with G, = H) Mo_,

= = = — Sreue
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The generic 4D-Var cost function

* Measurements

Observations

T ) y= ey )t

Analysis [l 31

Assuming R = diag (@1, ol §K)
1 b\ p-1 b
J(&)—E(x—&) B (z—z)

1 K T
EZ[ — Ha Moo B [yp — M Moo(x)]
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Linear tangent model

Linearization around the background vector x”:

Hi Mok (x® + 0x) ~ Hie Mok(xP) + H M, 0x

® H, is the linearized of #, around Mok (xP)

° MO—>k is the linearized of Mg_,x around x?

Linear tangent dynamical system and tangent model Mo—>

P oL[XW] U with U©)=ax

o X®(t) is the solution of ‘% = £(t, X) with X?(0) = x?
o L is such that L[X®(t) + U] ~ L[X"(t)] + L [X5(2)] U

o U(ty) :MI_)kg(t,) and thus U(tx) = M0—>k6—x

k

Magnus expansion: M, ., “like” exp{ ;klz_ [X(1)] dt} (add Lie brackets)

v

™y i = AN
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The incremental 4D-Var function

Incremental cost function with R = diag (R ,...R,,...R,):

Jne(x® 4 x) = 2xT B ox

1 T
0 = ) [ =

where d; = y? — Hy Mo_sk(xP) are the innovation subvectors

0 G=(G],.-G]...GF)" with Gi = Hy Mo

@ Innovation vector: d = y° — G(x)
© G =diag (H My, H My, H M, )
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Adjoint model M: =M/
o K=(B'+G"R'G) "GR!
© G =diag (HMy . H My . H M, )
T _ 3: T T T Y T Y
o 67 = diog (M, A]...M]  HY,. M HY)

Definition of the adjoint model M*

New Cauchy problem:

X(1) with M | “like” exp

["1l0]

TI

X(m) = M;

k—1

U]

M, ., "like" exp{ } (Magnus)

T

X

0T [Kb(t;( _ T)] dr

|

_ T
_ MI—)k

M*

—k—1

V.
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Extended Kalman filter

[ L ®
>\

Initialization:
@ Xg =X
e A =

We denote M, = M, _1_,, and Mk = Mk—1—>k:

xg = Mi(xiy) and ék:Mkék_lMZ—_}—gk

di = yp—Hi(x) and K, =B H (H B H +R)™",
A = (4 - ék gk)ék

where Qk is the covariance model error matrix.

v

= = — = =
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Data assimilation for engineers
Chapter 4: Application projects

Olivier THUAL
Toulouse INP-ENSEEIHT /MFEE

Course:
Data Assimilation (ASID)

Teaching Unit:
Numerical Methods for Scientific Computing in Aerodynamics
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Project: data assimilation for the Lorenz model

The Lorenz model: 0 =10, p =28 and 5 = 8/3

dX dy dZ
= oXFoY, —=pX-Y-XZ, —=XY-pZ

45

7

Transitory: t € [—10,0] with (X, Ys, Zs) = (10, 15, 20) for t = —10 J
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Twin experiments

True state and measurements
50 - - - -

40 -

30 tf-

20

-10 4

| | | | | | | |
| | | | | | | |
-20 t t t t t t t t t t

o True trajectory: [X*(t), Y(t), Z!(t)] for t € [0, t¢] with tr =5
@ Background: (Xb, Yb, Zb) = (Xo, Yo, Z()) aF (Ex, €y, 62)
® Measurements: yp = X*(tx) + €° for k = 1,...,50, where ty, = k7
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Chain of BLUE (3D-Var) with B constant

Analyzed states for method=1

50
TN N Let B = o} | constant:
204Nty 9 _C ! ! Lo Jk(z) =
: A : ; LR P 1
Xt S(x—x0) "B (x—xp)T
04
1
+=—(y2 — X)?
-10+ 202 )
—200
o2 T
Ki :KQ_'_édk - XI?_F sz(yl? _le)a Ylf)?ZI?
b r

where dy = y? — Qgﬁ =yP — X,f’ is the innovation
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Chain of BLUE (3D-Var) with B=A

02 04 06 08 1 12 14 16 18 2 2.2 2.4t 26 28 3 32 34 36 38 4 42 44 46 48 5

1 o

A =(-KG)A, | fork=1,.,Kwith A =8

1 _
Jx) = S(x—x) T AT (x—x) "+
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Kalman filter with no error model

1 _ 1
Jx)=S(x—xQ) "B (x = x))T + 5= (v — X)?,
2 20
r

_ T
A, =(U-KG)B, , and B, =MA_ M

Tangent model Mk:

%(dX) —odX +odY
—(dY) = pdX —dY —dX Zb(t) — Xb(t)dz
—(d2) = ax YP(t) + Xb(t)dY — BdZ

Mk obtained by integrating from t,_; to tx with the respective initial
conditions (1,0,0), (0,1,0) and (0,0,1) for (dX,dY,dZ)
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Ensemble Kalman filter

Gain matrix: K, = B HT(HkB HT+R)
R trajectories: 55() = My < a(r )> forr=1,..R

Analyses: gi(r) = 55:) —i—ék g(k’) with Xi) = Hy (55?) forr=1,..R

Approximations of the gain matrix
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Comparison of four methods

50

Method B=A Nop=1 Experiment 0
40 e

A A w:lf\\ B N W VN

Constant B Nop=1 Experiment 0

AW VAVAWINEA NI A 1A VAN B.0/Y
Na AL T YN N S

10 10 \ : \/\'
ot Y A NS Z LN
-10 ’ : Vf‘\ 'ﬁj -10 : ;

Xand Z
Xand Z

LVAERAVE SRV :\/

20 - + <20 - =
(a) 0 2 4 5 (b) 0 2 . 3 4 5
50 Kalman B=MAMT Nop=1 Experiment 0 50 Ensemble Kalman Nop=1 Experiment 0
T T . K} T T
i = 1 e
40 n i : | Ll

e ﬁ\l : g o A

10 T : Vil = g

0 M. 5 - [ . A o
. i :

-10

DS T
Xand Z
5 8

X and Z
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Homework C : Methods for the Lorenz model (1/2)

Lorenz model
The Lorenz model shows a chaotic dynamics. Write a Python program to
simulate the evolution of this model:

e Parameters (o0 = 10,p = 28,5 = 10/3),

e Initial conditions (x, y, z) = (10, 15,20) for t = —10.

Twin experiments
@ From the t = 0 state of the previous transitory simulation, compute
the “true trajectory” for t € [0, tf] with tr = 5.
o Consider the values x(t;) for t; = iT with i = {1,2..., K}, with
K =50, and 7 = t¢/K, perturbed by a random gaussian error of
standard deviation o, = 1, as the measurement vector )_/o.
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Homework C : Methods for the Lorenz model (2/2)

Jupyter notebook from:
https://www.olivier-thual.fr/130202/co/genintro.html

Comparison of data assimilation methods
At first, program the methods for Section 2.2 of Chapter 4:
e Chain of BLUE with B constant
e Chain of BLUE with B=A
@ Kalman filter with no error model
@ Ensemble Kalman filter
Explorations beyond the basic subject such as:
o New observation operators: H(x) = Z, H(x) = x°...

Incremental 4DVar, Kalman filter with model error...

o
@ Choose another chaotic model: Lorenz 84, Belousov-Zhabotinsky...
°

T T T —— = Ty
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